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1. Introduction

Gatheral, Jaisson and Rosenbaum [15] recently introduced a new framework for financial modelling.
To be precise — according to the reference website https://sites.google.com/site/
roughvol/home — almost twenty-four hundred days have passed since instantaneous volatility
was shown to have a rough nature, in the sense that its sample paths are a-Holder-continuous with
a< % Many studies, both empirical [6, 13, 14] and theoretical [12, 3], have confirmed this, showing
that these so-called rough volatility models are more accurate to fit the implied volatility surface and
to estimate historical volatility time series.

On Equity markets, the quality of a model is usually measured by its ability to calibrate not only
the SPX implied volatility but also VIX Futures and the VIX implied volatility. The market standard
models had so far been Markovian, in particular the double mean-reverting process [16, 20], Bergomi’s
model [7] and, to some extent, jump models [8, 25]. However, they each suffer from several drawbacks,
which the new generation of rough volatility models seems to overcome. For VIX Futures pricing, the
rough version of Bergomi’s model was thoroughly investigated in [22], showing accurate results. Noth-
ing comes for free though and the new challenges set by rough volatility models lie on the numerical
side, as new tools are needed to develop fast and accurate numerical techniques. Since classical simula-
tion tools for fractional Brownian motions are too slow for realistic purposes, new schemes have been
proposed to speed it up, among which the Monte Carlo hybrid scheme [6, 29], a tree formulation [19],
quasi Monte-Carlo methods [5] and Markovian approximations [1, 9].

We suggest here a new approach, based on product functional quantization [31]. Quantization was
originally conceived as a discretization technique to approximate a continuous signal by a discrete
one [34], later developed at Bell Laboratory in the 1950s for signal transmission [17]. It was however
only in the 1990s that its power to compute (conditional) expectations of functionals of random vari-
ables [18] was fully understood. Given an R¢-valued random vector on some probability space, optimal
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vector quantization investigates how to select an R?-valued random vector X , supported on at most [V
elements, that best approximates X according to a given criterion (such as the L"-distance, r > 1).
Functional quantization is the infinite-dimensional version, approximating a stochastic process with a
random vector taking a finite number of values in the space of trajectories for the original process. It
has been investigated precisely [27, 31] in the case of Brownian diffusions, in particular for financial
applications [32]. However, optimal functional quantizers are in general hard to compute numerically
and instead product functional quantizers provide a rate-optimal (so, in principle, sub-optimal) alter-
native often admitting closed-form expressions [28, 32].

In Section 2 we briefly review important properties of Gaussian Volterra processes, displaying a se-
ries expansion representation, and paying special attention to the Riemann-Liouville case in Section 2.2.
This expansion yields, in Section 3, a product functional quantization of the processes, that shows an
L?-error of order log(N )*H , with N the number of paths and H a regularity index. We then show,
in Section 3.1, that these functional quantizers, although sub-optimal, are stationary. We specialise our
setup to the generalized rough Bergomi model in Section 4 and show how product functional quan-
tization applies to the pricing of VIX Futures and VIX options, proving in particular precise rates of
convergence. Finally, Section 5 provides a numerical confirmation of the quality of our approximations
for VIX Futures in the rough Bergomi model, benchmarked against other existing schemes.

Notations. We set N as the set of strictly positive natural numbers. We denote by C[0, 1] the space
of real-valued continuous functions over [0, 1] and by L?[0, 1] the Hilbert space of real-valued square

integrable functions on [0,1], with inner product (f,g)2[,1) := fol f(®)g(t)dt, inducing the norm

1 fllr2p0,1) = (fol | £(£)|2dt)1/2, for each f,g € L2[0,1]. L(PP) denotes the space of square integrable
(with respect to P) random variables.

2. Gaussian Volterra processes on R

For clarity, we restrict ourselves to the time interval [0,1]. Let {W;};¢[o 1) be a standard Brownian
motion on a filtered probability space (2, F, {Ft}e0,1], P), with {F¢ }4e(o,1] its natural filtration. On
this probability space we introduce the Volterra process

t
Z ;:/ K(t—s)dWs,  te0,1], )
0

and we consider the following assumptions for the kernel K:

Assumption 2.1.  There exist o € (—%, %) \{0}and L: (0,1] — (0, 00) continuously differentiable,
slowly varying at 0, that is, for any ¢ > 0, lim, ¢ % =1, and bounded away from 0 function with

|L/(z)| < C(1 + 21, for z € (0, 1], for some C > 0, such that
K(z) =xz“L(z), z €(0,1].

This implies in particular that K € L2[0, 1], so that the stochastic integral (1) is well defined. The
Gamma kernel, with K (u) = e~ #%u®, for 8> 0 and o € (—%,3) \ {0}, is a classical example satis-
fying Assumption 2.1. Straightforward computations show that the covariance function of Z reads

tAs
Ry(s,t) = K({t—u)K(s—u)du, s,tel0,1].
0
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Under Assumption 2.1, Z is a Gaussian process admitting a version which is e-Holder continuous
for any € < % + o = H and hence also admits a continuous version [6, Proposition 2.11].

2.1. Series expansion

We introduce a series expansion representation for the centered Gaussian process Z in (1), which will
be key to develop its functional quantization. Inspired by [28], introduce the stochastic process

Y=Y Knl(®)én,  t€[0,1], )

n>1

where {&,},>1 is a sequence of i.i.d. standard Gaussian random variables, {¢,},>1 denotes the
orthonormal basis of L?[0, 1]:

t 4
wn(t):\/ﬁcos( = ), With)\n=m7 3)
and the operator K : L2[0,1] — C[0, 1] is defined for f € L?[0,1] as
t
K[f](t) ::/ K(t—s)f(s)ds, forall ¢t € [0,1]. 4)
0

Remark 2.2. The stochastic process Y in (2) is defined as a weighted sum of independent centered
Gaussian variables, so for every ¢ € [0, 1] the random variable Y is a centered Gaussian random vari-
able and the whole process Y is Gaussian with zero mean.

We set the following assumptions on the functions {K[t¢n ]} nen:

Assumption 2.3. There exists H € (0, %) such that
(A) there is a constant C' > 0 for which, for any n > 1, K[, ] is (H + %)-Hélder continuous, with

wp KO — Klval(s)

T <Cim
s,te[0,1],s7#t [t —s] *3

(B) there exists a constant C'y > 0 such that

sup |K[yn](t)] < 02717(H+%), foralln > 1.
te€[0,1]

It is natural to wonder whether Assumption 2.1 implies Assumption 2.3 given the basis functions (3).
This is far from trivial in our general setup and we provide examples and justifications later on for
models of interest. Similar considerations with slightly different conditions can be found in [28]. We
now focus on the variance-covariance structure of the Gaussian process Y.

Lemma 2.4. Forany s,t € [0, 1], the covariance function of Y is given by
tAs

Ry (s,t) :=E[YsVi] = A K(t—u)K(s—u)du.
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Proof. Exploiting the definition of Y in (2), the definition of X in (4) and the fact that the random
variable &;,’s are i.i.d. standard Normal, we obtain

E| (X Klal(s)6) (3 icwmut)gm)] = > Kltbnl ()KLl 1)

RY(Svt) Y}/t

n>1 m>1 nzl
_ K(s—u)ljg g(wn(u)du | Kt —1)1ig(r)n(r)dr
n§>:1 / [0 ] / Ot )
= > (K(s= )10, () ¥n)p2p0,1) - (Kt =)0, ():¥n) L2(0,]
n>1
_n§>:1< (t = )2j0,7(), (K (s = ')1[078](')’¢”>L2[071]¢H>L2[0,1]
= <K(t — ')1[0 t}() TLX:I<K(S - ')1[075}(.)’wn>L2[0’1}¢n>L2[0,1]

= (K(t =)L) K(s =)L,/ ()) 2[0,1]

tAs
/ K(s—u)lp g (u)K(t —u)ly(u)du= A K(t—u)K(s—u)du.

The last key property of Y is proved in Appendix A.2:
Lemma 2.5. The centered Gaussian stochastic process Y admits a continuous version.

