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Abstract

We elucidate physical aspects of path signatures by formulating randomised path developments within
the framework of matrix models in quantum field theory. Using tools from physics, we introduce a new
family of randomised path developments and derive corresponding loop equations. We then interpret uni-
tary randomised path developments as time evolution operators on a Hilbert space of qubits. This leads to
a definition of a quantum path signature feature map and associated quantum signature kernel through a
quantum circuit construction. In the case of the Gaussian matrix model, we study a random ensemble of
Pauli strings and formulate a quantum algorithm to compute such kernel.
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1 Introduction

On sufficiently fine time scales, many types of sequential data, such as audio, video, time series, or text, can
naturally be modelled as paths 7 : [0, 1] — R? The idea that such paths can be characterised (up to reparam-
eterisation) by their path signature was first introduced by Chen [Ches7] for smooth paths, and later extended
to more irregular paths in the context of rough path theory [Lyo98; HL1o; Boe+16]. In this work, we elucidate
a connection between guantum field theory (QFT) and the theory of path signatures. Adopting the language
of QFT, refined later in Section 2, we treat a path y as a Wilson line and interpret its signature as arising from
parallel transport in gauge theory. This perspective allows us to draw on tools from high-energy theoretical
physics to study a class of differential equations driven by random vector fields sampled from so-called matrix
model distributions, which develop the path into a unitary group. An important instance of this framework
is the Gaussian unitary development, whose physical interpretation naturally leads to a representation of the
control system as a quantum circuit acting on a Hilbert space of qubits. This construction, in turn, gives rise
to a quantum algorithm whose output approximates the associated quantum signature kernels.

The path signature S() is formally defined as the solution to the tensor differential equation dy = y®d~y
in the free tensor algebra T'((R%)) := [[7°_,(R%)®", and thereby can be seen as a non-commutative analogue
of the exponential function. By applying Picard iteration, one recovers the familiar formulation of the sig-

nature as the sequence of iterated integrals ( | O<ty <<t <1 dy, ® - ® d%n) . It is a classical result
neN

that linear functionals on T'((R9)), when restricted to the image of the signature map, form a unital algebra
that separates points. Consequently, the classical Stone—Weierstrass theorem ensures that linear functionals
on signatures are dense in the space of continuous real-valued functions defined on compact subsets of unpa-
rameterised paths [CT24b]. This makes the signature a powerful representation, enabling the approximation
of arbitrary path-dependent functionals using linear models [Sal+23]. Indeed, signature methods have seen a
rapid rise in popularity in recent years, finding applications across a broad range of domains in data science,
including deep learning for sequence modelling [Kid+19; Mor+21; SLG22; Hog+23; Mug+24; Iss+24; BHS24;
MSz2sa], quantitative finance [ASS20; Sal+21b; Hor+23; PS24; MS2sb], cybersecurity [Coc+21], and compu-
tational neuroscience [HS24], among many others. The interested reader is referred to [CS24] for a detailed
and pedagogical account on the subject and to [Fer+23] for an overview of recent applications.

In practice, the paths encountered in data-driven applications are typically constructed via piecewise linear
interpolation of discrete time series. By combining Chen’s identity with the fact that the signature of a linear
segment is given by the tensor exponential of its increment, one obtains a concise formula for the signature
of a piecewise linear path v = 7! -+ x vl as S(7) = exp(Ay!) @ -+ ® exp (A’yL). This expression
underlies the implementation of signature computations in standard Python libraries such as esig [Laio],
iisignature [RGi8], and signatory [KL21]. It enables an efficient and exact evaluation of the signature,
with time complexity O(Ld"), where n € N denotes the truncation level. However, due to the exponential
growth in the dimension d, the method becomes computationally prohibitive as n increases. A commonly-
taken approach solution to this dimensionality issue making use of signature kernel methods has become pop-
ular [Lem+21b; Sal21; Lem+21a; Man+24; SS24]. These allow for eflicient computation of kernels of the form
(S(7),S(0)), for various choices of inner product (-, -) on T'((R%)), without the need for computing S()
directly, for example leveraging the recent result that the signature kernel satisfies a Goursat PDE [Sal+21a].

Another promising recent alternative to these ideas is a proposal to use the development of y into a matrix
Lie group [LLN22]. In this formulation, the central object becomes not the signature but related representa-
tions obtained by the evolution

d
dU(v; M)y = U(y; M) - M(dve) = Y Uy M)eAjdn?, Uy M)o = In, (1)
j=d

where U(y; M) belongs to a matrix Lie group Gy, M is a map in Hom(R% gy) such that
Mw) = Z;lzl Ajvj for Ay,- -+, Aq € gn, with gy denoting the associated Lie algebra, the latter being
isomorphic to the space of left-invariant vector fields on G v, and in which - denotes matrix multiplication. In



this work we consider the physical and geometrical interpretation of the development of 7y as a parallel transport
operator on a G'y bundle. The solution to (1) can be expressed in terms of the signature as

Uy M)y =Y il AuSg (), (2)
weWy

where the sum is taken over all words in d letters. An important example of this framework is when
GnN = U(N) is the unitary group, whose corresponding Lie algebra g = u(IV) is the set of anti-Hermitian
matrices. We note that the critical issue of dimensionality outlined above is transferred, rather than resolved,
from the selection of a truncation parameter in the signature to the choice of a Lie group of sufficiently high
dimension for the method to be effective. A promising approach recently proposed in the literature [CT24a;
MLS23] consists of randomising the choice of vector fields M = (Ay,...,Aq) ~ ,ug over a suitable class
of (Borel) probability measures ,ug on the Lie algebra and study the limiting behaviour of (inner products of
such) path developments as IV tends to infinity.

The physical perspective adopted in this work interprets path development as parallel transport in gauge
theory. This viewpoint leads to an interpretation of vector field randomisation as a zero-dimensional quan-
tum field theory, where integration over gauge fields is realised via a matrix-valued path integral. Conversely,
we introduce path developments as a novel class of observables in matrix model theory, interpolating between
zero-dimensional quantum field theory and Yang—Mills theory. More precisely, we will be interested in charac-
terising the large- /N behaviour of the law of the random variables

(U(y; M),U(o; M))ps := lim %TT(U(’Y;M)U(O';')T) under M ~ pY, (3)

N—oo

where, importing tools from theoretical physics, we consider p1f) a matrix model measure on u(N) given
by [GMo6; GMo7]

dpd (M) o exp (—Ntr(V(M))) dM, ()

where tr( - ) denotes the normalised trace defined by tr( - ) := % Tr( - ) and V(A) denotes a Gaussian-

perturbed polynomial potential
1 d
_ _ 2
V(A)_V(Al)vAd)_2§1Az+”7 (5)

where W is a polynomial satisfying some suitable convexity conditions. By combining techniques from non-
commutative probability theory [Guiig] and rough path theory [CS24], we can define the limit

R (7,0) = lim By [(U(: M)U (0 M))] (©)

N—oo

and moreover understand k*V (7, @) in terms of the signature of the path y = 7 * o

W (y,0)= Y il lim By [tr(Aw)]S*(y) 7)
weEWy

=) i (Aw)S* (), (8)
weEW,

where 7/ (Ay) is a non-commutative law satisfying the Schwinger-Dyson equation (Theorem 3.9). We use
this structure to prove that k*V (y,0) = kY(1,1), where kY : [0,1]> — R satisfies an integro-differential
equation of the form (Theorem 3.14)

d .y
Cuthie =1= [ Ouadp s @) = 3 [ DbGuadpdils )
s<u<v<t k=1"°



with the boundary condition (s s)uce = 1forall s € [0, T], and where the pathwise derivative DY will be
rigorously defined in Section 3.

This result generalises the findings in [CT24a], where the special case of quadratic potential
V = % Z?:l X? was considered along with variants' leading to the same limiting PDE, for which x4} cor-
responds to the classical Gaussian unitary ensemble (GUE). We show in addition that the integro-difterential
equation (9) has a unique solution when the solution space is restricted to (infinite) linear functionals on the

signature.
In Section 4 we turn our attention to the GUE ensemble and piecewise linear paths  : [0,7] — R?
given as L specified increment vectors {All, Al2, ey A?}ZL: 1- We consider the path development as a unitary

operator on H = (C%)®", a Hilbert space of n qubits. A linear basis of generators of unitary operators on
qubits is given by Pauli strings: length n tensor products of the Pauli matrices P = {o7,0x,0y,07}. We
define a random ensemble of linear combinations of Pauli strings

A,,:Zazvaw, v=1,...,d, (10)
weP

where the coefficients are randomly distributed as defined precisely in Definition 4.6.

We first demonstrate that the GUE randomised path development may be approximated by a development
driven by this sparse ensemble of random Pauli strings (Theorem 4.8). We then consider a Trotterisation of
this path development into K subdivisions and thereby define a random quantum circuit approximating the
unitary development. The circuit depends on the parameters: K Trotter subdivisions, m densities of Pauli
ensemble and n qubits, and is given by

K
d m

Ug(a(m)a n, K) = H H HPW'L,V (A;/O‘ZVZ/K) ) (1)

=1 |v=1=1

where Py (6) is a Pauli rotation of angle 6 associated to the Pauli string ov,. Finally, we use this circuit to
propose an efficient quantum algorithm (Theorem 4.11) in the one clean qubit model of quantum computation
to approximate the GUE path development and the associated kernel.

Outline and summary. This work lies at the intersection of matrix models in quantum field theory (QFT)
and the theory of path signatures, with a particular focus on their applications in machine learning and data
science. Our aim is to make this work accessible to researchers from both communities. To that end, we provide
aconcise introduction to the relevant background and establish our notation in Section 2. In Section 3, we apply
classical tools from non-commutative probability theory to derive the integro-differential equation (9) satisfied
by (7s,t) uge under small perturbations of the Gaussian potential defined by matrix models. Finally, in Section 4,
we introduce quantum analogues of the classical path signature and signature kernel. The main results of this
section demonstrate that the path development driven by the random Pauli ensemble approximates well the
unitary path development and that the associated quantum algorithm is efficient.
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2 Background

In this section, we provide a brief introduction to quantum field theory (QFT) in zero dimensions and path
signatures and set the notation for the rest of the work. We also introduce a novel geometric-physical interpre-
tation of path signatures and signature kernels as matrix model Wilson line correlation functions.

2.0 Quantum field theory

The physical context of our work is that of zero-dimensional QFT in the form of Hermitian matrix models. A
thorough introduction to zero-dimensional QFT aimed at a mathematical audience may be found in [Horos]
and we refer the reader to [EKR1s] for a comprehensive review of matrix model theory. The theory of matrix
models is a classical subject in theoretical Physics [t Ho3] with deep connections to enumerative geometry via
topological recursion [EO07] and quantum gravity in two dimensions [GM9go]. We provide a cursory overview
of the subject and focus on reviewing the basic aspects of loop operators that the present work generalises.

We consider matrix-valued fields fluctuating on a zero-dimensional spacetime. Let us consider the unitary
matrix Lie group

Uy ={U € My(C): U'U = Iy}, (12)

where M (C) denotes N x N complex matrices, and the corresponding Lie algebra
uy = {A e My(C): AT = —A}. (13)

We now consider a connection (or gauge field in the Physics terminology); a Lie algebra-valued one-form which,
in coordinates, may be expressed as an N X N matrix A € up. Global gauge transformations act on these
matrices by the adjoint action g - A = g~ 1 Ag with g € Uy In QFT, the Feynman path integral averages over
fluctuating field configurations weighted by a gauge-invariant action. In the present context we integrate over
anti-Hermitian N X N matrices and the measure we choose is a so-called matrix model measure

djuy (4) = exp (=Ntx(V(4)) ) dA.