Lemma 2.4 implies that E[Y,Y;] = E[ZsZ;], for all s, € [0,1]. Both Z and Y are continuous,
centered, Gaussian with the same covariance structure, so from now on we will work with Y, using

Z=Y Knlén, P-as. (5)

n>1

2.2. The Riemann - Liouville case

For K (u) = qué, with H € (0, %), the process (1) takes the form

t
zH ::/ (t—s)—2aw,,  telo,1],
0

where we add the superscript H to emphasise its importance. It is called a Riemann-Liouville process
(henceforth RL) (also known as Type II fractional Brownian motion or Lévy fractional Brownian mo-
tion), as it is obtained by applying the Riemann-Liouville fractional operator to the standard Brownian
motion, and is an example of a Volterra process. This process enjoys properties similar to those of the
fractional Brownian motion (fBM), in particular being H-self-similar and centered Gaussian. How-
ever, contrary to the fractional Brownian motion, its increments are not stationary. For a more detailed
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comparison between the fBM and Z H e refer to [33, Theorem 5.1]. In the RL case, the covariance
function R, # (-, -) is available [21, Proposition 2.1] explicitly as

. H+l H_1 1 ) CSAt

Ryu(s,t)= +%(s/\t) 2(sVi)" T2 oF (1,2—H,2H+1,Svt , s, tel0,1],
where 9 F (a,b;c; z) denotes the Gauss hypergeometric function [30, Chapter 5, Section 9]. More
generally, [30, Chapter 5, Section 11], the generalized Hypergeometric functions ,, Fy(2) are defined as

o0
a1)g ko (ap)g 2
pFq(2) =pFylar,az,... ap;cr 2, 45 2) g c1)p(ca)y - (cq)y kY

(6)

with the Pochammer’s notation (a), := 1 and (a);, :=a(a +1)(a +2)---(a + k — 1), for £ > 1,
where none of the c;, are negative integers or zero. For p < g the series (6) converges for all z and
when p = ¢ + 1 convergence holds for |z| < 1 and the function is defined outside this disk by analytic
continuation. Finally, when p > ¢ + 1 the series diverges for nonzero z unless one of the ay’s is zero
or a negative integer.

Regarding the series representation (2), we have, for t € [0,1] and n > 1,

HYn](t): :\/i/ot(t—S)H_écos (\/STL

)\)ds %)
2V2 g1 3 H5 H
- s (1o 2 2 o).
Ty2m " ! 2(’4*2’4+2’ D,

Assumption 2.3 holds in the RL case here using [28, Lemma 4] (identifying /g [¢y,] to fy, from [28,
Equation (3.7)]). Assumption 2.3 (B) implies that, for all ¢ € [0, 1],

2
> Ky lwnl(t) Z<sup |/CHwn]<>|> SC%ZHH%@@

n>1 n>1 1] n>1

and therefore the series (2) converges both almost surely and in L?(P) for each ¢ € [0, 1] by Khintchine-
Kolmogorov Convergence Theorem [10, Theorem 1, Section 5.1].

Remark 2.6. The expansion (2) is in general not a Karhunen-Lo¢ve decomposition [32, Section
4.1.1]. In the RL case, it can be numerically checked that the basis {7 [tn] }nen is not orthogonal in
L?[0,1] and does not correspond to eigenvectors for the covariance operator of the Riemann-Liouville
process. In his PhD Thesis [11], Corlay exploited a numerical method to obtain approximations of the
first terms in the K-L expansion of processes for which an explicit form is not available.

3. Functional quantization and error estimation

Optimal (quadratic) vector quantization was conceived to approximate a square integrable random
vector X : (Q, F,P) — — R% by another one X, taking at most a finite number N of values, on a grld
N = {2V, 28, ... 2}, with 2V e R4 i =1,...,N. The quantization of X is defined as X =
Projp~ (X), where Projp : ;R4 — TN denotes the nearest neighbour projection. Of course the choice
of the N-quantizer 'V is based on a given optimality criterion: in most cases 'V minimizes the
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distance E[| X — X |2]1/2. We recall basic results for one-dimensional standard Gaussian, which shall
be needed later, and refer to [18] for a comprehensive introduction to quantization.

Definition 3.1. Let £ be a one-dimensional standard Gaussian on a probability space (Q2, F,P).
For each n € N, we define the optimal quadratic n-quantization of § as the random variable
&M :=Projra(§) => 1" x?lci(l«n)(g), where I'" = {27, ..., 2} is the unique optimal quadratic
n-quantizer of £, namely the unique solution to the minimization problem

min E[|§ — Projpn 2,
g i El€ = Projpn (6

and {C;(I'"™)}ie(1,...,n} is @ Voronoi partition of R, that is a Borel partition of R that satisfies

n . n|__ . n ralianll)
(T )C{yeR-y—xi—lrgnjlgny—xj}ccz@ ),

where the right-hand side denotes the closure of the set in R.

The unique optimal quadratic n-quantizer I'* = {27, ..., z}'} and the corresponding quadratic error
are available online, at http://www.quantize.maths-fi.com/gaussian_database for
ne{l,...,5999}.

Given a stochastic process, viewed as a random vector taking values in its trajectories space, such
as L2 [0, 1], functional quantization does the analogue to vector quantization in an infinite-dimensional
setting, approximating the process with a finite number of trajectories. In this section, we focus on
product functional quantization of the centered Gaussian process Z from (1) of order N (see [31,
Section 7.4] for a general introduction to product functional quantization). Recall that we are working
with the continuous version of Z in the series (5). For any m, N € N, we introduce the following set,
which will be of key importance all throughout the paper:

m
DN .= {deNm:Hd(i)gN}. (8)
=1

Definition 3.2. A product functional quantization of Z of order N is defined as

Z8 =3 Klal &M, telo,1], ©)

n=1

where d € Drj\nf , for some m € N, and forevery n € {1,...,m}, Eﬁ(”) is the (unique) optimal quadratic
quantization of the standard Gaussian random variable &, of order d(n), according to Definition 3.1.
Remark 3.3. The condition [[;"; d(i) < N in Equation (8) motivates the wording ‘product’ func-
tional quantization. Clearly, the optimality of the quantizer also depends on the choice of m and d, for

which we refer to Proposition 3.6 and Section 5.1.

Before proceeding, we need to make precise the explicit form for the product functional quantizer
of the stochastic process Z:
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Definition 3.4. The product functional d-quantizer of Z is defined as
S d(n)
n=1

fordeD% and 1 <4, <d(n)foreachn=1,...,m.

Remark 3.5. Intuitively, the quantizer is chosen as a Cartesian product of grids of the one-dimensional
standard Gaussian random variables. So, we also immediately find the probability associated to every
trajectory x§: for every i = (i1,...,im) € [[71{1,...,d(n)},

m

P(Z4 =) = [] P € Ci,, (T4,

n=1
where C; (19(")) is the j-th Voronoi cell relative to the d(n)-quantizer "™ in Definition 3.1.

The following, proved in Appendix A.l, deals with the quantization error estimation and its mini-
mization and provides hints to choose (m,d). The symbol |- | denotes the lower integer part.

Proposition 3.6. Under Assumption 2.3, for any N > 1, there exist m*(N) € N and C > 0 such that

~ g% 2
E [sz fz‘

1

2
< 7H
L2[0,1J <Clog(N)™",

where d; € D%*(N) and with, for eachn=1,...,m*(N),

dy(n) = {Nmn—(fﬂ‘%) (m*(N)!)ziLH*TJ%r) J

Furthermore m*(N) = O(log(N)).

Remark 3.7. 1In the RL case, the trajectories of ZHAd gare easily computable and they are used in
the numerical implementations to approximate the process Z H 1 practice, the parameters m and

d=(d(1),...,d(m)) are chosen as explained in Section 5.1.

3.1. Stationarity

We now show that the quantizers we are using are stationary. The use of stationary quantizers is moti-
vated by the fact that their expectation provides a lower bound for the expectation of convex functionals
of the process (Remark 3.9) and they yield a lower (weak) error in cubature formulae [31, page 26]. We
first recall the definition of stationarity for the quadratic quantizer of a random vector [31, Definition 1].

Definition 3.8. Let X be an R%valued random vector on (Q, F,P). A quantizer I" for X is stationary
if the nearest neighbour projection X1 = Projp(X) satisfies

]E{X\)A(F} - XT. (10)
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Remark 3.9. Taking expectation on both sides of (10) yields
E[X] =E[E[X|X"]| =E[X"].

Furthermore, for any convex function f : RY — R, the identity above, the conditional Jensen’s inequal-
ity and the tower property yield

E[f(X")] = E[f EIX|X"])] < E[E[f (X)|X"]] = E[f(X)].

While an optimal quadratic quantizer of order N of a random vector is always stationary [31, Propo-
sition 1(c)], the converse is not true in general. We now present the corresponding definition for a
stochastic process.

Definition 3.10.  Let {Xt}te[Tl TQ} be a stochastic process on (€2, F, {]:t}te[Tl 7y))] [P). We say that an

N- quantlzer AN = (AN, AN} € L2[Ty, T3], inducing the quantization X = XM is stationary
if E[Xt‘Xt] = Xt, forall t € [Tl, TQ].

Remark 3.11. To ease the notation, we omit the grid AN in X AN, while the dependence on the
dimension N remains via the superscript d € D% (recall (9)).

As was stated in Section 2.1, we are working with the continuous version of the Gaussian Volterra
process Z given by the series expansion (5). This will ease the proof of stationarity below (for a similar
result in the case of the Brownian motion [31, Proposition 2]).

Proposition 3.12. The product functional quantizers inducing Z4in (9) are stationary.

Proof. For any t € [0, 1], by linearity, we have the following chain of equalities:

E [Zt‘{éz(n)}lgngm} =E Y K[wk](t)fk‘{é\g(n)}lgngm =Y Kl (OE {gk‘{é\g(n)}lgngm] :

k>1 k>1

Since the N(0,1)-Gaussian &,’s are i.i.d., by definition of optimal quadratic quantizers (hence sta-
tionary), we have ]E[§k|§g(z)] = 6“65?(1), forall i,k € {1,...,m}, and therefore

Ad()

E [fk‘{f/\g(n)hgngm} = {ﬁk‘fk } = , forallke {1,...,m}.
Thus, we obtain

E [Zt‘{ég(n)}lgngm} > Kyt zZg.

k>1

Finally, exploiting the tower property and the fact that the o-algebra generated by 2? is included in
the o-algebra generated by {EZ(”) }ne{1,...,m) by Definition 3.2, we obtain

E {Zt‘étd] =E []E {Zt’{,\g(n)}ne{l,...,m}} ’Zﬁd] =E {th‘ztd} =73,

which concludes the proof. O
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4. Application to VIX derivatives in rough Bergomi

We now specialize the setup above to the case of rough volatility models. These models are extensions
of classical stochastic volatility models, introduced to better reproduce the market implied volatility
surface. The volatility process is stochastic and driven by a rough process, by which we mean a pro-
cess whose trajectories are H-Holder continuous with H € (0, %) The empirical study [15] was the
first to suggest such a rough behaviour for the volatility, and ignited tremendous interest in the topic.
The website https://sites.google.com/site/roughvol/home contains an exhaustive
and up-to-date review of the literature on rough volatility. Unlike continuous Markovian stochastic
volatility models, which are not able to fully describe the steep implied volatility skew of short-maturity
options in Equity markets, rough volatility models have shown accurate fit for this crucial feature.
Within rough volatility, the rough Bergomi model [4] is one of the simplest, yet decisive framework
to harness the power of the roughness for pricing purposes. We show how to adapt our functional
quantization setup to this case.

4.1. The generalized Bergomi model

We work here with a slightly generalised version of the rough Bergomi model, defined as

1 t t
Xt=—§/ Vsds—i—/ v/ VsdBg, Xo=0,
0 0
2 t
Vtvo(t)exp{thé/ K(ts)zds},vo>0,
0

where X is the log-stock price, V the instantaneous variance process driven by the Gaussian Volterra
process Z in (1), v > 0 and B is a Brownian motion defined as B := pW + /1 — p2W = for some
correlation p € [—1,1] and W, wt orthogonal Brownian motions. The filtered probability space is
therefore taken as F; = ]:g/V \% .FtW L, t > 0. This is a non-Markovian generalization of Bergomi’s
second generation stochastic volatility model [7], letting the variance be driven by a Gaussian Volterra
process instead of a standard Brownian motion. Here, vy (¢) denotes the forward variance for a re-
maining maturity ¢, observed at time 7. In particular, vg is the initial forward variance curve, assumed
to be Fp-measurable. Indeed, given market prices of variance swaps a%(t) at time 7" with remaining
maturity ¢, the forward variance curve can be recovered as vp(t) = % (to2(t)), for all t > 0, and the
process {vs(t)}s>0 is a martingale for all fixed ¢ > 0.

2HT(3/2—H)
(H+1/2)T(2—2H)

Remark 4.1. With K (u) = uH_%, ~v=2vCy, forv>0, and Cy := \/F

cover the standard rough Bergomi model [4].

, We re-

4.2. VIX Futures in the generalized Bergomi

We consider the pricing of VIX Futures (https://www.cboe.com/tradable_products/
vix/) in the rough Bergomi model. They are highly liquid Futures on the Chicago Board Options
Exchange Volatility Index, introduced on March 26, 2004, to allow for trading in the underlying VIX.
Each VIX Future represents the expected implied volatility for the 30 days following the expiration
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date of the Futures contract itself. The continuous version of the VIX at time 7' is determined by the
continuous-time monitoring formula

5 1 T+A 1 [T+A
VIXZ : =Ep Z/T d(Xs, Xs) :Z/T E[Vs| Fr]ds (11)
T+A 2
= l/ Er |vo(s)e?% =7 Jo K(su)Qd“] ds
AlJr

T+A
_ %/ Uo(t)e’yfoT K(s—u)qu—é 1o K(s—u)ZduET [e'yf; K(s—u)dWu | gq
T
T+A
_ %/ Uo(t)veOT K(s—u)qu—g 1o K(s—u)Qdueé I7 K(s—u)Qdud87
T

similarly to [22], where A is equal to 30 days, and we write Ep[-] := E[-|F7] (dropping the subscript
when 7" = 0). Thus, the price of a VIX Future with maturity 7" is given by

1

T+A T,A | A2 ( (t=T ot 2
Pr:=E[VIX7] =E <i /T wo(t)e 7S+ (5T K ()2 ds— i 1< ()ds) dt) |

where the process (Z;‘F’A)te[TﬂurA] is given by

T
Zt“:/ K(t—s)dW,,  te[T,T+ Al
0

To develop a functional quantization setup for VIX Futures, we need to quantize the process Z TA,

which is close, yet slightly different, from the Gaussian Volterra process Z in (1).

4.3. Properties of ZT

To retrieve the same setting as above, we normalize the time interval to [0, 1], that is 7'+ A = 1. Then,
for T fixed, we define the process Z T.— 7T1=T 44

T
ZtT::/ K(t—s)dWs,  te[T,1],
0

which is well defined by the square integrability of K. By definition, the process Z is centered
Gaussian and It6 isometry gives its covariance function as

T
RZT(t,s)z/O K(t—u)K(s—u)du, t,s €[T,1].

Proceeding as previously, we introduce a Gaussian process with same mean and covariance as those
of ZT', represented as a series expansion involving standard Gaussian random variables; from which
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product functional quantization follows. It is easy to see that the process Z T has continuous trajecto-
ries: using Itd’s isometry and independence of Brownian increments, then, for any 7' < s <t < 1,

IEDZtT—ZSTZ]:]E /OT(K(t—u)—K(s—u))qu :/OT|K(t—u)—K(s—u)|2du

s t
—Uu)— S—Uu 2 U _U2u
g/O(K(t )= K( ))d+/SK(t 124

2

t
_E +E /K(t—u)qu
S

/08 (K(t — ) — K (s — u)) dWi

2]
t
=E /0 (K(t—u)— K(s—u))dWy,

jﬁﬂ&—aﬂ,

and therefore the H-Holder regularity of Z (Section 2) implies that of Z7.

4.3.1. Series expansion

Let {&, }n>1 be ani.i.d. sequence of standard Gaussian and {t,, } ,>1 the orthonormal basis of L?[0,1]
from (3). Denote by K7'(-) the operator from L2[0, 1] to C[T', 1] that associates to each f € L2[0,1],

KT[ft) = /TK(ts)f(s)ds tel[T,1]. (12)
0

We define the process YT as (recall the analogous (2)):

V=Y KT nl(&,  te[T,1].

n>1

The lemma below follows from the corresponding results in Remark 2.2 and Lemma 2.4:

Lemma 4.2. The process YT is centered, Gaussian and with covariance function
T
Ryr(s,t):=E {EQTY,:T} = / K(t—u)K(s—u)du, forall s,t € [T,1].
0

To complete the analysis of Z7', we require an analogue version of Assumption 2.3.

Assumption 4.3. Assumption 2.3 holds for the sequence (K7 [t]),>1 on [T,1] with the con-
stants C1 and Cy depending on 7.

4.4. The truncated RL case

We again pay special attention to the RL case, for which the operator (12) reads, for each n € N,

T — r _ H-1L
K] (t) : (t—s)" " 29p(s)ds, forall t € [T, 1],
0

and satisfies the following, proved in Appendix A.4:
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Lemma 4.4. The functions {ICE [VYn]}n>1 satisfy Assumption 4.3.

A key role in this proof is played by an intermediate lemma, proved in Appendix A.3, which pro-

. _1 .
vides a convenient representation for the integral j(;‘r (t— u)H 2¢*™%dy, t > T >0, in terms of the
generalised Hypergeometric function 1 Fa(+).

Lemma 4.5. Foranyt>T > 0, the representation

/ (¢ B = e (6 (1) — €y (0 T).)) — i (G 1) — Gy (0~ 70,0

holds, where hy := %(H + %) and hy = % + hy, x(2) = fiwzzz and
2h

Ck(zah) = %

Bk i), forke{g 3L (13)

Remark 4.6. The representation in Lemma 4.5 can be exploited to obtain an explicit formula for
KL [yn)(t), t € [T,1] and n € N:

K lwn] (¢ f (mt —u)H~ 2 cos(mu)du = V2 8%{ (mt — u)H*%eiﬂudu}

H+1 H+7

2 %{ it {(c; (mt.h) =y (m(t = T). 1)) = a7 (¢ (mi, o) = Gy (m(t ~ T),ha))} }

— ﬁ{COS(th) (Q% (mt, hy) — C% (m(t— T),hl)) + msin(mitm) (C% (mt, ha) — Cg( (t-1), h2)) }7

T
mH+?

withm :=n — % and 1 (+), ¢3(+) in (13). We shall exploit this in our numerical simulations.
2 2

4.5. VIX Derivatives Pricing

We can now introduce the quantization for the process Z T.A, similarly to Definition 3.2, recalling the
definition of the set D% in (8):

Definition 4.7. A product functional quantization for zT.A of order N is defined as

7P =S KTARI A 0E™, [T T+ A,

n=1

where d € D% , for some m € N, and forevery n € {1,...,m}, éz(n) is the (unique) optimal quadratic
quantization of the Gaussian variable &, of order d(n).