We study interacting polynomial potentials of the form

1 m
V(A {g}) = A%+ Ak,
k=3

depending on a set of coupling constants { gx } r>3 and A € up. We will provide a more mathematically precise
exposition of such matrix model measures in the context of non-commutative probability theory in Section 3.
Finally, we should specify the set of (gauge-invariant) observables we are interested in computing. We write
expectation values as

(r(s)) = 5 [ amv ) ee(ra), (1)

for a matrix function f(A) and where Z := (1) denotes the partition function. Solving the matrix model
corresponds to determining the moment generating function. In the matrix model context, this object is the
multi-trace correlation function*

Wh (1‘1, ey T {gk}) = <tr(xll%A) “'tr(xnfl*A)>uV,c (15)

*The right hand side of this expression is shorthand for the formal generating function of the single trace correlators

(tr(A") . otr(A))e.




where the subscript ¢ denotes the connected part of the correlator. Correlation function with 7 insertions
enjoy a formal asymptotic expansion, the so-called genus expansion, of the form

W (ml, R {gk}) = ZNQ_QQ_"W m (:cl, SR {gk}) as N — oco. (16)
g=0

The single trace function W 1 satisfies an algebraic equation, known as the spectral curve of the matrix model.
Its Laplace transform, the so-called loop operator denoted Wy 1, may be expressed as

im % <tr(etA)> , (17)

=1
N—oo

Wo(t)
and solves an integral equation known as the loop equation’
V' (d/dt) - Wo(t) = (Wo,l X Wo,l) (t). (18)

In the present work we develop a generalisation of this matrix model. We study a d-dimensional Hermitian
matrix model together with a smooth path 7 : [0, 1] — R? and replace the exponentials in the loop operator
with path-ordered exponentials

Wo,l(t) _ ]\}im <tr(etA)> — Woﬁ(t) = A}gnoo <tr(P expj A)> . (19)
gl

—00

In the following we derive corresponding loop equations generalising (18) for these path loop operators.

2.2 Wilson lines

We now turn to the study of smooth paths v : [0, 7] — R In the context of learning and kernel methods,
such paths could be, for example, trajectories of the price a collection of financial instruments or patient heart
rate data. In the present context we think of them as the world line of a charged particle moving through a
gauge field—a so-called Wilson line in the physical terminology—we now explain this construction.

We consider V' = R% as a smooth Riemannian manifold with the Euclidean metric.* We consider a (topo-
logically trivial) principal G = Uy bundle P = V x G' ™ V. A connection on P is then uniquely specified
by a Lie algebra valued one-form, written A € Q!(V, g), and we consider the case where A is constant on V.
A pathy : [0,7] — V then has a unique horizontal lif® 5 : [0,7] — P where 5(t) = (y(t),g(t)) is
determined by the solution to the ODE

9(t) = g(t) - A(Y(t)), g(a) =e. (20)

We now consider a finite-dimensional G-representation . We will take throughout G = Uy with H = C
the fundamental representation and therefore, in a minor abuse of notation, conflate A with its representation.
Following the Dirac notation convention, vectors in the associated bundle are written as [¢)) € H. We then
define the topologically trivial associated bundle by H = V' x H and write the fibre at x € V as H,. The
parallel transport of a vector 1)) € H (4 along 7y from 7(0) € V toy(T') € V is then determined by the
solution to (20). In coordinates this equation reads

dUo+(v) = Uot(7) - Apdy”,  Uoo = In,

and the solution to this equation defines the path-ordered exponential

d T
Uo,r(v) =Pexp ZJ Apdy* | (21)
p=1"9

>x denotes convolution. (f * ¢)(t) = fg ds f(s)g(t — s).
*The following construction applies more generally to parallelisable manifolds.
’A horizontal lift of a path y € Visapath 4 € P such that 7(%) = 7 and 7 lies in the horizontal subspace V = T'V.
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Figure 1: The path development as parallel transportin a G = U (V) bundle along a Wilson line.

The setup is illustrated in Fig. 1. Later, in Section 4, the associated bundle will be further interpreted physically
asa N = 2" dimensional Hilbert space of qubits H = (C?)®™ and |¢)) will represent the state of a register of
qubits. The development Uy 7 () is then a time-dependent many-body time evolution operator.

In the physical terminology v : [0,7] — V describes the worldline of a charged particle moving from
7(0) to y(T") through a (constant) electromagnetic field described by the connection A, that is a Wilson line.
The charge of the particle is described by a vector in H and the parallel transport operator (21) describes how the
charge changes throughout the motion. The constant connection has non-trivial curvature and thus introduces
a path-dependence in this charge evolution. In the data science context, this vector may thus be used as a feature
associated to the path.

In the context of defining kernels on path space, we will later be interested in the expectation values of the
trace of this quantity, tr (U07T(’y)) . In summary, we are interested in integrating over the choice of connection
using d-dimensional generalisations of the matrix model integrals discussed in the previous subsection.

Remark 2.x. The quantum theory we define interpolates between zero-dimensional QFT and d-dimensional
Yang-Mills theory. The unitary development Uy () may be considered more generally asa Wilson line in Yang-
Mills theory on RE where A,, now varies over spacetime. Instead, we simplify the setup and consider a constant

off-shell gange field on a parallel manifold averaged over a matrix model.

2.3 Path signatures

When analysing the path-ordered exponentials appearing in (21), it will be convenient to consider power series
expansions. The terms involving the path «y will be given by its iterated integrals, the collection of which is called
its path Jz;gnature.é Arising in the work of K.T. Chen in the 19505 [Ches4; Ches7] and forming a central part of
Lyons’ rough path theory [Lyo98], the signature has more recently found success both as a theoretical and as a
practical tool in modern machine learning. The signature forms the analogue of the collection of monomials
for vector valued data: under certain conditions, linear functionals of the signature are dense in continuous
functions on compact subsets of (unparameterised) path space [LLN16; CT24b]. Before we give the definition
of a signature we require some basic definitions.

Definition 2.2 (Words). Ford € N, let W, denote the set of wordsin the d-letters {1, ..., d} andlet @ € Wy
denote the empty word. Define A to be the algebra over W, with base field C and multiplication defined by

WU = W1 - Wl -+ * U,

“In fact, the path signature itself fits into the geometric setup of Section 2.2 as a parallel transport on a principal T'((V)) bun-
dle. The corresponding Lie algebra £(V') has a universal property meaning its g-representations are determined by homomorphisms
¢ : V — g. Hence connections on G-bundles determine representations of 7'((V')) uniquely.



forw, u € Wjy. Define also the map |-| : Wy — N to be the length of a word.

Definition 2.3 (Time-Simplex). Forany n € N, define the n-simplex over an interval [a, b] by
fog) = {(t1, . tn) o<ty < <ty DL

Throughout, we will take V' = R4 equipped with the standard Euclidean inner product. The signature
ofapath~y : [0,T] — V is then defined as follows.

Definition 2.4 (Paths and Signatures). Let X' = CI"’”([O, T], V) be the space of continuous 1-variation
paths y : [0, T] — R? with vy = 0. Fory € X, the signature of 1y is a function

§.(1): AL = T(V)) = [] Vo™
m=0
where S5 5(7) = (1,0,...) forall s € [0,7] and
Ss,t(,y)m = fAm dr)/tl R Q d’)/tm € V®m,

[s,t]

form > 1 with S5¢(7)? == 1 € R. Foraword w € W, with |w| = m, we also define the coordinate
iterated integral

(1) = Lm dyt - dym €R,

[s,1]

where S?,t (7) = Ss.+(7)° = 1. We will commonly write S(7y) := So () for the signature over the entire
interval.

Proposition 2.5 (Chen’s identities). We define the concatenation of two paths v, 0 € X by
, te|0,7/2],
(y* o) = T 0, 7/2]
YT + 02(t—T/2)5 te [T/27 T]

Then
S(rx0) = S() ® S(0).

Additionally, we may define the reversal of the path vy by
<7t =AYT—t — T

Then
SH*5H)=8S(y)es(5) =1

Chen’s identities imply that the space of signatures S(X') C T'((V')) forms a group with multiplication
given by path concatenation and inverse given by path reversal. Using the signature, we may expand (21) as

d .7
Ur(n) = Pexp (3 [ Aol | = 3 4wz o), (22)
=1

weWy

where i denotes the imaginary unit. In this work, particularly later in the context of kernels, we are interested
in computing the expectation value of this quantity over the matrix models in the large N limit discussed in
the previous subsection. Provided the quantities exist, we introduce the notations



(Yor)~ = Z i'“"IE#N [tr(Aw)} ab (V) (23)

weWy
(o) =Y il* Aim E, ~ [t (Aw) | Sap (7)- (24)
weWy

Finally, we note thatin the case d = 1 when; = tisastraightline, the signature becomes So 7 (7)™ = 1" /nl.
The right-hand side of (23) then becomes the matrix model moment generating function of trace correlators
discussed in the previous section

(Lo) v = Z(tr(A”)>uN% = Wn(T).
n=0

The present article may then be considered a generalisation of traditional Physics matrix models to the case of d
multi matrices and the observable is upgraded to a Wilson line.

2.4 Signature kernels

We now discuss kernels on path space which are important from an applications perspective. Typically, one
considers a feature map ¢ : X — H that embeds the data X" into a typically high-dimensional (possibly
infinite) Hilbert space H where linear methods may be applied. A kernel k& : X x X — R is simply the inner
product of the feature map, namely

k(z,y) = (p(x), o(y))n- (25)

If one can access the Gram matrix G;; = k(z;, ;) for all pairs of points in the dataset, then one can perform a
variety of linear separation techniques without ever evaluating . Such an ability is known as a “kernel trick”.
Conversely, every kernel corresponds to some feature map into some Hilbert space, known as the reproducing
kernel Hilbert space (RKHS). Indeed let #° = span{k(z,-) : € X'}, and for functions

= Zaik(fﬁi, ) and g = Zk(ij ')a
=1 Jj=1

define

< HU = ZZQZ/BJ xl)yj

=1 j=1

then H := HO with respect to this inner product. This space satisfies the reproducing property
(f,k(x, ))u = f(x), forallf € Handz € X,

and the feature map ¢ is simply given by the embedding = — k(z, -). By equipping (an appropriate subspace
of) T'((V')) with the standard Hilbert-Schmidt inner product, we arrive at the ordinary signature kernel defined
by

o0

kS(7,0) = (S0,6(7), So,t(0)) == D (So,6(1)", So,4(0)"hyen,

n=0
which is of the form (25) with feature map ¢(-) = S(-). The ordinary signature kernel comes with a kernel
trick, being that k;gt solves the integral equation [Sal+21a]

ot [ [ K -



A variety of algorithms [LL24; CPPa2s; Sal+21a] have been proposed to solve (26), however, they all sufter from
quadratic complexity in the length of the input time series. An alternative approach is to compute the inner
product between low-dimensional random projections of the signature that approximately preserve their inner
products. Indeed, consider the differential equation

d
Az) =Y Z}Advi, 7] = In,
=1

whereeach A; € RV isarandom matrix withi.id. N'(0, +7) entriesand N islarge. Then Z7 isa GLy (R)-
valued random variable where

- 1 o\ N— si;
<Z;Y’ Zt > = NTr((Zg)TZt ) HOO ksi(’y’ O'),
see for example [MLS23; CT24a]. Solving for Z7 is then only linear in the length of the input time series. Sup-
posing thaty = 71 % - -x7y, is a piecewise linear paths valued in R with linear increments y; fori = 1, ..., n,
then Z7. is given exactly by the matrix product

d d
2} =exp (Y Ant) -exp (- A )
i=1 =1

Clearly, this exact solution becomes costly to compute when N is large. An approach to circumvent this issue
might be to consider sparse approximations of the A;. However, even for sparse A;, each matrix exponential
is typically dense and so the products are still an obstacle. Supposing however, that the matrices A; where
instead anti-Hermitian, then each matrix exponential would be a unitary matrix with sparse representation.
Such a setting naturally leads one to consider whether quantum algorithms are applicable, which is the study
of Section 4.3.