The sequence {w{ ’A}neN denotes the orthonormal basis of L?[0,T + A] given by

A D) t 4
=\ A (m(T+A)>’ Wit A = G 22
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and the operator KXT>2 : L2[0, T + A] — C[T', T + Al is defined for f € L2[0,T + A] as

T,A L T _
KTAf0)= [ K(e-9)f(s)ds,  te .1+ A
0

Adapting the proof of Proposition 3.12 it is possible to prove that these quantizers are stationary, too

Remark 4.8. The dependence on A is due to the fact that the coefficients in the series expansion

depend on the time interval [T, T + A].
In the RL case for each n € N, we can write, using Remark 4.6, for any ¢ € [T, T + A]

TA
Ky ”T—&—A/ t—s) 2cos< )\nT—i—A)ds’
H—

1

RRCCES A i (TN LA

(n—1/2)H+3 T+A
\f H n—l n—l n_l
P e (G (o (Fem) - (R mn)
n—j n n— 4
(e ey (G R) s (e -mom)) |

We thus exploit ZT:8:d (o obtain an estimation of VIX7 and of VIX Futures through the following

_ T+A 2 t—T t 2
VIX] = l/ vo(t)exp{ 2084 L L K(S)st—/ K(s)2ds | bat| ,(14)
Alr 2 \Jo 0
~ T+A - 2 t—T t 2
P% =E l/ vo(t) exp WZTAd—i-Py K(s)st—/ K(s)%ds |} dt
Alr 2 \Jo 0

Remark 4.9. The expectation above reduces to the following deterministic summation, making its

computation immediate:
1
m n 2
(t) YEm KT A [y ](t)gn( )+'y (fot T K(s)2ds— ik ds)dt>

- 1 T+A
P% =K (A/T (s t

D=

=2 (a

icld

I Blen € G, (04,
n=1
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where Eﬁ(”) is the (unique) optimal quadratic quantization of &, of order d(n), C
Voronoi cell relative to the d(n)-quantizer (Definition 3.1), with j = 1,...,d(n) and

L. d()).

(T4")Y is the j-th
= (Zlvazm) €

4.6. Quantization error of VIX Derivatives

The following L2-error estimate is a consequence of Assumption 4.3 (B) and its proof is omitted since
it is analogous to that of Proposition 3.6:

Proposition 4.10.  Under Assumption 4.3, for any N > 1, there exist m-(N) € N, C' > 0 such that

2
L2[T,T+A]

1
E < Clog(N)~H,

HZ\T,A,d}’N _ ZT,A‘

for d?,N € D%*T(N) and with, for eachn =1,...,m}5(N),

*1 1 2I-£+1
@iy (n) = | N 7RO =2 (g (V) 25O |,

Furthermore mp(N) = O(log(N)).
As a consequence, we have the following error quantification for European options on the VIX:

Theorem 4.11. Let F' : R — R be a globally Lipschitz-continuous function and d € N™ for some
m € N. There exists & > 0 such that

2 3
} . (15)

[E[F (viXp)] - E [F (VIX7)|| < 8 E U]ZT’A Skt FPRS

N

Furthermore, for any N > 1, there exist m7.(N) € N and € > 0 such that, with A7 \; € D, . (N
’ T

‘]E [F (VIX7)] - E {F (V/ﬁc‘;fT*Nﬂ ’ < ¢log(N) 1. (16)

The upper bound in (16) is an immediate consequence of (15) and Proposition 4.10. The proof
of (15) is much more involved and is postponed to Appendix A.5.

Remark 4.12.
* When F'(x) = 1, we obtain the price of VIX Futures and the quantization error

1

2 2

~d T.A _ 5T.Ad
‘PT—PT’ <R/E Hz 7 ’LQ([T,T—i-A])

)

and, for any N > 1, Theorem 4.11 yields the existence of m7(/V) € N, € > 0 such that

~dx
‘PT — PN | < Clog(N)~H.

* Since the functions F'(z) := (x — K )4 and F(z) := (K —z) 4+ are globally Lipschitz continuous,
the same bounds apply for European Call and Put options on the VIX.
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5. Numerical results for the RL case

We now test the quality of the quantization on the pricing of VIX Futures in the standard rough Bergomi
model, considering the RL kernel in Remark 4.1.

5.1. Practical considerations for m and d

Proposition 3.6 provides, for any fixed N € N, some indications on m*(N) and d; € DN (see (8)),

for which the rate of convergence of the quantization error is log(N )*H We present now a numerical
algorithm to compute the optimal parameters. For a given number of trajectories N € N, the problem
is equivalent to finding m € N and d € DY such that E[|ZzH — ZH d||L2 0 1]] is minimal. Starting

from (18) and adding and subtracting the quantity > ;" ( fO K 7 [10n] (t)%dt), we obtain

;[01]} = (/ Kr[¥nl( )dt)[ Z /’CH¢k
=§Xf&wmmﬁﬂ @4—@ z/mwk

n=1

E [HZH _ ZH,d’

a7

where (™) (&n) denotes the optimal quadratic quantization error for the quadratic quantizer of or-
der d(n) of the standard Gaussian random variable &, (see Appendix A.1 for more details). Notice that
the last term on the right-hand side of (17) does not depend on m, nor on d. We therefore simply look
for m and d that minimize

Alm.d) = (/’KHwn<>w)([ ) -1).

This can be easily implemented: the functions K gy [1y,] can be obtained numerically from the Hyperge-
ometric function and the quadratic errors gdn) (&) are available at www . quantize.maths—fi.
com/gaussian_database, ford(n) € {1,...,5999}. The algorithm therefore reads as follows
(i) fix m; _

(ii) minimize A(m,d) over d € DY and call it A(m);

(iii) minimize A(m) over m € N.
The results of the algorithm for some reference values of N € N are available in Table 1, where
N traj : H ( )d dp (%) represents the number of trajectories actually computed in the optimal case.
In Table 2, we compute the rate optimal parameters derived in Proposition 3.6: the column ‘Relative
error’ contains the normalized difference between the L?-quantization error made with the optimal
choice of m(N) and djy in Table 1 and the L2-quantization error made with m*(N) and d%; of
|HZH—2H’dNHL2 —lz" - z1 N||L2[o !

. In the column
1ZH~ ZH NIILz

the corresponding line of the table, namely
1]

N}, = Hl 1 d’y (i) we display the number of trajectories actually conputed in the rate-optimal
case. The optimal quadratlc vector quantization of a standard Gaussian of order 1 is the random vari-
able identically equal to zero and so when d(i) = 1 the corresponding term is uninfluential in the
representation.


www.quantize.maths-fi.com/gaussian_database
www.quantize.maths-fi.com/gaussian_database
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Table 1. Optimal parameters.

N ‘W(N) ‘ dy Ntraj

10 2 5-2 10

102 4 8-3-2-2 96

103 6 10-4-3-2-2-2 960

104 8 10-5-4-3-2-2-2-2 9600

10° 10 14-6-4-3-3-2-2-2-2-2 96768

106 12 14-6-5-4-3-3-2-2-2-2-2-2 | 967680

Table 2. Rate-optimal parameters.

N ‘ m*(N) = |log(N)] ‘ Relative error di; Nf o
10 2 2.75% 3-2 6
102 4 1.30% 5-3-2-2 60
103 6 1.09% 6-4-3-2-2-2 576
104 9 3.08% 6-4-3-2-2-2-2-1-1 1152
105 11 3.65% 7-4-3-3-2-2-2-2-1-1-1 4032
106 13 2.80% 8-5-4-3-3-2-2-2-2-2-1-1-1 | 46080
N ‘ m*(N) = |log(N)]| -1 ‘ Relative error N Nt*raj
10 1 2.78% 10 10
102 3 1.13% 6-4-3 72
103 5 1.22% 7-4-3-3-2 504
104 8 1.35% 7-4-3-3-2-2-2-2 4032
105 10 2.29% 7-5-4-3-2-2-2-2-2-1 13440
106 12 2.25% 8-5-4-3-3-2-2-2-2-2-2-1 | 92160
N \ m*(N) = |log(N)] -2 \ Relative error di; N}
102 2 2.53% 12-8 96
103 4 1.44% 9-5-4-3 540
104 7 1.46% 7-5-4-3-2-2-2 3360
105 9 1.57% 8-5-4-3-3-2-2-2-2 23040
106 11 1.48% 9-6-4-3-3-3-2-2-2-2-2 | 186624

5.2. The functional quantizers

The computations in Section 2 and 3 for the RL process, respectively the ones in Section 4.3 and 4.4
for Z"T provide a way to obtain the functional quantizers of the processes.

5.2.1. Quantizers of the RL process

For the RL process, Definition 3.4 shows that its quantizer is a weighted Cartesian product of grids of
the one-dimensional standard Gaussian random variables. The time-dependent weights K r7[in,](+) are
computed using (7), and for a fixed number of trajectories IV, suitable 77(N) and d v € D%( Ny are cho-
sen according to the algorithm in Section 5.1. Not surprisingly, Figures 1 show that as the paths of the
process get smoother (H increases) the trajectories become less fluctuating and shrink around zero. For
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H = 0.5, where the RL process reduces to the standard Brownian motion, we recover the well-known

quantizer from [31, Figures 7-8]. This is consistent as in that case g [¢](t) = v Anv/2sin ( \/7;\7)’

and so Y is the Karhuenen-Logve expansion for the Brownian motion [31, Section 7.1].

Quantizer of the R-L process, H=0.1, N=10 Quantizer of the R-L process, H=0.1, N=100

31 _— —~——

o
14
2 1
_3 4

D_Il] D_IE D.I4 D.IE ﬂ.lﬁ ]_Il]

t
Quantizer of the R-L process, H=0.25, N=10

N -
14
o
14
-7 A

00 02 04 056 08 10

t
Quantizer of the R-L process, H=0.5, N=10

15 A
10
0.5 A
0.0 -
-0.5 1
-1.0 1
-15

Figure 1. Product functional quantizations of the RL process with N-quantizers, for H € {0.1,0.25,0.5}, for
N =10and N = 100.
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5.2.2. Quantizers of ZHT

A quantizer for Z>T is defined analogously to that of Z¥ using Definition 3.4. The weights
IC% [¢n](-) in the summation are available in closed form, as shown in Remark 4.6. It is therefore
possible to compute the N-product functional quantizer, for any N € N, as Figure 2 displays.

Quantizer of the process, H=0.1, T=0.7, N=10 Quantizer of the process, H=0.1, T=0.7, N=100

-2

-3

Figure 2. Product functional quantization of Z1T yia N-quantizers, with H = 0.1, 7 = 0.7, for N € {10,100}.

5.3. Pricing and comparison with Monte Carlo

In this section we show and comment some plots related to the estimation of VIX Futures prices. We set
the values H = 0.1 and v = 1.18778 for the parameters and investigate three different initial forward
variance curves vg(+), as in [22]:

Scenario 1. vp(t) = 0.2342;
Scenario 2. vg(t) = 0.234%(1 + t)?;
Scenario 3. v (t) = 0.2342/T + t.

The choice of such v is a consequence of the choice n = 1.9, consistently with [6], and of the relation-

shipv = n%. In all these cases, vg is an increasing function of time, whose value at zero is close to
the square of the reference value of 0.25. One of the most recent and effective way to compute the price
of VIX Futures is a Monte-Carlo-simulation method based on Cholesky decomposition, for which we
refer to [22, Section 3.3.2]. It can be considered as a good approximation of the true price when the
number M of computed paths is large. In fact, in [22] the authors tested three simulation-based meth-
ods (Hybrid scheme + forward Euler, Truncated Cholesky, SVD decomposition) and ‘all three methods
seem to approximate the prices similarly well’. We thus consider the truncated Cholesky approach as
a benchmark and take M = 106 trajectories and 300 equidistant point for the time grid.

In Figure 3, we plot the VIX Futures prices as a function of the maturity 7', where 7" ranges in
{1,2,3,6,9,12} months (consistently with actual quotations). It is clear that the quantization approx-
imates the benchmark from below and that the accuracy increases with the number of trajectories. We
highlight that the quantization scheme for VIX Futures can be sped up considerably by storing ahead
the quantized trajectories for Z7 TA 5o that we only need to compute the integrations and summa-
tions in Remark 4.9, which are extremely fast. It is interesting to note that the estimations obtained
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with quantization (which is an exact method) are consistent in that they mimick the trend of bench-
mark prices over time even for very small values of V. However, as a consequence of the variance in
the estimations, the Monte Carlo prices are almost useless for small values of M. Moreover, improving
the estimations with Monte Carlo requires to increase the number of points in the time grid with clear
impact on computational time, while this is not the case with quantization since the trajectories in the
quantizers are smooth. Finally, our quantization method does not require much RAM.

VIX Futures Price, Scenario 1

Absolute difference with the Monte Carlo, Scenario 1

0.220 1
! ® Monte Carlo, M=1000000 A Model,N=100 A
0.215 A 4 Model,N=100 0.008 | Model,N=1000
! +  Model,N=1000 : % Model,N=10000
0.210 1 x  Model,N=10000 m  Model N=100000
0.205 - H m  Model N=100000 4 ModelN=1000000 .
i 4  Madel,N=1000000 0.008
0.200 A . .
[ ]
0.195 1 [ 0.004 4 % )
'y . 'y » I~
0190 - '
(] [ ] & + '
0.185 1 4 pooz{ * & x
0.180 - ¥V '
02 0.4 06 08 10 02 0.4 06 08 10
Maturity Maturity
WIX Futures Price, Scenario 2 Absolute difference with the Monte Carlo, Scenario 2
0381 e Monte Carle, M=1000000 . 001754 & Model,N=100 *
A4 Model,N=100 ! +  Model,N=1000
D369 + Model,N=1000 001504 x Model,N=10000
%  Model,N=10000 . m  Model, N=100000
0341 @ Model,N=100000 " 001254 ¢ Model,N=1000000 &
¢ Model,N=1000000 L
0.32 4 0.0100 A ,.(
: [
030 ] 0.0075 a x &
]
] N L
0.28 0.0050 A x
0.26 A ? i '
g 2 000251 4 ; []
0-24 ° . T T T T T ‘ T T T T T
02 0.4 06 0.8 10 02 0.4 06 08 10
Maturity Maturity
VIX Futures Price, Scenario 3 Absolute difference with the Monte Carlo, Scenario 3
0.226
° ® Monte Carle, M=1000000 00101 & Model N=100 -
0224 1 Q 4 Model,N=100 Model N=1000
N +  Model,N=1000 . % Model,N=10000
0222 | x  Model,N=10000 00081 @ Model N=100000
: . Model,N=100000 # Model N=1000000 A
& * 4 ModelN=1000000
0.220 A ¥ - 0.006 -
i i ®
0.218 - e . & ]
) [ u 1 o004 i x B
a " x ]
0216 - + . +
- '
a 0.002 - s
0214 A i X
i L
02 0.4 06 08 10 02 04 06 08 10
Maturity Maturity

Figure 3. VIX Futures prices computed with quantization and with Monte-Carlo as a function of the maturity 7',
for different numbers of trajectories, for each forward variance curve scenario.
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Appendix A: Proofs
A.1. Proof of Proposition 3.6

Consider a fixed N > 1 and (m,d) ford € D,JX. We have

r 2
(2= 29, = || Kt - 3 KwmlE
£2[0.1] n>1 n=1 £2[0,1]

" )

=E ||| Y Kl ()( > Kl
lIn=1 k2m+1 L2[0,1]
o )

:u«:/ S Kln](8)(En — + 3 K& dt
i 0 n=1 k>m—+1
1 m

:/ (Z/qwn}?(t)xa [|gn—?‘g(")|2]+ 3 K[wk]Q(t)) dt

0 n=1 k>m+1

1 [ m
:‘/0 (Z’qwn}z(t)sd(n)(gn)z'k Z K[wk]Q(t)) dt, (18)

n=1 k>m—+1

using Fubini’s Theorem and the fact that {{,},>1 is a sequence of ii.d. Gaussian and where
edm) (g, = inf(al,...7ad<n>)eRd("> \/E[minlgigd(n) |&n — @;|2]. The Extended Pierce Lemma [31,

Theorem 1(b)] ensures that (") (&n) < % for a suitable positive constant L. Exploiting this error

bound and the property (B) for K[t,,] in Assumption 2.3, we obtain

E ||Z—Zd\|%z[01] Z(/ Klyn)? ) A2+ Y /ICz/}k tydt  (19)

k>m—+1

ch{i —(2H+1), Z p—(2H+1) }

=1 k>m—+1

m 2
<C?2{Z —(2H+1) (L>2+ Sk 2H+1)}

=1 k>m+1

(Z 2H-|—1d + Z k™ 2H+1)

k>m—+1

with C = rnaLX{L2 C%, 022} Inspired by [27, Section 4.1], we now look for an “optimal” choice of m €
Nand d e D% . This reduces the error in approximating Z with a product quantization of the form
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in (9). Define the optimal product functional quantization ZN* of order N as the Z9 which realizes

the minimal error:
~ 2 ~ 1112
E HZ—ZN’* — min{E HZ—Zd‘
L2[0,1] L2]0,1]

},mEN,deD%}.