In alignment with the previous discussion, in the present work we are interested in kernels on paths induced
by unitary matrix path developments, that is the Wilson line observables introduced above averaged over matrix
models with potential V. The Lie group U has a natural unitary inner product (the Hilbert-Schmidt inner
product) and we may define

B (7,0) o= (i (U508 g = o (O (U5UD)) (27)

where we have replaced Z7 with U, to reflect the unitary nature of the developments. The particular case
where puy/ is the free Gaussian multi-matrix model, i.e. the Gaussian Unitary Ensemble (GUE), will be the
focus of Section 4 where we will discuss its interpretation as the kernel associated to a quantum feature map
built from an efficient quantum circuit. Further, in the case that py is a free Gaussian multi-matrix model, a
governing integral for

kGUE(

. N .

v, 0) = A}gnoo EHv (v, 0) = A}gn@(tr(UfyU;) >M1‘\/]

was derived in [CT24a]. The derivation of the limiting functional equation relied heavily on the Schwinger-
Dyson equation that is asymptotically satisfied by the GUE ensemble. Section 3 is devoted to finding the cor-
responding functional equations in the case of a small perturbation of the Gaussian law. Such perturbations
asymptotically satisfy Schwinger-Dyson equations that are perturbations of the one asymptotically satisfied by
the GUE ensemble. Kernels like £SYE are examples of kernels where the feature map is not known explicitly,
and whose existence is only guaranteed through the construction of its RKHS.

Geometric interpretation. The kernel also enjoys a geometric interpretation in the context of Section 2.2,

the setup is illustrated in Fig. 2. We begin with a charge vector |¢) living in the associated /N dimensional Uy
bundle H. In Euclidean space RY, we may identify H,(g) with H () and H (1) with Hy (7). The kernel is
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Figure 2: The kernel as parallel transport along 7 compared with parallel transport along o.

then a measure of the difference between a charge vector [t)) being transported along 7, compared with the
same vector being transported along 0. That is we may compare the angles of U-|1) with U, |1)) by taking the
Hermitian inner product. If we average the resulting product uniformly over a basis {[1);) } of H then we find

N
1 1
N ;(wZ|UJ’UT|w’L> = Ntr(UlUT)a

the right-hand side is the definition of the kernel as the Hilbert-Schmidt inner product and thus we have a
geometrical interpretation of the path development signature kernel as the average change in angle between
charge vectors under two Wilson lines.

3 Universal Limit of Matrix Model Unitary Developments

This section is dedicated to deriving integro-differential equations satisfied by (s ¢) 2 for small perturbations
of the Gaussian potential. We start by relating this to the quantity k#V (7, o). By standard properties of path
developments, U, U, = Uy, and U, 1 = Us-. Since the inverse of a unitary matrix is its conjugate transpose,

it holds that
KV (r,0) = <tr(U <_)>uv

Tx O

As such, it;s enough to understand the limiting functional (s ¢),ce for a single path v and replace it by
v = T % 0 when conducting a kernel evaluation, which is what we do in this section. The case where V'
corresponds to the Gaussian potential % Zle X? was considered in [CT24a] along with variants leading to
the same limit. In the present work we extend these results to the matrix models discussed above in Section 2.
Recall thatuy = by, where b is the set of N x N Hermitian matrices and that for a path v € &/, the uni-
tary path development of path segment ~, ¢ with development map M € Hom(V,u,) is the time t-solution
to the My (C)-valued controlled differential equation

dUs7u = Us,u : M(d’)/u)a Zs,s = Iy, (28)

where - denotes matrix multiplication. Fixing a basis for V' 2 R? and noting that M (v) = i 2?21 Ajv7 for
matrices A; € by, the differential equation reads

d

dUs,u = Z Us,uAjd’%{a (2'9)
j=1

whose solution is given by

d
Ust =Pexp | ¢

t .
[(ami] = % ivlausno,

weW,y

7=1

1I



where Pexp is the path-ordered exponential along the curve v. We may randomise the solution to (28)
via the randomisation of the collection (A1,...,A44) ~ ug . In particular, our quantity of interest is
limpy o0 E [tr(US,t)] .

3.1 Non-commutative laws and Schwinger-Dyson equations

In this section, we gather various notions both from the world of non-commutative probability theory and
from rough path theory, in particular following [Guir9] for the non-commutative definitions. We shall use ~
to denote complex conjugation

Definition 3.1 (C* algebra). A C* algebra A is a Banach algebra together with an involution * : 4 — A
satisfying the following properties

1) (@) =a
2) (a+b)* = a* + b

3) (ab)* = ba’™;

4) (Ma)* = Aa* forall \ € G

5) [la*|| = [la and [|a*al| = [|a]|*.

Definition 3.2. Let X, ..., X; be non-commutative indeterminates. Define Cy := C(X7,..., Xy) to be
the space of polynomials in the indeterminates with complex coefficients. Let * be an involution on C4 such
that the indeterminates are self-adjoint with respect to *, i.e. X;* = X;. Given a word w € Wy we will write
Xw = Xuw, -+ Xw,, which may be extended by linearity to all w € Ag with Xz = 1. This induces an
algebra isomorphism A; — Cg.

Definition 3.3 (Non-commutative law). A non-commutative law 7 € C is a linear functional on

C(Xj, ..., Xy) taking values in C such that
1) Positivity: forall P € C(X1, ..., Xy), 7(P*) = 7(P) and 7(PP*) > 0.

2) Mass: 7(1) = 1.
3) Trace: forall P, @ € C(Xq,...,Xy), 7(PQ) = 7(QP).

A general non-commutative probability space is a pair (A, ) of a unital C* algebra A equipped with a
sate . However, given d non-commuting random variables a1, . . ., a4 living in (A, ¢), there exists a unique
non-commutative law 7 on the free *-algebra C4 such that T(P(Xl, e Xd)) = (P(al, - ad)) for any
polynomial P. As such, Definition 3.3 is enough for our purposes.

Definition 3.4. A sequence (7,,)52; of non-commutative laws is said to converge weakly to 7 € Cg if

lim 7,,(P) = 7(P), forall P € Cy.

n—oo

It can readily be checked that the properties defining a non-commutative law are closed under weak conver-
gence, and so any weak limit of non-commutative laws is itself a non-commutative law. It turns out that several
important non-commutative laws are characterised by various integration by parts formulae. To motivative
this perspective, we mention the famous example from the commutative world: the Gaussian integration by
parts formula. Consider a vector (X1, ..., Xq) ~ N (0, I;) of commutative Gaussian random variables, and
a sufficiently smooth function f : R? — R. Then it is known that

ElXif(X1,...,Xa)] =E[0if(X1,..., Xq)]. (30)
Now, taking f to be some (commutative) monomial X" X,,, where w is devoid of the letter %, then

E[X" X)) = nE[X] 1 Xy). (31)

12



This inductive relation is exactly the defining property of Wick’s formula:

Z H E[Xwinj]7

e

where P3' denotes the set of pair partitions on 7 letters. Indeed, the factor of 7 in (31) is exactly the number of
ways of pairing the new X; with one X; from X*. Thus, combinatorial characterisation of the Gaussian law,
Wick’s formula, and the integration by parts characterisation, (30), are equivalent. To extend this observation
to non-commutative laws we first need suitable notions of non-commutative derivatives. In the following,
Cq ® Cq is the usual tensor product of vector spaces.

Definition 3.5 (Free Difference Quotient). Ford € Nand 1 < i < d we define the free difference quotient
0; : Cq — Cq ® Cq by

HPQ=0Px (12Q)+ (P®1) x dQ,
withP®Q x R® S := PR® QS and 0;X; := (1 ® 1)d;;. In particular, for a word w € W, we have

ain = Z Xu X Xv- (32)
wW=uiv
Definition 3.6 (Cyclic Derivative). Definem : C4®Cq — Cabym(P® Q) = QP, then the cyclic derivative
D; : Cq — Cqis given by
D,LP = (m o al)P

In particular, for a word w € W,, we have

DiXy= Y XyXu.
w=uiv
Via the bijection Cq — Ag, the operators 0; and D; induce well-defined maps on Ag — A4 ® Ag and
Ag — Ag respectively. As such, we will often write 9; X4y = X, 0r Dj X4y = X p,w. We are now ready to
give the non-commutative version of an integration by parts rule.

Definition 3.7 (Schwinger-Dyson Equations). Let 7 : Cq — C be a non-commutative law. We say that 7
satisfies a Schwinger-Dyson equation with conjugates P; € Cyqif, forall 1 <7 < d,

T®7(8;P) =7(PP), (33)
where 7 @ T(P ® Q) = 7(P)7(Q).

Perhaps the most well-known and important example of a Schwinger-Dyson equation is the one satisfied
by freely independent semicircular random variables. Free independence is a non-commutative notion of inde-
pendence, where joint moments are determined by non-crossing partitions rather than the usual product rule
for classically independent random variables. To illustrate this, suppose that X and X» are freely indepen-
dent with mean zero and law 7, then 7(X1 X2X1 X2) = 0, whereas in the commutative world with ordinary
independence, it would be equal to E[X?]E[X3] # 0 as long as X1 and X are non-trivial.

Example 3.8 (Semicircular Variables). The law 7 of d-free semicircular random variables satisfies the
Schwinger-Dyson equation

T 7(8;P) = 7(PX;).

}: Xy Xo.

w=ulv

And so foraword w € Wy,

Iterating this expression gives the analogue of Wick’s formula for freely independent semicircular random vari-

ables:
= > ]] "EwXuw,),

ﬂeNcgwl ()em

where NCY is the set of non-crossing pair partitions of n letters.
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An important class of Schwinger-Dyson equations, including Example 3.8, are those where the conjugate
polynomials P; are given by the cyclic derivatives of some polynomial V' € Cy. In this case, we have

7@ 7(;P) = 1(PD;V). (34)

The non-commutative laws satisfying the Schwinger-Dyson equation of type (34) arise as the asymptotic limit
of the non-commutative laws of interacting random matrix ensembles. For a self-adjoint polynomial V' € Cy,
consider the law ,ug on N x N Hermitian matrices given by

1
A (XN, XY = ﬁexp{ —NTr(V(X{V,...,XéV))}dXN,
14

where
dxV = J[ axENgr) [ aENGR),
1<j<k<N 1<j<k<N
and Z{) is a normalising constant. In order to ensure the partition function Z{ is finite for all IV, some restric-

tions on V are required. Assume that V' takes the form V' = % Zle X2 + W for a self-adjoint polynomial
W = 221 9i Xw,; - We say that W is c-convex if the map

d
. 1—c¢
(XY (k) 1<j<hen = Te(W(XN)) + > Tr(X7) (35)
1<v<d =
is convex for all NV when viewed as a function of (RNQ)d. Denote by Uy the setof g = (g1,...,94) C o

for which (35) holds. For € > 0 we also write B for the set of coefficients g for which ||g]|| ., < €. Recalling
that tr( . ) = %Tr( . ) defines the normalised trace, we summarise now a collection of results from [GMo6;

GMo7], see also [Guirg, Chapter 7].

Theorem 3.9 ([GMo6; GMo7]). For every self-adjoint c-convex W = """ | g; Xy, and R > 2, there exists
€ > Osuch that forall g € Uy N Be
. N
]\}gnoo E}Lg [tr(Xw )} = Tv(Xw),
for every w € Wy where Ty solves the Schwinger-Dyson equation (34). Moreover, there is exactly one solution
Tv € C) to (34) and it satisfies
1Ty (Xw)| < R forallw € Wy,

Note that when W = 0, the distribution z1%; is the Gaussian Unitary Ensemble (GUE) and the limiting
law 7y is the law of d free semicircular random variables. From now on, we will only consider those V' satistying
(A) be the maximum of the absolute values of the

(Ai))jzl' We will need the

the assumptions of Theorem 3.9. In the following, let AN

max

eigenvalues of an N x N matrix A, and let AXY,, (A) be the maximum of (AX]

max max
following lemma to be able to exchange certain limits and expectations.

Lemma 3.10 (Sub-Gaussian tail of largest eigenvalue). Let V' be a potential satisfying the conditions of
Theorem 3.9, and for each N suppose that (A;)L| ~ Y. Then there exist o > 0 and to < 00 such that, for
everyt > to and N,
N
P (A

max

(A) > 1] <e N,

Proof. See Appendix A. O
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3.2 Path loop equations

We now use the Schwinger-Dyson equations to derive governing equations for the trace of the path develop-
ment in the large /V limit. Just as we required a version of the derivative for functions in non-commutative
indeterminates, we will also need the notion of derivatives of functionals on path space. There are many such
choices, but we will use the Dupire or vertical derivative [DT23]. This notion of derivative has been popular in
deriving Taylor-like expansions of functions on path space.

Definition 3.1x (Vertical derivative). Let f : X — R be a suitably regular functional, 1 < ¢ < d,and hte X
the path defined by ¢ — %ei with {e?}¢_; basis vectors in R%. The vertical derivative of f at a path -y along
the direction ¢ is defined by
. * ht) —
V() i 1 LOXR) = 10)

h—0 h

Foraword w = wy - - - wy, € Wy of length k, define
V¥ =V ...V f(y).

Proposition 3.12 (Proposition 3.8 [D123]). For any pathy € X and v,w € Wy, the vertical derivative
satisfies

VIS () = { ). w=uw,

0, otherwise.

Consider now V' € C4 given by

d d m
1 2 1 2
VZQ;Xi +W:2;Xi +;9ijj,

satisfying the conditions of Theorem 3.9 with associated non-commutative law 7y,. Also associate to W the
path-dependent differential operators

m

Dyyy == — Y (—i)%lg; P, (36)
j=1

where Dy, is the cyclic derivative from Definition 3.6. Recall now the definitions

Qaohay = D i1 [or(Aw) | S35 (9),

weEWy
<'7a,b>,u“’,° = Z ilw‘]\}i_{nOOEug [tr(Aw)] Zfb(’y)'
weEWy

Proposition 3.13. Suppose that V satisfies the assumptions of Theorem 3.9 and foreach s € (0, T let U ,, be the
Un-valued solution to the controlled differential equation

d
dUS,u - ZZ Us,uAjdViv Us,s = IN;
j=1

where (AY, ... AY) ~ ¥, Then

Eu{Y [tr(Us,t)] = (’ys,t>#g < oo and lim Eu5 [tr(Us,t)] = (’yS,t)”%o < 00. (37)

N—o0

The content of the above is simply a statement that limits and expectations may be interchanged with the
sum over words.

15



Proof. The expansion of the path ordered exponential in terms of the signature provides that

tr(UN) = > it (A))SH(y).

weWy

To attain both parts of (37), we simply need to justify the interchange of the limits and expectation with the
sum over words w. To do this, it is enough to show that

> By [fer(ad) ]IS0
weWy

N

is uniformly bounded in N. The sub-Gaussian nature of the tail behaviour of A},

the following bound

(A), Lemma 3.10, yields

By [J6r(A%)]] < By [Max(A)] < sein (8l 11), 58)

forsome k > 0, where I' denotes the usual Gamma function. The second inequality uses a common equivalent
definition of sub-Gaussian random variables, see for example [Veri8, Proposition 2.5.2]. Then, by the factorial
decay of the signature

w y o FnT (41
> B [le@ad))lsnml < 3 i+ 1)jsse) szor(ff:l)) <oo,

weEWy weWy

for some £ > 0. Then Fubini-Tonelli and the dominated convergence theorem allows for the interchange of
limits and expectation with the sum of words. ]

We now turn to the main result of this section.
Theorem 3.14. The functional (Vs 1) s satisfies the path-dependent integro-differential equation

d -t
<78,t>u§’,° =1~ J <’75,u>u$ <7u,v>u‘°/° (df)/ua d7v> - Z DII?V <'75,u>,u$d’75' (39)

s<u<v<t k=1"°
with the boundary condition (s s) e = 1 forall s € [0,T).

Proof. Recall from Theorem 3.9 that

lim E ~ [tr(Aw)] = 7v (Xw),

N—oo \4

where 7y is the unique non-commutative law associated with V' solving the corresponding Schwinger-Dyson
equation. Consider now the following expansion, where we use (32) for the first equality.

Y iy @y (0 Xw)SE () = Y Ty (X)) (X)) SE ()
weW, u,VEW,

t
— 3 () () [ SEG)SE )

w,vEWy

= _ft > i (Xu)SE() | | DD (X)) ()8, | dyd

ueEWy veEW,

t
= _J <'78,u>u$,° <’7u,t>u‘€,°d75-
S
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We now expand the left-hand-side using the Schwinger-Dyson equation

> iy (O Xw)S() = Y i (X D) ()

weWy weW,y
m
= (00X + Y g K, )SE)
weWy j=1
m
LS TS + 3P T (P
wEW, 7=1 weWy
m
=VF 3 il (X)) S () + D (—i) 2 VP STy (Xy) S ()
weWy j=1 weWy

m
= ’75t ;LV +Z ‘vj‘ 2.9 ka J<78t>uv
7=1

= (Vk + DW) <’78,t>u$/°
Equating these identities and integrating both sides with respect to d~* and then summing over k resultsin (39):

d
<75,t>u‘€,° =1- f <’78,u>u{°/° <’Yu,v>u‘°/° <d’7u’ d7v> - Z DW <’Ys u>,u°° d% (40)
s<u<v<t k=17

O]

Example 3.15 (Straight Lines). Fix 7' = 1 and consider the case of a straight line y = tv, forv € R% We note
that dyf* = v*dt and that (7Vs,t) uce is now a function of only (£ — s), so that (39) may be written as

Dy () = j0t<v>u<v>t_uvkdt,

fort € [0, T]. We thus recover the classical result (18).

Example 3.16 (GUE). Consider the case of the quadratic potential V' = % Z?:1 X2, for which pf) corre-
sponds to the GUE. Then each DY, is given by Aj. We may then integrate both sides of the equation

t
DY (s thuze = — J (Vs s (Yt Dz A7
S

with respect to 4* to obtain

Z iy (X k) SEF J DY (Ys,rhugpdrs = f sy e () e Ay

weWy s<u<r<t
Summing over k, we see that

d
- J ('YS,u>u§’/° <'Yu,7“> (dyu, dy) Z f <’Ys,u>u‘°/° <'7u7r>u‘°/° d’qujd’yf

s<u<r<t k= s<u<r<t

:_Z > iy (X o) SEF ()

k=1 weW,

=-1+ Z st(’Y)

weWy
= <78,t>u(‘)/° - ]-7

which is the equation obtained in [CT24a].
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To conclude this subsection, we consider the uniqueness of solutions to (39). A complete theory for
uniqueness in a general space of functions on path space is a topic for future research. Instead, we consider
infinite linear functionals on the signatures.

Proposition 3.r7. Consider the set of infinite linear functionals, { : X — C, on the signature,

Uyse) = Z i|w‘aw8;1,’t(7)a

weWy

for which |ay| < C1®! for some C' > 0. Suppose that

d_rt
g(%,t) =1- f f(%,u)ﬁ(%,v)<d%,d%> - ZJ Dlﬁvﬁ(%m)d’%j, (41)
k=1%"%

s<u<v<t
holds for all v € X, then ayy = Tv (Xow) forallw € Wy
Proof. Expanding (41) gives

d
> ilapSH(y) =14+> 0 Y il 6,81k (y)

weEW, k=1 u,veWy

d m
30> i g a0, S ()

k=1ueWy j=1

Noting that the left-hand-side may be expanded as

d
Z lelawsﬁ(V) =1+ Z Z i|w|+1awk8$k(7)a

weW,y k=1 weWy

means that we may equate the coefficients of S¥¥ to obtain the system of equations

m
Awk = § Ay Gy — § 9jQwDyv;»
J=1

w=ukv

which after rearranging yields

m
Z Ay Oy = Ok + Zgjakavja
w=ukv 7=1

which implies that the extension of ¢ to a linear functional 7, : Cq — C satisfies the Schwinger-Dyson equa-
tion Tq ® To(OkXw) = To(XwDyV'). By the uniqueness of solutions to the Schwinger-Dyson equation,

Theorem 3.9, we must have 7, = 7y. O

4 Quantum algorithm

In this section we introduce quantum analogues of the classical path signature and signature kernel. We will
study three main objects. Firstly, the quantum path development—this is a random quantum circuit that we
denote by U$ (a(m),n, K). The circuit acts on n qubits, dependent on m random Pauli strings labelled
by «, an approximation quality K, and a path 7. We will show (Theorem 4.8) that the expected value of
this circuit converges to the Gaussian unitary path developments studied in the previous section. Secondly,
we define the guantum path signature S€ to be the quantum feature map associated to the quantum circuit.
Finally, in Section 4.3, we discuss a guantum signature kernel, denoted k9 (o, T), which is realised as the output
of a quantum algorithm A built using the quantum path development U$ (a(m),n, K). One of the main
results of this section is Theorem 4.11 demonstrating the efficiency of this algorithm. Along the way, we give
theoretical guarantees for an analogous classical algorithm (Theorem 4.12) to compute the randomised path
development.
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4.1 Preliminaries

In the following, we review basic definitions and concepts from quantum computing. Whilst this material will
likely be familiar to readers with a background in quantum information theory, we include it to ensure the
work remains accessible to researchers from the path signature and machine learning communities, in line with
our aim of connecting ideas across these fields. For a more comprehensive introduction, we refer the reader to
the standard text [NCio].

Quantum states. We consider the Hilbert space of n qubits

H=C’w - ®C? (42)

n-times

which has dimension N = 2". We write |1)) for vectors, henceforth referred to as (pure) quantum states, in .
We may write the basis of tensor product states of H as |z) = |21) ® - - - @ |zp,) whereeach z; € {0, 1}. Each
state may then be identified with a binary string z € {0, 1}" which defines an isomorphism with CV=2", We
define |0) := |0) ® - -- ® |0) € H.

More general quantum states, referred to as mixed states, are represented by a density operator p acting on
‘H, which is a positive semi-definite Hermitian operator satisfying Tr (p) = 1. If, in addition, Tr (p2) =1,
then p corresponds to a pure state and can be written in the form p = |1)) (1|, considered as an element of
H @ H*, for some state [1)) € H. In the general case, p describes a classical probabilistic mixture of pure states
and can be expressed as a convex combination:

b
p=>_ pilva){wil, (43)

i=1

where p; > 0, Y. p; = 1, and each [¢);) € H is a pure state. We denote this (Hilbert) space of general
quantum states by S(H). A quantum circuit is a unitary matrix U acting on H = (C?)®" built from a finite
sequence of elementary unitaries chosen from a universal gate set [Kitg7].

Measurements. In the present context, the measurement of a state p will be described by a set of orthogonal
projectors {I1;}¥_, on H satisfying 25:1 II; = Iy and ILII; = 6;;11;. The measurement describes the
possible outcomes of a discrete random variable IT taking values in {1, .. ., k}, with associated probabilities

B(IT = i) = tx(plT;). (44)

This is known as Born’s rule.

Quantum feature map. Let & be a set of data; a quantum feature map [SKi9]is an embedding
p:X = S(H), (45)

where the feature space is the space of quantum states on H, i.e. we map € X to a density operator p(z).

4.2 Quantum circuit

We now turn to a quantum circuit implementation of the unitary path development. The Hilbert space of
qubits H has dimension N = 2". In the geometrical setup outlined in Section 2.2, this Hilbert space now
plays the role of the associated G = Up bundle in the fundamental representation and the quantum circuit
will play the role of the parallel transport operator between representation vectors.

We assume throughout this section that paths «y are continuous piecewise linear v : [0,7] — RZ
It is natural to consider this class of paths as any smooth path can be approximated in an appropri-
ate topology by sequences of piecewise linear paths. The time interval [0,7] is divided into intervals
0=ty <t; <...<tr="Tand we write

Y =Y1xcc o *VL (46)
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where each ; is a linear path on [t;_1, ¢;]. The data specifying the path is then L vector increments, denoted
A} i==9"(t) =" (ti—1) forl =1,...,Landv = 1,.. ., d. For piecewise linear paths, the length is equal
to the total one-variation which we denote by A, = ZIL:I 1A ]].

As we will see more precisely later, the computational difficulty of computing the path development is
controlled by the Uy dimension N = 2", the total one-variation Ay (Ze. the length of the path) and the
quality of the approximation € arising due to the discretisation as a quantum circuit.

Definition 4.1 (Pauli strings). A set of Hermitian operators on C? given by

1 0 0 1 0 —i 10
Uf:(o 1)’ (’X:<1 0)’ UYZ(@ 0)’ (’Z:(o —1)' (47)

A (real) linear basis for u is then given by tensor products of the Pauli matrices
O-W:O-w1®"'®o-’u)ny (48)

where W = wj ... wy, is a word with n letters chosen from {1, X, Y, Z} and ® denotes the tensor product.
The operator oy is referred to as a Pauli string. We write the set of words on Pauli matrices as P.