From (19) we deduce

2] -

For any fixed m € N we associate to the internal minimization problem the one we get by relaxing the
hypothesis that d(n) € N:

2 - 1 m 1
* <C inf —— 4inf -~ _aepN 00
L2[0,1]:| - nlv,%N k>§+1 L2H+1 +1n {n;l n2H+1d(n)2 m} (20)

m

3= inf { > M {mhamt, o € (0,09): ] o) < g

For this infimum, we derive a simple solution exploiting the arithmetic-geometric inequality us-

1
ing Lemma B.2. Setting z(n) := ny’mn_(H"’ 2), with YNm = N (Hm 2H+1)> Mmoo =
1,...,m, we get

m ) m 1

-2 —(2H+1)\m
Z H+1 =N mm( H n( )) )
n=1 n=1

and notice that the sequence {Z(n)} is decreasing. Since ultimately the vector d consists of integers,
we use d(n) = |Z(n)]|, n=1,...,m. In fact, this choice guarantees that

IEOES IEQI I EOE
n=1 n=1 n=1

Furthermore, setting d(j) = | 3(j)] for each j € {1,...,m}, we obtain
a1

~ Hilyl (m Zm m ~3m
di)+1 gl Hyls, . joTeNm 11 1 . 1
(j—(2H+1))% =72 (FO) D 2572 2G) = jH+% oot n2H+1 =Nm nl_ll n2H+1 :

Ordering the terms, we have (d(j) + 1)2N " m (Hm 2H+1)) ™ > j=@H+D for each j €

{1,...,m}. From this we deduce the following inequality (notice that the left-hand side term is de-
fined only if d(1),...,d(m) > 0):

Zy H+1) (5 2<§: (d(gfl)QN—i(ﬁn@HH))i Q1)
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m

<amy (T wmere)” "

Hence, we are able to make a first error estimation, placing in the internal minimization of the right-
hand side of (20) the result of inequality in (21).

1

5N, =~ 1 (2H+1) ™
U(z Z *HLz[mJ<Clnf{k>%:+lk2H+l+4mN ”(Hn +)) mez(N)}(zz)

1

. 1 —2 (5 s\ "

g(ﬂmf{ > W+mz\r m<Hn( ) mern b,
k>m—+1 n=1

where €’ = 4C and the set

m 1
I(N):={meN: Nwm~ 2H+1>(H ~CHE)) T >y, (23)
which represents all m’s such that all J(l),...,c?(m) are positive integers. This is to avoid the

case where [/, d(i) < N holds only because one of the factors is zero. In fact, for all n €
{1,...,m}, d(n) = |Z(n)] is a positive integer if and only if Z(n) > 1. Thanks to the monotonicity of
{z(n)}n=1,....m, we only need to check that

2(m) = N U149 ﬁ n7(2H+1)>_ﬁ -

First, let us show that (), defined in (23) for each NV > 1, is a non-empty finite set with maximum
given by m* (V) of order log(N). We can rewrite it as I(N) = {m > 1: ay, <log(N)}, where

n 2H+1

1
5 log TOHT1

n:
2 ]lj

We can now verify that the sequence ay, is increasing in n € N:

ap < An+41

— ZIOg ( 2H+1)) —nlog (n*(2H+1 ) 7§log ( 2H+1)) ~ (n+1)log ((n+ 1),(2H+1))

= —nlog (”7(2H+1)) <log ((n + 1)7(2H+1)) —(n+1)log ((n + 1)*(2H+1))
< log (n_(QHH)) > log ((n + 1)_(2H+1)) ,

which is obviously true. Furthermore the sequence (ay, ), diverges to infinity since

n _l’_ n n
11 n 2H+1)n H L CH+1)n H nCH+1)n 1 > p(2H+1)
G@HFT) ~ 2H+1 = 2H+1 = W CHF ) (n—1) — :

7j=1 7j=1 j=2
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and H € (0, %) We immediately deduce that I(V) is finite and, since {1} C I(N), it is also non-
empty. Hence I(N) = {1,...,m*(N)}. Moreover, for all N' > 1, a,,» () < 10g(N) < @y (N) 415
which implies that m* (V) = O(log(N)).

Now, the error estimation in (22) can be further simplified exploiting the fact that, for each m € I(N),

1

-1
2 m m 2 m m
mN ~m H n—(2H+1)> — - CHHL) [ —QH+1) N2 (H n—(2H+1)> <m—2H.
(nl n=1

3

_1
The last inequality is a consequence of the fact that (Hzlzl n~(H +1)> "™ > 1 by definition. Hence,

_ . 1 _
E|:||Z — ZN’*H%2[O,1]:| < C’lnf{ Z W +m 2H7m c I(N)}, (24)
k>m+1

for some suitable constant ¢/ > 0.
Consider now the sequence {by, }nen, given by by = 1~ 11 kQTlﬂ +n"2H Forn>1,

1 1 1 1 1 1 1
bng1—bn= Y —mm+ -1 + =— + - <0
+1 2H 2H+1 2H 2H 2H+1 2H ’
R k (n+1) vt k n (n+1) (n+1) n

so that the sequence is decreasing and the infimum in (24) is attained at m = m* (V). Therefore,

~ 1
E [||ZfZN’*||%2[O71]] <C'mt{ +m~2H m e I(N)

2H+1
k>m+1 k
1
_ O/ Z Bl + m*(N)—ZH < Cl (m*(N)—2H—1+1 + m* (N)—QH)

k>m*(N)+1

=20"m*(N) 2 < Clog(N)~2H.

A.2. Proof of Lemma 2.5

This can be proved specializing the computations done in [28, page 656]. Consider an arbitrary index
n > 1. Forall ¢, s € [0,1], exploiting Assumption 2.3, we have that, for any p € [0, 1],

K] (£) — K] (5)] = |Kleon] () = K[ton] ()| [Cliin] (8) = Klton] )"
p 1-p
S( s |icwn1<u>—fcwn1<v>||tSH+;> (2 s ,%W)>

1
u,v€[0,1],u#v |u— U‘H+§ te[0,1]

< (Crn)P(2Con~HF2y1=p|y _ gp(H+3) — Cpnp(H+%)—(H+%)|t _ g|P(H+3)

7

where C, := Cf (2C2)' = < oco. Therefore

-« IK[ton](t) — K[¢n](s)] p(H+3)—(H+1)
[K[wn]]p(}[_;,_%) = t;ézgﬁ),l] . S|p(H+%) <Cpn 2 2). (25)
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Notice that p(H + 3) — (H + 1) < —1 when p € [0, H+3/2] so that (25) implies
i oo
Z (H+ < 02 Z n2p(H+ ) Z 1+E K < 0.
n=1 n=1 n=1
In particular,
el 00
E [IYt - Yslﬂ =D Kl () = Klnl(5)* < 37 KWnlly gy [t — s[2P0H+3) < |t — o 2P(H+3),
n=1 n=1

As noticed in Remark 2.2 the process Y is centered Gaussian. Hence, for each ¢, s € [0, 1] so is Y; — Y.
Proposition B.1 therefore implies that, for any » € N,

E [IYt - Ys\ﬂ =E “Yt - Y9|2:|T (2r — I < K'|t — s|2re(H+3),

where K’ = K" (2r — 1)!!, yielding existence of a continuous version of Y since choosing 7 € N such
that 2rp(H + %) > 1, Kolmogorov continuity theorem [23, Theorem 3.23] applies directly.

A.3. Proof of Lemma 4.5

Let Hy :=H + % Using [24, Corollary 1, Equation (12)] (with 1) = by + by — a > 1/2), the identity

1F2(a’b1’b2’_r):W/o Gzo([bhbﬂ [ ;] ,u) 008(2\/@)%“7

holds for all > 0, where GG denotes the Meijer-G function, generally defined through the so-called
Mellin-Barnes type integral [26, Equation (1), Section 5.2]) as

—s) ’-1 1 T(1—aj+5s)
27T7,/H] i1 T(L=b; —|—5)H] na1L(a; —s)
This representation holds if z # 0, 0 < m < ¢ and 0 < n < p, for integers m,n,p, q, and a — b; #*

1,2,3,...,fork=1,2,...,nand j = 1,2,...,m. The last constraint is set to prevent any pole of any
I'(bj —s),j=1,2,...,m, from coinciding with any pole of any I'(1 — aj, + s),k = 1,2,...,n. With

S

Ggfdn([al,... apl, [b1,...,b ,z 2% ds.

a>0,bp=14+aand by = % since Gg’g ([%,a + 1] , [a, %] ,u) = u®, we can therefore write

1
/ua cos (2v/ru) du 1F2( ;a+1r> (26)
0

Similarly, using integration by parts and properties of generalised Hypergeometric functions,

1
/O u®Lsin (2y/ru) du Sm@\[ _Vr / =3 cos(2v/ru)du 7)

:smwai v
@ altd)

1
T Z
5 2
2 13 3
= \/FllFQ <a+;,a+'7’),
a+ s 2°2
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where the last step follows from the definition of generalized sine function sin(z) = z o F} (%, —%zz).
Indeed, exploiting (6), we have