We now consider the N x N unitaries U, discussed in previous sections as operations on qubits. We
will show that these may be decomposed into quantum gates. Let us first consider the N-dimensional path
development for a fixed set of d Hermitian matrices A1, ... Ag, that s the solution to”

AU, (1) = iU, () AAYdL, U, (0) = 1, (49)

att = T'. We denote the solution by U, (A4, V). We now turn to how to implement this unitary as a quantum
circuit acting on the Hilbert space H = (C?)®™.

Trotterisation. Let us discuss the solution to the path development equation (49) for piecewise linear
paths (46) and for a fixed set of N x N matrices { A, }%¢_;. From the fact Uy, 4y, = Us, U, we have that

U’Y(AaN) :U’Yl(AvN)U’YQ(AaN)"'U'YL(AaN)v (50)

where Uy, (A, N') denotes the unitary time evolution operator/path development for the straight line segment
on [t;, t;41]. Each Uy, (A, N) is then given by

d
Uy, (A;N) = exp zz ATA, |, (s1)
v=1

where A} = 4" (t;)—~" (t;—1) are the (vector) increments of the path on each time step. Recall (Definition 4.1)
that each Hermitian matrix A, may be expressed in the Pauli string basis. We write the expansion as

A, = Zaﬁ’aw, v=1,...d, (52)
weP

with {@}) }w a set of 4" real coefficients for each matrix and often write the development as U, (e, N) em-
phasising the dependence on these coefficients. We now consider the Trotterisation of this unitary to define a
quantum circuit.

7In this equation and in the following we use the summation convention that repeated upper and lower indices are summed. E.g.

X, X=X, X"
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Definition 4.2. The first-order Trotterisation with K subdivisions of each straight line interval ;, written
Uy, (a,n, K), is defined by
K

K
d VW
U% a;n, K H H eXp< w> = H H Pw <A}?V > ) (53)

v=1weP v=1weP

where we write the shorthand « for the set of coefficients {«}) } that specify A. In the second equality, we have
re-written the exponentials as Pauli rotations Py () := exp(ifloy, ) with small angles. Finally, we define the
Trotterised path development of 7y by

Uy(osn, K) := Uy, (asn, K)U.

VL—l(a;nu K) o 'U’Yl(a; n, K) (54)

We have thus constructed a quantum circuit from repeated application of multi-qubit Pauli rotations with
small angles that approximates the path development with a fixed set of Hermitian matrices determined by co-
efficients {c) }. Intuitively, one may view the Trotterisation as dividing each interval [¢;, ¢;11] further into K
subdivisions and one recovers the full development in the limit ' — 00. The following lemma quantifies the

quality of this approximation.

Lemma 4.3. We consider the Trotterisation into K subdivisions of the path development U, for a piecewise linear
path y defined by a fixed gange field specified by coefficients {cy’ : || < 1/m} in the Pauli basis. Then

K2
where | Py, denotes the maximum number (over v) of non-zero coefficients in the Pauli string expansion and /-
denotes the total one-variation of the path -y.

10 (am ) ~ U < a2 40 (). )

Remark 4.4. When~(t) = tisaone-dimensional linear path segmenton |0, t|, the lemma recovers the familiar
Trotter error bound from Hamiltonian simulation theory that is quadratic O(t2) in the time interval (length of
the path) and O (1K) in the Trotter subdivision.

Proof. First, recall the standard Trotterisation error bound [Suz76]. Suppose a Hamiltonian is given as a sum
N .
of bounded operators H = ) | =1 H;; then we have, in operator norm,

K

N . .
jl_[lexp{ZK]} i SMZ||HZ,H]||+(9< ) (56)

1<)

Consider now the Hamiltonian H = Zgzl ZvyeP H, w with H,w = AYo}0w. From the Lie algebra
structure of the Pauli matrices, then ||[a)) 0w, @) ow]|| < 2, and (56) yields

d
Pla, y 1
[0 s, ) = U sl < e S IAYE + 0 (7). )

v=1

where | P|,, denotes the number of w for which &)} is non-zero. Now we would like to consider a bound on
L
HU’Y(aanv K) - U’Y(a7n)H = H U i(Oé,TL, K) - H U i(a’ n) : (58)
=1 ]

Telescoping the product and using the fact that the operators are unitary we simply obtain the sum of the
individual bounds between the product components

L d
Pla Y 1
10 e, K) = el < 2 S 18t 10 ()

i=1v=1

|P|QA22+O<1>’ (59)

|P|‘”A2+(’)< )
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where in the second line A’2Y o denotes the square of the total two-variation of the path and in the third line
we have used that for piecewise linear paths the two-variation is bounded by the one-variation. In the above

|P|q := max, | Pla, - O

Remark 4.5. The circuit Uy (a,n, K) may be further decomposed into a fundamental gate set, for example
using the methods described in [Sri+23].

Randomisation and sparsification. We now discuss how to randomise over the Hermitian matrices A,, (or
equivalently the coefficients cv in the Pauli string expansion of A). We sample A, from the N' = 2" dimensional
Gaussian unitary ensemble (GUE) by sampling coefficients of the Pauli strings in the circuit (54). In recent work
[Che+24], the authors define a sparse ensemble of random Pauli strings. They also show that ground states of
the associated Hamiltonian are efficient to prepare. In the following, we use the same matrix ensemble in a
different context that allows us to consider a sparsification of Pauli strings in the path development circuit (54).
We first recall the definition of the random Pauli ensemble and then argue that the first moment of this random
Pauli ensemble converges to the semi-circular law with a sufficiently fast rate.

Definition 4.6. (Random Pauli ensemble) Let N = 2". A matrix A belongs to the random Pauli ensemble
with m Pauli strings if

1 m
A= —— Tiai,
Vi 2

where r; & Rademacher(1/2) and 0’ = 0(1)! ® - - - ® o(n)’, where o () " P, where ¢ ~ P denotesa
random variable uniformly distributed on the set of Pauli matrices P.

The distribution of v = 1,...,d matrices from the random Pauli ensemble of Definition 4.6, may
be equivalently described by a random variable « for the coefficients in the expansion (s2) where for each
v = 1,...,d, the coeflicient o, is non-zero for only m uniformly chosen w where it takes the two values

{—1/y/m,1/\/m} with equal probability. We henceforth denote this random variable by a(m) = «a(m)%

v
Accordingly, we write the path development associated to (1) as

dUﬁzt(a(m), n) = iUszt(a(m), n) A4y dt, U“S/f,s (a(m),n) = In, (60)
where the matrices A} have expansions A]' = > p a(m)) 0w with m non-zero terms. We write the

solution as Uﬁit (a(m),n).

Next we present the main result of this subsection, which states that the path development driven by
random Pauli ensemble matrices approximates well the unitary path development. The proof is given in Ap-
pendix B and relies crucially on the following proposition about the moments of the Pauli ensemble. For com-
pleteness, and because it may be of independent interest, we restate this proposition below.

Proposition 4.7. Foreachn, let AT, ..., A} be ii.d. matrices from the random Pauli string ensemble of di-
mension N = 2" with my, strings each. Then

’E [tr(Ag)] - T(Xw)‘ < (4e)Pp! (mgl + 2*2") ,
where T is the law of d-free semicircular random variables and w € Wy has length 2p for some p € N. In the
above Ay, denotes the product Ay, . . . Aw,,.

Theorem 4.8. Fixn > 0and let a(m) be the random variable defined above. Let

<'75,t>,u$,° = Z Z'|w|7_()(w) ;w,t('y)v

weW,

be the GUE randomised path development, then there exists a constant C' > 0 depending only on the length of
and the dimension d of the path target space, for which

E [(tr(Ugjft(a(m),n)) - <fys,t>uovo)2] <C(m 44, (61)
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We now combine the previous arguments to define a quantum path development. We consider a piecewise
linear path 7 : [a, b] — R? given as L specified increment vectors { A, AZ, ... A% We define the guan-
tum path development which combines (1) the sparse Pauli approximation of the large N GUE development of
Theorem 4.8 and (2) the Trotterisation approximation of the sparse Pauli development of Lemma 4.3.

Definition 4.9 (Quantum path development). The guantum path development is the random quantum cir-
cuit U,? (a(m), n, K) defined in terms of Pauli rotations, following (54):

K
d m

U’?(a(m)v n,K) = H H H PWi,u(Alyayi/K) ) (62)

=1 |v=1i=1

where w; , denotes the i = 1,...,m non-zero coeflicients of o) for each v. The circuit depends on pa-
rameters 1 (number of qubits), Trotter subdivisions K and m random Pauli strings. The circuit consists of
L x K x d x m Pauli rotations.

In the following section we demonstrate, as part of the proof of Theorem 4.11, that the quantum path
development well-approximates the unitary development of a path .

Quantum path signatures. We define the quantum path signature as a quantum feature map, in the sense
discussed at the beginning of this section (4s), that allows one to embed a path v into the space of states on
qubits. In the present case, X is a space of paths and we would like to embed the path 7 into the Hilbert space
of a large number of qubits n, that is we would like to consider a mean embedding of the form

[ oo il ) ), ()

where N islarge and ,u]‘y is the Gaussian measure. To make this well-defined, based on the previous discussion,
we see that we may work with an approximate embedding into a truncated Hilbert space of n qubits, with
Trotterised time evolution into K Trotter subdivisions and a sparse Pauli ensemble controlled by an integer m.

Definition 4.10 (Quantum path signature). We now define the quantum path signature as a quantum fea-
ture map S(y) : X — S(H,,) embedding paths 7 into a quantum state (density matrix) by the circuit of
Definition 4.9, namely

In applications, we propose that the parameters n, K" and m should be chosen to scale as in Theorem 4.11.

4.3 Quantum signature kernel

We now introduce a quantum algorithm, making use of the quantum path development circuit, to compute
the trace of the GUE randomised path development®

(v):= lim E [tr(U,y(A,N))} . (65)

N—oo

In the subsection that follows, we discuss how the algorithm may be further used to approximate the GUE
kernel on path space kCVE : X x X — R defined by

K (0,7) 1= Jim E [tr(U(,(A, N)U-(A, N)T)} . (66)

as discussed in Section 2.4. We define the guantum signature kernel as the output of this quantum algorithm.

¥We drop the oo subscript compared with Definition (24) since we only consider here the large N GUE path development.

23



0[] =

1/2" ——— U%(a(m), n, K)

Figure 3: One clean qubit (DCQ1) circuit with the quantum path development.

Problem statement. We consider a continuous piecewise linear path v on a partitioned time interval
0=ty <t < - <ty =T mapping into R%. The input data is thus the set of increments { A}
with! = 1,...,Landv = 1,...,d. The computational problem is then to output a quantity () that is
e-additively close to the path development () with small failure probability 4.

Computation. We now define a quantum algorithm A({A7}, €, 0) in the one-clean-qubit model of quan-
tum computation [KL98] with random output Q). The algorithm takes as input the increments { A} } together
with an additive error € and a probability of failure ¢. We first take a sample & (m) of the random variable a(m)
described below Definition 4.6. We then embed the random quantum circuit U? (&(m), n, K) from Defi-
nition 4.9 as the controlled unitary in the one-clean-qubit circuit illustrated in Fig. 3. The initial state of the
system is
I

po = 10){0] @ on’ (67)
and, after applying a Hadamard gate to the first qubit, a sample of the quantum path development circuit and
an additional Hadamard gate, the state of the system is

1

PL= Gory [(\o><oy+|1><1\)®1+\o><1y®U$(d(m),n,K)T+\1><OI®U$(d<m>7n,K) - (68)

Measuring the first qubit in the computational basis then yields the probability of observing "1" by Born’s
rule (44),

1 -
(1) (1p) = 5 (1 - (UL (@(m).n, K))) (69)
Finally, we define the output of the algorithm to be the estimator of tr (U$ (&(m),n, K)). Namely

2TA(M,m,n, K)
M )

Qa(M,m,n, K) =1 (70)
where TA (M, m,n, K) denotes the number of ones observed when initialising, running and measuring the
circuit M times. The output depends on the number of qubits ; the Trotter approximation K; the number
of Pauli strings 1; and the number of times M to run the circuit of Figure 3. Theorem 4.11 explains how to
scale these parameters as functions of € and . The algorithm may be summarised as follows:"

Recall that the unitary path development is real valued.
*This algorithm is named QSigKer because of its direct application to computing a kernel in the following subsection.
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Algorithm 1 QSigKer — Quantum Signature Kernel Estimator A({A7}, €, §)

Input: Data of increments { A} } and €, > 0. Parameters: integers m, n, i, M > 0 for Pauli string num-
ber, qubit number, Trotter subdivisions and number of circuit runs respectively. These are selected ac-
cording to Theorem 4.11.