) Ay (s i h )

a ala+3) 22 2
B (1) g e
— a(i\f%) [(a—i— ;) oF1 (;;—T> - %1F2 (CH- %;%7(1—# g;—rﬂ
- a(i\f%) ( ) Z Al 3/2 Z o 1/‘21+ i/i N (T)k‘|

o Sl 121y ]
- 2 [(3/2>k <1/2>k<a+3/2>k]( )

2 1] ala+1/2) ok
2 @i tam) )

o 2yr Ooi (a+1/2) Nk 2/ 1.7(1 §._7,
_(a+2)k:ok'(3/2)k(a+3/2)k( r) —(a+%)1F2(a+2,2, + 5 >

2

Letting o := H — %, 7:=t—T, and mapping v:=t — u, w:= ¥ and y := w*, we write

T t t T
/ (t _ u)aelﬂudu _ elﬂ't / e 1TV g = e17rt |;/ e 1TV gy — / 'Uae_lﬂ-vd’l):|
0 (t=T) 0 0

1 1
tl—l—a/ wae—iwwtdw _ 7_l—i—oz/ wae—iﬂ'wwa:|
0 0

— eimf

elmt 1 1 . - 1 1 .1 )
== t +a/0 y 2 e ™Gy 7 +0‘/0 er_”yT\/ﬂdy]
elmt
= ) - 1(7), e8)

a—1 .
where I(z) := 21t fol voT e iTaV gy,
We therefore write, for z € {t, 7}, using (26)-(27), mz = 2/7, and identifying a — 1 = ‘XT_l

1 —1 . 1 —1 1 —1
I(z) = 21+O‘/ 0T eIV gy = ZH'O‘/ v cos(may/v)dv — izl+o‘/ 07 sin(rzyv/v)dv
0

0 0
2711 Hy 1 Hy L AT 1 Hy 33 Hy
= F 14+ . ) — 1B —r.2 T,
H+12<2 2’+2’T) iz T <2+2 it T)

H, 1 2.2 1+ H, 3 2.2
z Tz Tz Tz
=——1F | h;5, 1+ hyy——— ) —i————1F2 | ho; 5,1+ ho; — )
1 2 ho 2
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sincea=H—5=H; —1,h; =5t and ho = 2 + hq. Plugging these into (28), we obtain

T . eimt
| et = S i) - 1)
0

h1 4

JH 2 2 1+H,
—62{ 1o <h1, A4 hy -2 )—imh 159 <h27 s 1+ ho;—
2

= o [(t) Ty his g4 his——— | = () D) h17 14 hy;—

imt 2t2

4

W2Z2
4
z=t

it | M+ 1 7222 rel TH+ 3 r22?
F .71 . B F .71 -
5 |y 12 hi; 5,1+ his—— i, 1k ho; 5,1+ hos—— ]
=T

?)

2 2
. Te 1+H 3 s 1+H 3 T
—i [(t) Ry <h2;2,1+h2;—> — ()T Ry <h2;2,1+h2;—4 )]

2ho

=ty () = ¢y () = a7 G (1.h) = Gy (o) )]

1 1
2 2

where x(z) := —%szZ and (1 and (3 as defined in the lemma.
2 2

A.4. Proof of Lemma 4.4

We first prove (A). For each n € N and all ¢t € [T, 1], recall that

KL [1hn] (1) \f/ (t—u)f! 2cos( )du_\f/

with the change of variables v =t — u. Assume T' < s < t < 1. Two situations are possible:

N)\»—t

e I[fO0<s—T<t—T<s<t<1, wehave

V2

Kh [l (8) = K [n(s)|

IN

“

[ o) ()

t—T An An
t-T L

/ vHi? Ccos
s—T

oo ()~ (%)
T

IA
5
/-
T

N~
(w4
i

IA
3
/-
T

~
S
i
SIS

()

t 1 t—ov S 1
/ vH_2cos< >dv/ =3 cos
t—T VA s—T
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t— S
\/§<| il vHédv+2K|t—s|H+é>
t—T

IN

S 1 1 ~ 1
ﬁ('mo Bl +2K|ts|H+2> <O Jt— |13,
Witth:max{QﬂK,,/%”(.)H 2||L1[0’1]} max{g\[[{ VeV i 2||L1[0’1]},

since cos(+) is Lipschitz on any compact and fo v 7§dv is (H + 5)-H61der continuous.
e If0<s-—T<s<t-T<t<1,

V2

KR al(t) = KR [al(s)|

INA
S
Y

~ 1
<Cf |- s+,

IN

where the dots correspond to the same computatlons as in the previous case and leads to the
same estimation with the same constant C1

This proves (A).
To prove (B), recall that, for 7' € [0, 1] and n € N, the function K% [¢p,,] : [T, 1] — R reads

KL [on] () \f/ t—s) 2cos<(n—;>7rs>ds

ﬂ mT

= 1
mH+§ 0

(mt — u)H_% cos (mu) du =: $py (t). (29)

with the change of variable u = (n — %)s =: ms. Denote from now on N := {m =n — %,n € N}L
From (29), we deduce, for eachm € Nand ¢ € [T, 1],

mT 1
mH+%<I>m(t) = \/5/ (mt — u)T =2 cos (mu) du =: V2hu, (t). (30)
0
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To end the proof of (B), it therefore suffices to show that (¢, (t))
since, in that case we have

meRN te[T1] is uniformly bounded

2
K balloe = sup ICHEIO1= sup 12, 10 =—Y2_— sup [6,_1(0)
te[T,1 te[T 1) 2 (n—3)"T2 te[r) 2
< L sup lom (1] §L10<an (H+3)
(n—%)H+2 te[T,1),meN (n—%)H 2

for some Cg > 0, proving (B). The following guarantees the uniform boundedness of ¢, in (30).
Proposition A.1.  Forany T € [0, 1], there exists C > 0 such that |¢p,(t)| < C forall z >0, t € [T, 1].

Proof. For x > 0, we write

T 1 zT 1 .
() :/0 (zt —u)H =2 cos (mu) du:%{/o (act—u)H2emudu} .

Using the representation in Lemma 4.5, we are thus left to prove that the maps (1 (-, k1) and (3 (-, ho),
2 2

defined in (13), are bounded on [0, c0) by, say L1 and L 3. Indeed, in this case,
2 2

sup |¢a(t)] =

xT 1.
sup / (zt —uw)H ~2el™ugy
x>0,te[T,1] z>0,te[T,1]

elwmt

2

<

¢1
2

{(c; (xt.h1) = Cy (et = 1), h1) ) = im(Cg (at ho) = Cg (alt T>,h2>)] ‘

sup
x>0,t€[T,1]

1
< - sup ‘(Cl(y,hﬂ -¢
y,2€[0,00) | * 2

(2:h1)) =17 (Cy (v h2) = G (= m)'

sup
y€[0,00)

¢1 (yvhl) +
2

<7r{ sup Cs(y7h2)‘}<L1 + L3z =C<+oo.

y€[0,00) 2 2 2

The maps (1 (-, h1) and (3 (-, he) are both clearly continuous. Moreover, as z tends to infinity (i (z, h)
2 2

converges to a constant ¢y, for (k, h) € ({3 5 2} {h1,ha}). The identities

du

15 (h;%,1+h;fx) _/1 cos(2v/zu) Ju and 1Fo (ks % 1+ h;—x) B / sin 2\/mu)
PN

h “Jo  ulh h ud/2—h

hold (this can be checked with Wol fram Mathematica for example) and therefore,

1 2.2 2h1 1
152 (h1;271+h1;—ﬁ4z ) = Z2 / uM =L cos(mzy/u)du
0

2h1
2,

2h1 Tz 2(h1—1) 9 1 Tz
- z X T - 2h1—1
= /0 (ﬂz)2(h1—1) cos(zx) 3 dr = o /0 T cos(z)dz,

where, in the second line, we used the change of variables x = 7z+/u. In particular, as z tends to
infinity, this converges to 7~ 271 fOJrOO 2= cos(x)dx = 005(27;?1) (2h1) =t ¢1 /5 ~ 0.440433.