Output: Approximation Qa (M, m, n, K) of ().

r Setcounter T" <— 0
2: fori =1to M do
Sample &(m) from random variable o (m)

3

4 Initialise system in state pg = |0)(0| @ 2

5t Apply H to first qubit. Apply unitary U$ (&(m), n, K) of definition 4.9. Apply H to first qubit.
6: Measure first qubit in computational basis obtaining outcome z € {0, 1}

7 if © = 1 then

8: T+« T+1

o: return QA (M,m,n, K) < 1 — %

Theorem 4.1x. The positive integer parameters m, n, K and M (Pauli string number, qubit number, Trotter
subdivisions, number of circuit runs) may be chosen such that the output of A({A}'}, €, ) estimates the unitary
path development () to within additive error € with high probability 1 — 0, namely such that

P(|QA(Mvmvn7K)_ <’7>‘ > 6) < 4. (71)
The circuit requires log(1/€,1/6) qubits and poly(1/e€,1/6) Pauli rotations.
Proof. See Appendix C.1 O
Classical algorithm. Letusnow define an analogous classical algorithm and perform the complexity analysis
for comparison. The input data remains unchanged—the set of path increments (Al AlZ, e Af}l[’: 1~ We
define a probabilistic classical algorithm, A°({A” }, €, §), which, given the input data, an additive error eand a

probability of failure 6, produces a random output thatis € close to the path development with high probability
1 — 0. We follow a standard Monte Carlo approach, defined precisely as:"

Algorithm 2 Classical Sampling A

Input: Data: path increments {A}, ..., A%} and €, § > 0. Parameters: integer N > 0, M > 0 and
K > 0 are chosen dependent on € and 0 according to Theorem 4.12.
form = 1to M do
Draw d independent N x N GUE matrices {4, }9_,
for! =1to Ldo
Compute 4; := 25:1 AV A,
Compute U := (1 + A;/K)¥ using a truncated approximation dependent on K > 0.
Compute Q, := Tr(UFULE ... UK)

return QA (M, N, K) := ﬁ Z%zl Qm

Theorem 4.x2. The output of A°({ AV }) satisfies
P (|Qa(N, M, K) — ()| > €) <4, (72)

Sfor small € > 0 provided that M > 2/€*1og(2/8) samples are taken, the dimension N of matrices satisfies
N > €227 /€% and the matrix exponential is truncated to K > Ne**7 [e.

"The truncated productis a poor practical approach to compute a matrix exponential, in particular it is numerically unstable (see for
example [MVo3] for a thorough discussion of numerical matrix exponentiation methods) but for our purpose of discussing separation
between classical and quantum approaches it is sufficient.
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Proof. See Appendix C.2 O

In Theorem 4.11 we argue that the resources required to approximate the development of a path with one-
variation to accuracy € with the quantum algorithm are polynomial in 1/€ in time and logarithmic in 1/€ in
space. In comparison, the classical algorithm outlined above requires L x M x K matrix multiplications and
hence, according to Theorem 4.12, requires polynomial resources in € in both time and space.

QSigKer. We now consider the computation of the GUE signature kernel using the quantum algorithm A.
In the notation of the previous section, the GUE kernel of two paths o and 7 may be expressed as

K (o, ) = (7)), (73)

where 7y denotes the concatenation 4 = & x 7. This follows from the property that for unitary path develop-
ments we have U, = U, Ui . We conclude the work with the following definition:

Definition 4.13. (QSigKer) The probabilistic quantum signature kernel kg; : X x X = Ris defined by

T (M, m,n, K
k(o 7) =1 - ( i ), (74)

where TA (M, m, n, K) is the output of the algorithm of theorem 4.11. In applications, the hyperparameters
should be chosen to scale according to Theorem 4.11.

s Conclusion

In this work, we have developed a novel bridge between the theory of path signatures and matrix models in
quantum field theory, uncovering structural connections with implications for both machine learning and
quantum computing. By interpreting randomised path developments through the lens of non-commutative
probability and unitary matrix models, we derived a class of loop equations governing their evolution. This
formalism naturally led us to define the quantum path signature and the quantum signature kernel as quan-
tum analogues of their classical counterparts, realised via quantum circuits acting on qubits. In particular,
we showed that in the Gaussian case, these constructions admit an efficient quantum implementation using
random ensembles of Pauli strings. This provides a concrete quantum algorithm for approximating signature
kernels, with potential applications in quantum-enhanced time series analysis.

Future directions. This work represents an initial step toward importing tools from theoretical physics and
quantum computing into the study of path signatures in machine learning. As such, we believe our work opens
several avenues for future research, including the exploration of other matrix model potentials, deeper study of
universality phenomena in quantum path signatures, and the practical integration of these quantum kernels
into hybrid classical-quantum machine learning pipelines.

On the matrix model side, the theory of topological recursion [EOo7] offers a powerful framework for com-
puting 1 /N corrections to matrix model observables. A natural extension would be to explore the “loop”
version of our model by applying topological recursion to correlators of the form

Wn(’Yl,-..,’Yn;{gk})— tr Pexpj Al---tr Pexpj A
71

. (75)
= Z N272gint,n (717 s 7771; {gk}) )
g=>0
where the insertions correspond to a collection of paths 71, . . ., . This approach would enable a systematic

investigation of finite- /N corrections to unitary path developments and their induced kernels.
On the machine learning side, many open questions remain concerning the statistical and computational
properties of the interacting path kernels introduced in Section 3. In particular, it would be valuable to establish
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theoretical guarantees such as generalisation bounds or sample complexity estimates. Extending these results

to the quantum path signature defined in Definition 4.10 is especially compelling, as it could provide a rigorous

foundation for the use of quantum path features in downstream learning tasks.
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A Technical proofs

The following lemma may be derived by keeping track of the constants in the various equivalent characterisa-
tions of sub-Gaussian random variables, as in [Ver18, Proposition 2.5.2] for example. We include a self-contained
proof for completeness.

Lemma A.x. Let (X ) N>1 be a sequence of real-valued random variables. Then the following are equivalent
(1) Thereexist o« > 0and ty < oo such that forallt > tgand N > 1, P(Xy > t) < e_O‘NtQ;
(2) There exists C > O such that for all s sufficiently small and all N > 1, then E [exp(sNX?\,)] <CcN,
Proof. Assume (1), then

E[exp(sNijv)] = JOO P(exp(sNX3) > t)dt
0
<1+ QJOO]P’(XN) > u)sNUGSNUQdu
0

to o0
1+ J 2sNues N dy, + f 25 Nue~(@=9INw? gy,
0 to

S
=1+eNoy ~— <OV,
o — S

forC > 1—|—€St(2) +

> and s < . Conversely, assume (2), then Chebyshev’s inequality yields

P(Xy >t) < €7SNt2E[eXp(5NX]2V)} < e*SNtch < efoéNtQ7

whenever « < sandt > tg/C/(s — ). O

Recall that the spectrum of an N X N GUE matrix has the distribution

N
1
oM = [[ P APep{ -5 0 pdr (76)

1<i<j<N i=1

where Z¥ is the normalisation constant given by

|2

NN
ZN =(@2m) 2N T[], (77)
=1

see [BGo7, Property 3.1] with 8 = 2. The following pair of lemmas are key.

Lemma A.2. There exists C > 0 such that, forall N > 2, Z g 1\71 < eON,

Proof. From (77), we have

_(N—1)?

N2
N (v CFE N exp{ (VP log(N) — (N = 1)*log(N — 1)) }
ZN T 2ar(N+1) V27N '
It can be checked that forevery N > 2, N2log(N) — (N —1)%log(N — 1) < 2N log(N)+2N, and hence

ZN-1 < exp{N + Nlog N}

ZN = \2rD(N 4+ 1)
Using the bound from Stirling’s formula N'! > v/27 Ne™N 198 N=N e obtain, for suitably large C' > 0,
N-1 2N
7 - < e S eCN
A 21V N
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The proof of the next lemma follows the strategy of [BDGoi, Lemma 6.2]. In the following we write
MY ~ o to mean that the vector \ := (A1, ..., An) is distributed according to oN . as defined in (76).

Lemma A 3 (Tails of the GUE). Let AN ~ oY, then there exists o > 0 and to > 0such that forallt >ty >0
and N € N, it holds that

Poy ( ‘max_ |\ > t) < emoNE?, (78)

i=1,....,N
Proof. First note that for all [z| > 8 and A € R, then

2 2 2

A A
e = AR < 2(Jaf + AP T <42 <eT

so that forall |z| > ¢ > 8,

ZN=1 1. 22 (N X a2
]P)U'N(‘)\” > t) < e 4Vt f e 4 JH |z — >\i|26_ 2 4 UN_I(dAN_l)dx
|z|>t

ZN-1 1., _z? 22 _z?
< ZNe aNE | T | e 40N*1(dAN*1)dw
ZN—l —%NtQ _%d
e T
12
< CN—4Nt

for some C' > 0, where the last inequality follows from Lemma A.2 and where we have used

22

2 2 2
= [ _ it
67N2:€fN46N4§6N

2
x
Te VT,

whenever || > t to justify the first inequality. Now

1
P0N< HllaXN\)\i] > t> < NPy (IM]| > t) < eCN-NE

for some new constant C' > 0. Then forany v < } and t > to(c), (78) holds for all N. O
The proof of Lemma 3.10 now follows that of [GMo7, Lemma 2.2].

Proof of Lemma 3.10. Since

AV (A) = max sup U,AiAl-LU
(A) = o swp \/{o, Al

is a convex function of the entries of the A;’s, then e*™ Amax(A)? is also a convex function. Note also that
Amax (A)% < (Allax (A = M) + X (M) < 201 (A = M) + 2X),, (M),

where M = E iy [A] is mean of the tuple A.. By the proof of [GMo7, Lemma 2.1] there is some C'y > 0 for
which A, (M) < O} for all N. Furthermore, by the generalised version of the Brascamp-Lieb inequality

f eSNAgax(A_M)Q d’ug < J eSN)‘lIXax (A)Zdlu/N < Cév
>~ c = )
for all suitably small s and some Cy > 0, and where 1Y is the law of the GUE ensemble with variance (¢N ~1).

The final inequality follows from the sub-Gaussian nature of the tails for the GUE and Lemma A.1. We con-
clude by observing that for some small s > 0,

N 2 N 2 N 2
J‘ €SNAmaX(A) d,u'g S €2Amax(M) f e2SN)‘rnax(A_M) duj‘y S ecl CéV7

and applying Lemma A.1. O
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B Proof of Theorem 4.8

Definition B.x (Pauli matrices). We denote by P = {07, 0x, 0y, 02} the set of Pauli matrices, introduced
in Definition 4.1 and write o ~ P for a random variable o uniformly distributed over P.

We recall now some basic properties of the Pauli ensemble. Firstly, multiplication of Pauli matrices follows
the following rules.

X ‘ or ox oy Oy
gr | 01 ox Oy oz
ox | ox or 10y  —1i0y
oy |oy —i0z Op 10X
oz | 0z 10y —i0x or

We may then consider the group G' = (P) generated by Pauli matrices under matrix multiplication. By the
above multiplication rules, it is clear that every g € G may be uniquely written as

g=¢(g)m(g), ¢(g9) €{l,i,—1,—i} and m(g) €P. (79)

We refer to ¢(g) as the phase of g. Note the rules of commutation of two elements of g, h € G: gh = hg
whenever m(g) = m(h), m(g) = I orm(h) = I and gh = —hgif m(g) # m(h) and neither is the
identity. Moreover, m(g) € P forany g € G, it follows that |tr(g)| < 1forallg € G.

Lemma B.2. Suppose that X and Y are independent random variables with values in G such that m(X) and
m(Y') are uniformly distributed on P, then m(XY') ~ P.

Proof. This is clear from the multiplication table and the fact that m(XY') = m(X)m(Y'). O
By induction on the above lemma, we obtain the following.
Corollary B3. Let X1, ..., X, " P, thenm (X1 -+ Xp) ~ P.
We also require the following result.
LemmaB.4. Let g € G and X ~ P, then E[X gX] = 11 (9)=0,19(9) 1.
Proof. Ifm(g) = I, then E[X gX] = ¢(9)E[X X] = ¢(g9)I. If m(g) # I, then
= { mr pm
Since both cases have probability 3, E[X gX] = 0. O

We may now combine the above to conclude the following.

Proposition B.s. Let Xq,..., X, £ P and let W be a word in p letters of length 2p such that each
letter {1,...,p} appears exactly twice. If pairing equal letters results in a non-crossing pair partition, then

E[tr (le = 'Xw2p)] = 1, otherwise

B [tr(Xuy -+ Xu,)] | < 7 (80)

AN

Proof. If w defines a non-crossing pair partition, then any consecutive pairs of letters X ; X ; may be collapsed
to the identity. By the non-crossing property, there must be at least one pair, resulting in a shorter word of
2p — 2 letters defining a non-crossing pair partition in p-distinct letters. By induction, the entire word may be
collapsed to the identity, from which the result follows.

Assume now that w does not define a non-crossing pair partition. First note that if there are any consecutive
letters in W, i.e. the appearance of X ;X for some j € {1,...,p}, then the pair may be collapsed to the
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identity. If this collapse results in a new consecutive pair appearing, this may also be collapsed. Since the pairing
of equal letters does not result in a non-crossing pair partition, the entire product cannot be collapsed to the
identity. Assuch, we may assume without loss of generality that w contains no consecutive. We claim that there
must be a subword of w of the form X ; X7 .X; for some word non-empty word 1 that contains no repeat letters.
This can be checked by induction on the length of the word, with the conclusion that if no such subword exists,
then there must be a consecutive pair. We may then write w = kjljm, where k, m do not contain j. Hence

Xw))

X X; X1X; X))

E[XkE[X; X1 X; | X; 2 € [p] \ j]Xm]])
E[XkE[X; X1 X; | X1] Xm])
E[Xkd(X1)1n(x)=11 Xm])

= E[¢(X1) L{m(x)) =13 17 (X Xim) |-

The fifth equality used Lemma B.4. Therefore

B [tr (X3)]| < E[Lpnexn=n 6000 |tr(XicXom) || < P({m(x) = 1}) = 5
since [¢(g)| = 1forallg € Gand [tr(g)| < 1forall g € G and the final equality uses Corollary B.3. O

LemmaB.6. Ler X,..., X, D and ler u, v be words in the letters [p| such that
1) [av| = 2p;
2) Each letter appears exactly twice in uv;
3) Thereis at least one letter that appears in both w and v.

Then

E [tr (Xu)tr(Xy)] <

N

Proof. For any word w we have that tr (Xw) = A(Xw)lim(xy)=0,}- We know there exists a letter j € [p]
that appears once in both u and v, therefore we can decompose the two wordsasu = uyjuz and v = vyjva,
where none of uy, us, vi, vo contain the letter j. Thus, we have

[0 (X, X X ) tr (X, X5 Xy, )| = Lim(Xu, X Xuy)=or L {m( Xy, X; X0, )=01}-
The two indicator functions are simultaneously equal to 1 if and only if
m(X;) = a~' and m(X;) = 5_1 (81)

where @ = m(Xy, )m(Xy,) and = m(Xy, )m(Xy,).

Now, consider the o-algebra F = o(X; : i # j) generated by all Paulis X; except X ;. Conditioning on F,
the random matrix X; is uniformly distributed on P. Hence,

i ifa=48,
E [l (X, X Xua ) br (X, X5 X0, )| | F| = P((81) holds | F) = 3 e s

In either case, the conditional expectation does not exceed %. Thus, taking expectation and using the fact that

|p(g)| = 1forall g € G yields the result. O
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The tensor product o, = 04y, @ -+ ® Oy, , Where o, € P,isa 2™ X 2" matrix such that
tr(aw) = tr(awl) e tr(awn). (82)
We recall again the definition of the random Pauli string ensemble.

Definition B.7. Let N = 2". A matrix A belongs to the random Pauli ensemble with m Pauli strings if

where r; & Rad(1/2) and 0 = 0(1)! ® - - - ® o(n)*, where o' (j ) .

Definition B.8. For any alphabet size m > 1, denoted by [m], and integer p > 1 define
* W{(m, p) : number of words of length 2p where distinct letters appear an even number of times.
* N(m,p) : number of words of length 2p where distinct letters appear exactly twice.

Lemma B.g. Foranym > landp > 1,

2p)!
wimp) 2mz<> P> <2k1>!(--p-)<2km>!‘ )

ki+-+km=p
k; >0

Proof. For a given word W = wj - - - wyp, define the vector ¢(w) = (c1(W), ..., cm(W)), where ¢;(w)
denotes the number of times letter ¢ appears in w. Write

—1)ci(w)
Sei(w)) = HEIET

for the indicator that the count of letter 7 is even. Then w contributes to W (m, p) if and only if

cz(w) 1

I L S s

2
i=1 e€{0,1}™
Hence, by summing over all words in the alphabet [m] of length 2p, we have
1 e%cZ w Z €5Cq W)
Z P LTI DD i
ec{0,1}m ec{0,1}m w

For fixed €, we can compute the inner sum as

2p
2p m
S (-nEEaat) S0 = [ D=0 |
w w j=1 i=1
where €w; = € whenever w; = . Noticing that
Z(—l)ei =m —2t, wheret =#{i:¢; =1},
=1
we can combine the above to get
2p
1 = . 1 <~ [m
W(m.p) = o D DG 2712 <t>(m—2t)2p
ec{0,1}m \i=1 =0
To see the second equality, from the conditions defining W (m, p) we have ¢;(w) = 2k;(w), for some
ki(w) > 0,and > ki(w) = p. Using the multinomial theorem we know that the letters of w can be

arranged in (w))(,2p (); T (w))! different ways. Putting these two observations together yields the result. [
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Lemma B.ro. Foranym > landp > 1,

_(m)\ (2p)! (2p)!
N(m,p) = <p> o kl+.;€mp (ki) -+ (2! (84)

kic{0,1}

Proof. We have to choose which p letters out of the m possible letters will appear, and then arrange those p
letters twice each in a word of length 2p. There are (ZL) ways of choosing p letters from the alphabet [m].
For the chosen p letters, we must place two copies of each letter among the 2p positions. For any set of the

(2p)!

form {wy, wr, w2, wa, - -}, the number of distinct orderings is the multinomial count “53=, which yields

the first equality. The second equality follows from the observation that each multi-index (k1, . . ., kp,) with

ki € {0,1} and ), k; = p has exactly p of the k;’s equal to 1 and the remaining m — p equal to 0. Hence
(2p)! _ (2p)! _ @) _ (2p)!

| | ... 1 91...91 0! ...0! |
(2k1).(2k2). (2km). 2! 2! 0! 0! (2hr 2p

p factors  m—p factors

(2p)!

There are (7;) ways to choose which p indices satisfy k; = 1, so the total sum is (7;) o5 as claimed. O
Lemma B.x. Foranym > 1andp > 1, the inequality W (m, p) < 2PmPp! holds.
Proof. For any integer k > 0, (2k)! = 2FE!(1-3 - (2k — 1)) > 2¥K!. Hence, from (83) we obtain
(2p)! 1 (@,
Wimp) < 5- ol k! 2ppl
k1+"'+k37n:p
>0
where we used the fact that
P
ok Ul
b hmp kale-- k! p!
k;>0
Finally the lemma follows since (2p)! = 2Pp!(1-3---(2p — 1)) < 2Pp!(2-4---2p) = (2Pp!)2. O
Lemma B.x2. Foranym > 1andp > 1 we have
W (m,p) — N(m,p) < (4e)’mP~"p! (85)

Proof. Using (83) and (84) we obtain

(2p)!
(2k1)!- -+ (2kp)!

W(mvp) - N(m,p) = Z

ki+-+km=p
at least one k; >2
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Using similar arguments as in the proof of Lemma B.11,

(2p)! 1
Wimp) = N(mp) <555 30
ki+-+km=p
at least one k; >2

_ (2p)! 1 1
oop Z kil k! Z kil k!

ki+-tkm=p k1+-+km=p
k; >0 k;€{0,1}

- (5-0))
S (o) (0 )

Now, forany j = 1,--- ,p —1then0 < Z < land (1 — a) > exp(—ﬁ) forany o € (0, 1). Hence,

W(m,p) — N(m,p) < (2}))!7711”_1 m— mﬁexp __J/m
’ = 2rpl i 1—j/m

(2p)! 1~

= m m—mexp| —— ,
2rp! m = 1—j/m
2p)! -1

< (2p)! p-1 m— mexp _plp—1)
2pp! 2m
@2p)plp—1) 54 oo

< owpl g M < (2p)P—=m

where in the penultimate equality we used the simple fact that 1 —e™ < zforanyx > Oandsetx = p(gi;l).

The classical Stirling bound p! > (p/e)P easily yields (2p)P % < (4e)Pp!, from which the result follows. [

Proposition B.x3. Foreachn, supposethat AT, . . ., A} bei.i.d. matrices from the random Pauli string ensemble
of dimension N = 2" with my, strings each. If 1im,, oo M, = 00, then

lim E[tr(AZ,)} =7(Xw),

n—oo

Sforall w € Wy, where T is the law of d-free semicircular random variables.

Proof. First note that that
Etr(A3,)] =my " S EEE[tr (o),

where the sum runs over words u in my,-letters of length |w|. Since E[r}}] disappears unless each letter in u
appears an even number of times, we need only consider the case where |w| = 2p for p € N. In this case, we
still require each letter in u to appear at least twice so that the total number of distinct letters in u is at most p.
We will write wt(u) for the number of distinct letters in u. We say that two words u and v are equivalent if
there is a bijection on [my, ] that takes u to v. We have the following facts:

36



1) The number of words in an equivalence class of a given m-word with weight ¢ is exactly

My (M — 1) -+ (my, —t +1) <ml,.

2) The number of equivalence classes of words with weight ¢ is bounded by 2P,

By (82) and the property of traces of the group G, then |E[tr (o5 )] | < 1. Combining these facts yields

p—1
Z ’E[Tl‘u]E[tr(al’,,)H < Zm%t% < mﬁ—1p2p+1. (6)
wwt(u)<p—1 —1

We turn our attention to words of weight p. First, we see that

Eftr(ow)] =Eftr(o(1)3) - tr(o(n)y)] = Eltr(o(1)3)]",

by the i.i.d. construction of the Pauli strings. Consider first case where pairing equal letters in u defines a
crossing pair partition, then by Proposition B.5 we see that know that

E[tr(o(1)m)]"] < 272

The number of words of length 2p with weight p, where distinct letters appear exactly twice may be bounded

2p o . 2P . .
by m” p}T. And so the total contribution of these terms is bounded by mﬁ%2 21 Finally, consider those
words u where pairing equal letters results in a non-crossing pair partition. Then

ErgEltr(on)] = [ Lwe=uw,
(a,b)Ema

where 7y, is the pair partition of the letters {1, . . ., 2p} defined by the pairing of the letters in u. It is easy to see
that two valid words u and v are equivalent if and only if the non-crossing pair partitions they each generate
are equal. It remains then to count the number of non-crossing pair partitions of {1, . . ., 2p} for which

I tw=w =1

(a,b)ema

Recalling the discussion in Section 3.1, this is one of the defining properties of 7(X4 ). The number of words
in each equivalence class is my, (my, — 1) - - - (my, — p + 1). It follows that

Mmp(my —1) - (my, —p+1)
mP

nli_)r{)loE[tr(AZ)} = nh_)r{)lo {T(Xw) + 0(2_2n) + O(mﬁl)} = 7(Xw),

where the first term is the contribution of the non-crossing pair partitions, the second the crossing pair parti-
tions and the third is the contribution of terms with weight less than p. 0

We now derive a quantitative version of the previous result.