C% (Zah/l) =
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3
Analogously, for k = 3,

2hsg 2.2 2hsg 1
z 3 Tz z ha—3/2 .
3(z,he) = Fy( ho;=, 1+ hg;— = 2 d
C%(Z, 2) 2y ! 2( 25,1+ hai——, ) T~ /0 u sin(mzv/u)du
2ho—1 p7z 2h2—3) 9 1 Tz
_Z L : z , __1 2(ha—1)
=5 /0 ()29 sin(x) 3.2 dr = o /0 z*\"2 " Y gin(z)dx,

—2ho fo“l‘oo thQ -2

with the same change of variables as before. This converges to sin(x)dz =

MF(QhQ — 1) =:¢3/5 ~ 0.193 as z tends to infinity. For k > 0, (x(2,h) = 2h(1+ 0(22)) at

w2h2
zero. Since H € (0, %), the two functions are continuous and bounded and the proposition follows. [

A.5. Proof of Theorem 4.11

We only provide the proof of (15) since, as already noticed, that of (16) follows immediately. Suppose
that F': R — R is Lipschitz continuous with constant M. By Definitions (11) and (14), we have

‘E [F (VIX7)] — E [F (\75(2)] ‘

T+A 2 t—T t
l/ vo(t) exp WZ;RA +L / K(s)%ds — / K(s)%ds | b dt
AJr 2 \Jo 0

1 T+A N 2 t—T t
— / vp(t) exp ’thT’A’d + L K(s)%ds — / K(s)%ds | pdt
AlJr 2 \Jo 0

For clarity, let Z := 7T.A, 7= Z\T’A’d, = fg"’A h(t)e'VZt dt and 5 = :,:C+A h(t)e'YZf dt, with

_wo(t) v (T t
h(t) === exp{2< ; K(s)2d57/0 K(s)2ds>}, fort € [T, T + Al

We can therefore write, using the Lipschitz property of F' (with constant M) and Lemma B.3,

1
2

E|F

1
2

-E |F

E[F (VIX7)] - E[F (v/ﬁc'}ﬂ |=[[r(92)] -E[F(3%)]|<E[|F (o) - F (52)]]

(3+3)o-3]

T+A I
A/ h(t) ‘e'YZ*' — eV
T

—. ME [A‘ﬁ—ﬁu < ME

<ME

T+A _ R
A / h(t)y (e'YZt v e’YZt) ‘Zt - Zt‘ dt
T
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Now, an application of Holder’s inequality yields

1 1
—d T+A ~ .2 2 3

E[F (VIX7)] ~E [F (VIX7)]| < ME | 74 / n(e)? (% + %) ar

T+A 12
/ ‘Zt—Zt’ dt
T

T

[ T+A ~\2 %
< ME |(vA)? / hw)? (0% +0%) an| E

T+A 12
/ ‘Zt—Zt’ dt
T

T

T+A 12 2
/ ‘Zt—Zt‘ dt
T

=RE

)

where & := ME[y2A? f$+A h(t)% (Y%t + e”it)th] 2. It remains to show that & is a strictly positive
finite constant. This follows from the fact that {Zt}te[T,T 1] does not explode in finite time (and so

does not its quantization Z either). The identity (a +b)? < 2(a? + b?) and Holder’s inequality imply

T4A _
/ h(t)? (eQVZi + eQ”VZt) dt]

/11
/2 <AM>~’E ( + )
T

I

_ 1 97 3
2,2 L1 A 2( 277 7
<AM“YE ||—-+ = E h(t) (e'yt+67t>dt
9 9 T
2 2 1
1 172 T+A T+A _ 2
< 16M272E {2 + A] E / h(t)QQQ’Ytht + / h(t)QSQ’Ytht
9 57J2 T T

1 1
= :16M27%(A; + A2)2 (B + Bo)2.

We only need to show that Ay, Ao, B and B> are finite. Since h is a positive continuous function on
the compact interval [T, T + A], we have

T+A
H> / inf (h(s)e'yZS) dt>A  inf  h(s)e%s 31
T se[TT+A] s€[T,T+A]

>A inf  h(t) inf Vs > AR exp {’y inf Zs} ,
te[T, T+A] s€[T, T+A] s€[T, T+A]

with b := inf;ci7 74 A A(t) > 0. The inequality (31) implies

E [exp {—27 inf e[, 71 A ZSH B E {exp {2’7 SuPse[T,T—i-A](_ZS)H
A2R2 N A2R2

1
=——FE|expq¢2y sup Z
AZp? [ { S€[T,T+A] s}

A =E[n7%] <

)

D=
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since —Z and Z have the same law. The process Z = (Zt)te[T,T +A] 1s a continuous centered Gaussian
process defined on a compact set. Thus, by Theorem 1.5.4 in [2], it is almost surely bounded there.
Furthermore, exploiting Lemma B.4 and Borel-TIS inequality [2, Theorem 2.1.1], we have

+ +
E [ehSUPSE[TvT‘*‘A] ZS} =E [eQVHZ”} = / OOIP’ (eQ’YHZH > u) du :/ OO]P) <||Z|| > logfyu)) du
0 0

2 log(w) —E[1|Z]l]

2
2Bl 2] 4o 1 too -1 <70 )
:/ du+/ p(|Z| > og(u)) du = 2VENIZIN _|_/ . 2 T du

0 e 2y

27E[IVII] e27E[IVII]

2 log(w)~E[1 2] > ’
du, (32)

+oo —3%
< 2ENZI / . ( or
0

with [|Z]| := sup,ci7 71 A] Zs and 0% = SUPte [T, T+A] E[Z?]. The change of variable %

the last term in (32) yields

=vin

(SIS

. _§<leog<u>E[|Z|1>2
/ e g du:27/e_
0

R
since Y ~ N(E[| Z||], o), and hence A; is finite. Now, notice that, in analogy to the last line of the
proof of Proposition 3.12, for any ¢ € [T, T + A], we have

v—E[|Z]]?
( or ) 2 dv = V2r29E[e®Y ],

E [Zt’(ZS)se[T,T—s-A]] =E {E {Zt‘{/\g(n)}nzl,...,m} ’(Zs)sE[T,T+A]] =E [Z‘(Zs)se[T,TJFA] =7,

(33)

~

since the sigma-algebra generated by (Z) s€[T,T+A] is included in the sigma-algebra generated by

{é\g(")}n=1,-..7m- Now, exploiting, in sequence, (33), the conditional version of SUPte [Ty, ] E[fe] <
E[supye[ry 1) [t conditional Jensen’s inequality together with the convexity of z > €7%, for v > 0
and the tower property, we obtain

E |expq~vy sup Zg
te[T, T+A]

=E |exp {'y sup E [Zt’(As)se[T,T-s-Aﬂ H
i te[T, T+A]

exp {VE [ sup Zt‘(is)se[T,T+A}] H
L te[T,T+A]

<E|E

=FE |expsy sup Z;
i te[T,T+A]

IN
=

te[T,T+A

exp {’y sup }Zt} ‘(25)56[T,T+A]H

Thus, we have

~ 1 ~
Ay=E|[H 2| <—EF expsy sup 7
[ } A2h2 [ te[T,T+A]

)

1
<——E |expsy sup 4
A2p?2 [ { te[T,T+A] }
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which is finite because of the proof of the finiteness of Ay, above.
Exploiting Fubini’s theorem we rewrite B; as

T+A T+A T+A
By =E ( / h(t)QeQVtht> / / (s)2E [21(Z22) | duds.
T

Since (Z¢) (7,74 ] i centered Gaussian with covariance E[Z; Z] fo (t — u)K (s — u)du, then
(Zi+Zs) ~ N(0,9(t, ), with g(t, s) := E[(Z¢ + Zs)?] fO (t—u)+ K (s—u))?du and therefore

T+A T+A
By = / / 5)2e27°9(5) drds

is finite since both h and g are continuous on compact intervals. Finally, for B we have

T+A _ T+A T+A S 4

By=E ( / h(t)QeQVtht> / / s)’E [ 2V<Zt+Zs>] dtds
T
T+A T+A
/ / (s)2E [ 2y(Ze+Zs )} dtds = By,

where we have used the fact that for all ¢, s € [T, T + A], (Z +Z ) is a stationary quantizer for (Z; +

Zs) and so E[eQ'Y(Zf*ZS)] < E[e21(Zi+25)] since f(x) = e27* is a convex function (see Remark 3.9
in Section 3.1). Therefore B> is finite and the proof follows.

Appendix B: Some useful results
We recall some important results used throughout the text. Straightforward proofs are omitted.
Proposition B.1.  For a Gaussian random variable Z ~ N (11, 0),
o (e=DNoP if pis even,
ElZ MI]_{O, if p is odd.
We recall [35, Problem 8.5], correcting a small error, used in the proof of Proposition 3.6:

Lemma B.2. Letm,N € Nandp1,...,pm positive real numbers. Then

3|~

m m m
. Pn _2
inf E —: T1,...,xm € (0,00), Tn <N p=mN m i ,
{nﬂ% me o) 1L } jl;IlpJ

1

11 — 5=
where the infimum is attained for xn, = N mp? (HT:l pj) *m forallne{1,...,m}.
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Proof. The general arithmetic-geometric inequalities imply

(i) () (1) ()

since [["_; @n > N by assumption. The right-hand side does not depend on 1, ..., Z, SO

1
m m m
inf{zp%. yer s Zm € (0,00), Hxng }>m<Hpn> N m.
= n=1

1

1 _ 1
Choosing z, = N%P% (H;nﬂ Pj) ™ forallm € {1,...,m}, we obtain

s
~
3=

m » % m » m » m m
m( ]\;12> = ">1nf{zxg:xl,...,xme(o,oo),Ha:nSN}zm(H

n=1 n=1"n n=1"" n=1

which concludes the proof. O

Lemma B.3. The following hold:

1 1
71<(L+ L) le -yl
eCr —eCY <O (ecz + ecy) |z — gyl

(i) Forany z,y >0,

Lemma B.4. For a positive random variable X on (0, F,P), E[X] = 0+°° P(X > u)du.
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