Proposition B.x4. Foreachn, supposethat A, . .., A} bei.i.d. matrices from the random Pauli string ensemble
of dimension N = 2" with my, strings each. Then

]E[tr(Az)] - T<Xw>] < (dep! (myt 4272,

where T is the law of d-free semicircular random variables and w € Wy bas length 2p for some p € N.
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Proof. As in the previous proposition, we note that

E[tr(45)] = mi ™ Y EIIE[r(03)]

where the sum runs over words u in m-letters of length |w|. Again, it suffices to consider words w of even

length |w| = 2p, with p > 1. We write wt(u) for the number of distinct letters in u. As in the previous

proposition, we split this sum into three parts.

(i) (Words of weight ¢ < p) It is easy to see that

Thus, using Lemma B.12 we obtain directly

m? Y [ESIE[tr(o)] | = i (V (s p) = N, p) < (4Dl

mp
wwt(u)<p

(ii) (Words of weightt = p) As before, we need to distinguish two sub-cases:
Case 1: where pairing equal letters in u defines a crossing pair partition. By Proposition B.s

Eftr(o2)] = E[tr(o(1)2)]" < 272"

The count of such words is at most N (m,, p) = (

w3 (E[rg]E[tr(a;)]\<(2p).!

n
w:wt(u)=p
Case1

where we used the Stirling bound (2p)!/(2Pp!) < (4e)Ppl.

(87)

Case 2: where pairing equal letters in u results in a non-crossing pair partition. Using the same counting

arguments as in the proof of the previous proposition we have

M (M, — 1) - (Mg — p + 1)

m,? Y ElralE[tr(oh)] = (Xuw)

p
w:wt(u)=p Mn
Case 2
Using the fact that
mm—1)---(m—p+1) 1l < ﬁ
mp ~ 2m’
yields
2
_ p (4e)Pp!
m, P Z E[r;]E[tr(JL‘))} —7(Xw)| < S IT(Xw)| < o
wwt(u)=p
Case 2

where we used that fact that |7( Xy )| < 4P.

Combining the bounds (87), (88) and (90) yields

‘E[tr(AZ;)} - T(Xw)‘ < (4e)Pp! <2m;1 n 2_2n) |

38

(89)



Proposition B.xs. Foreachn, supposethat AT, . . ., A%} bei.i.d. matrices from the random Pauli string ensemble
of dimension N = 2" with my, strings each. Then

‘E [tr(AZ)tr(AZ)} — 7(Xo)T(Xyp)

< (4e)Pp! (ngl + 2_2”) )

for all words w, v € Wy such that |u| + |v| = 2p for some p € N, with the left-hand-side being zero otherwise.

Proof. We first write

E [tr(Ag)tr(Ag)} = m, N B A PR [6r(0F) tr(0})],
a,b

where the sum runs over words a and b in the letters [m] of length |u| and |v| respectively. Due to the
Rademacher random variables, we need only consider the case where |u| + |v| = 2p for some p € N. More-

over, we require each letter in the word ab to appear at least twice for the expectation to be non-zero. As before,
we then split the some into three parts.

(i) (Words of weight t < p) Using Proposition B.s we directly compute

mr Y BB (o) n(e)]] = mi OV () — Nma.p)
a,b:wt(ab)<p (91)

1
< (4e)Pp!—
mp,

(ii) (Words of weight ¢ = p) We now consider two subcases

Caser:

Case 2:

where at least one letter appears in both a and b or where pairing equal letters in a and b results
in a crossing. By noting that,

E[tr(ai)tr(ag)] = E[tr(a(l)i)tr(a(l)g) ---tr(a(n)i)tr(a(n)g)]
= E[tr(o(1)3)tr(e(1)3)]",

we may apply Proposition B.s and Lemma B.6 to see that

m,,? Z ‘E[rir},’]E[‘cr(Ui)tr(ag)H < (2p)!2*2" < (4e)Ppl272" (92)

2pp!
a,b:wt(ab)=p
Case1

where we have used the fact that the total number of terms in the sum is bounded N (my,, p).

where the words a and b are distinct and pairing equal letters in ab results in a non-crossing pair
partition. In this case

E[tr(ai)tr(ag)] =E[tr(c(1)2)]"E [tr(o(l)g)]n =1

We then see that

E[r2rP|E[tr(o2)tr(oh)] = H Fp— H Ly.=vy,

(a,b)eTa (c,d)emp

where 7, is the non-crossing pair partition of the letters {1, . . . , |w| } defined by the pairing of the
letters in &, with 7, defined similarly. Words ab and cd in Case 2 are then equivalent if and only
if Ta = ¢ and mp = 7q. It follows that the total number of equivalence classes in Case 2 is given
by 7(Xu)7(Xuw). Using the counting arguments as in the previous proposition, we have that

My (my — 1) (my, —p+ 1)
mb '

m,,? Z E[rﬁrg]E[tr(aﬁ)tr(oE)] = 7(Xu)7(Xo)
a,b:wt(ab)=p

Case 2
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Using the fact

p

my(my —1) -+ (mp —p+1)
mn

we conclude that

m,,? Z E [rﬁrfj] E [tr(oi)tr(as)} —7(X)T(Xp)| < (4e)pp!i. (93)

a,b:wt(ab)=p
Case2

Combining (91)-(92)-(93) gives

mngE {rirs] E [tr(ai)tr(ag)} — 7(Xu)T(Xp)| < (4e)Pp! (2m;1 + 2_2”) .
a,b

As a corollary of all the results, we can now prove Theorem 4.8. We state it again for convenience.

Theorem B.x6 (Theorem 4.8). For each n, suppose that AT, . .., Al be i.i.d. matrices from the random Pauli
string ensemble of dimension N = 2" with my, strings each. Let U} be the solution to

d
AUl (s,t) =i Y _Ul(s,)Ajdy],  Ul(s,s) =1,
j=1

and let

Vsidpe = > i (Xy)SH (7).

weWy

Then there exists C > 0 depending only on the length of v and the dimension of the underlying space V. for which

E [(tr(U,?(s,t)) — <78,t>p,‘\’,°>2:| < C(m;l + 2*271). (94)

Proof. We start by expanding
2
(tf(Uﬁ(s,t))—ws,t)roo) = il (Ay) tr (Ay) — 7(Xu)T(Xy)

w,vEW,

+ 7(Xu)7T(Xy) — tI‘(Au)T(Xv)
— T(X)tr(Ay) + 7(Xu)7(X0) ) S ()82 (7).
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We start by dealing with the first term.

Z ‘E[tr(Au)tr(Av)] — 7(X)T(Xy)

u,veEW,y

< i i”: Z ‘E[tr(Au)tr(Av)] — 7(Xo)T(Xyp)

P=0 u|=0 [v|=2p—u]

CRACHRHACH]

oo 2p
< (2mt 27303 ST (e[S (ST ()]
p=0k=0 |u|=k
|v|=2p—Fk
oo 2p 2
1o (de)?p! - &y
1 2n 1-var
< (2" 42 );; e

< <2m;1 - 2—2n> Z (2p + 1) (4e)? - &2 ||y||?2.,
p!
p=0

> CI(H'YHI_V“,CZ) <2m;1 + 2—2n) )

The remaining two terms may each be bounded by

S [Bltr(Au)] - r(Xu)|r(X0) | S5 ()S20)|
u,VEW,
< 3 [Eler(da)] - 7(Xa)|[s%0)] Z )
ueEW,

] . (e o2, S 2

< (92 n1+2 2n 1-var 1-var

N ( " )I; p! per L

< (| d) (25 +272")

Taking C' = 3max{C, Cy} yields the result. O

C Proofs of Theorem 4.11 and Theorem 4.12

We now prove the correctness and provide the complexity analysis of the quantum and classical algorithms.

C.x  Quantum algorithm: Proof of Theorem 4.1x
We state Theorem 4.11 again for convenience.

Theorem C.x (Theorem 4.11). The positive integer parameters m,n, K, M may be chosen such that the output
of A({ AV}, €, 0) estimates the unitary path development () to within additive error € with probability 1 — 6:

P(|Qa(M,m,n, K) — ()| > €) < 4. (95)
The circuit requires log(1/€,1/6) qubits and poly(1/e€,1/6) gates.

Proof. We use the triangle inequality and union bound to find

P(IQa(M,m,n, K) — (7)| > ¢) <P <‘QA(M,m,n, K)— E[tr(Uv(a,n,K))]‘ > §> C (96)

provided

[V (0 n, K] ~ E[U (0 m)]| < 5. [E[Uy(eum)] = ()] < . (57)

Wl ™
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The first of these inequalities is ensured by Lemma 4.3 provided K > 3A$m /€ and the second is ensured by
Theorem 4.8 with m = n provided n > max(6C//¢,log(6C/¢)). Finally, we ensure that the right-hand side
of (96) is bounded by ¢ using Hoeffding’s inequality (noting |tr(U) | < 1). We thus take M > 5% log (2/5).

O

C.2 Classical Monte Carlo algorithm: Proof of Theorem 4.12

We now prove Theorem 4.12. We restate the classical algorithm and the theorem statement for convenience.

Algorithm 3 Classical Sampling A°

Input: Data: path increments {A}, ..., A%} Parameters: Integers N > 0, M > 0and K > 0.
Draw d independent N x N GUE matrices {4, }9_,
form = 1to M do
for =1to Ldo
Compute 4; := fo:l AVA,
Compute UX := (1 + A;/K)¥ using a truncated approximation dependent on K > 0
Compute Q,, == Tr(UKULK ... UK)

return QA (M, N, K) := ﬁ Z%[:l Qm

Theorem C.2. The output of A°({AY'}) satisfies
P (|Qa(N, M, K) - (7))| > €) <4, (98)

forsmall € > 0 provided that M > 2/e*1og(2/0) samples are taken, the dimension N of matrices satisfies
N > €227 /€% and the matrix exponential is truncated to K > Ae*>7 Je.

We begin with a series of lemmas.
Lemma C.3. The estimator Qa(N, M, K) of Eftr (U(N, K))] satisfies
P(|Qa(M, N, K) — E[tr(U(N, K))]| > €) < 4, (99)
provided M > 3 log(2/6) by Hoeffding’s inequality.
Lemma C.4. The truncated matrix exponential U(N, K) := UK ... UK satisfies
E [tr(U(N, K)) - r(U(N)] < (100)

Ale2Al

provided K > =57—.

Proof. We write Aj := Zgzl A} A, . Itis then a standard GUE result that

v H
4] < max(ap) (1+

+ o(N_2/3)) , (101)

where A; = max,(A}) and p is the mean of the Tracy-Widom distribution. Now we write
fr(A) = (1 + A/K)X Ttis straightforward to obtain the bound

E [lexp(an) ~ f(anl] < e (14 L4 ov9) ) (102)

foreachl = 1,..., L this quantity is thus bounded by € provided K > A762A“f /K. Finally, we note

E[tr(Ur - U) — tr(fi(A1) - fre(A) ] < e (103)

d

42



Lemma C.s. The convergence of the finite N development to the unitary development satisfies

E |[tr(U(N) = (n)]] <« (104)
provided N > €227 /€2,
We now turn to the proof of Theorem 4.12.

Proof. We first note that

|@a = ()] < |Qa — Eltr (U(N, K))]| + [Eltr(U(V))] ~ Eltx (U(N, K))]| + [Bler (U(N))] = ()]
(105)

Thus S
P(1Qa — (1] > €) < P(Qa — Eltr(U(N, K))]| > ¢) (106)

A e22y

provided, from Lemma C.s and Lemma C.4, N > e2Ay / 2 and K > 57 Finally, we apply Hoeftding’s
inequality and Lemma C.3, to obtain the result. O
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