INTEREST RATE CONVEXITY IN A GAUSSIAN FRAMEWORK

ANTOINE JACQUIER AND MUGAD OUMGARI

ABSTRACT. The contributions of this paper are twofold: we define and investigate the properties of a

short rate model driven by a general Gaussian Volterra process and, after defining precisely a notion
of convexity adjustment, derive explicit formulae for it.
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1. INTRODUCTION AND NOTATIONS

1.1. Introduction. In fixed income markets, the different schedules of payments and the diverse
currencies, margins require specific adjustments in order to price all interest rate products consistently.
This is usually referred to as convexity adjustment and has a deep impact on interest rate derivatives.
Starting from [E, E, @], academics and practitioners alike have developed a series of formulae for
this convexity adjustment in a variety of models, from simple stochastic rate models [@] to some
incorporating stochastic volatility features [E] Recently, Garcia-Lorite and Merino [@] used Malliavin
calculus techniques to compute approximations of this convexity adjustment for various interest rate
products.

Motivated by the new paradigm of rough volatility in Equity markets [H, H, H, E, @, @, B], we
consider here stochastic dynamics for the short rate, driven by a general Gaussian Volterra process,
providing more flexibility than standard Brownian motion. In the framework of the change of measure
approach in [16], we introduce a clear definition of convexity adjustment, for which we are able to
derive closed-form expressions.

We introduce the model, derive its properties in Section E In Section @, we define convexity
adjustment and provide formulae for it, the main result of the paper, which we illustrate in some
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specific examples. Section E provides some further expressions for liquid interest rate products, and
we highlight some numerical aspects of the results in Section H.

1.2. Model and notations. On a given filtered probability space (2, F, (F;)t>0, P), we are interested
in short rate dynamics of the form

(1.1) re = 0(1) +/0 (1, u)dW, = B(t) + (p(t, ) o W),

where 6 is a deterministic function and 20 a continuous Gaussian process adapted to the filtration
(F)i>0. Here and below, given a function ¢ and a stochastic process X, we write (¢ 0 X)qp =

ff ©(s)d X, and omit a whenever a = 0. Define further, for u < ¢ < T,

T
(1.2) Er(t,u) = f/t p(s,u)ds and Er(u) :=Zr(u,u)

T
as well as O 7 := 0(s)ds. We consider a given risk-neutral probability measure Q, equivalent to P,

t
so that the price of the zero-coupon bond at time ¢ is given by

T
(1.3) P,p:= E? [B.1], where Byr :=exp {—/ rsds} ,
t
and we define the instantaneous forward rate process as
(14) ft,T = —BT log Pt,T~
Remark 1.1. For modelling purposes, we shall consider kernels of convolution type, namely
(1.5) p(t,u) = (t —u).

2. GAUSSIAN MARTINGALE DRIVER

2.1. Dynamics of the zero-coupon bond price. We assume first that 27 is a Gaussian martingale
with vy (t) := E[20?] finite for all ¢ > 0. In order to ensure existence of the rate process in ([L.1), we
assume the following:

Assumption 2.1. For each t € [0,77], ¢(t,-) € L'(d\) N L?(vyan), and ¢ is of convolution type (@)

Lemma 2.2. Under Assumption @, for any T >0, (Eq(t,-) o W), is an (Ft)iepo,r) Gaussian semi-
martingale.

Proof. Note that from (@), Er is in general not in convolution form (@) However, since ¢ is, we
can write

T T
Er(t,u) = —/t o(s,u)ds = f/t p(s—u)ds = (T —u) — D(t — u),

where the function ® is defined as ®(z) := — [ *¢(u)du. The stochastic integral then reads

(Er(t,-) o W), = /0 Er(t,u)d, = 7/0 [®(t —u) — O(T — w)]d,,

which_corresponds to a two-sided moving average process in the sense of [3, Section 5.2]. Assump-
tion R.1| then implies that for each ¢ € [0, T, the function Zr(¢,-) is absolutely continuous on [0, ¢] and
0:=7(t,+) € L*(vep) and the statement follows from [3, Theorem 5.5]. O

Remark 2.3.

e The L? property ensures that the stochastic integral (p(t — ) o 20); is well defined.
e The assumption does not imply that the short rate process itself, while Gaussian, is a semi-
martingale.
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Proposition 2.4. The price of the zero-coupon bond at time t reads

1T
Pyr =exp {—@uT + 3 / Er(u,u)’du+ (Ep(t,-) o Qﬂ)t} ;
t

and the discounted bond price ]Bt,T = P, rexp {— fg rsds} is a Q-martingale satisfying

Corollary 2.5. The instantaneous forward rate satisfies frr = rr and, for allt € [0,T),

¢ T
frr =0(T) +/ o(T, u)d27, +/ o(T,u)Z7 (u, u)du.
0 ¢

In differential form, for any fixed T' > 0, for ¢ € [0,T], this is equivalent to
dfer = (T — t)dW, — (T — )2 (t, t)dt.

Algorithm 2.6. For simulation purposes, we assume a time grid of the form 7 := {0 = t; < t; <
-+« <ty =T}, and we discretise the stochastic integral along this grid with left-point approximations
as
ti i—1
(Er(ti,) o), = /0 Er(ti, u)dW, ~ Y Ep(ti,ty) (Wh,,, — Wy, ),  foreachi=1,... N.
k=0
The vector (Er(t;, ) 0 W), of stochastic integrals can then be simulated along the time mesh directly
as

Er(t1,to)
(Er(t1,-) 0W),, Er(ta,to) Er(ta, t1) Wy, — Wy,
(Er(tn,-) o), Er(tn-1,t0) Er(tn-1,t1) ... Er(tn-1,tn-2) Wiy — Wiy,
Er(tn,to) Er(ty,t1) ... Er(tn,ty-1)

where the middle matrix is lower triangular (we omit the null terms everywhere for clarity).

Corollary 2.7. With p(t) = oe™ ", for some o > 0 2 = W a Brownian motion, 6(t) := roe” " +
w (1 —e "), we recover exactly the Vasicek model [19], with dynamics

dry = k(p — r)dt + odWy, starting from rg.
Proof of Proposition . The price of the zero-coupon bond at time ¢ then reads

P,y :=E2 [exp {— /tT rsds} exp {— /tT (9(8) + /Os go(&u)dQUu) ds}]

T s
(2.1) = e OuTED |exp {/ (/ cp(s,u)dQUu> ds}] .
t 0
Using Fubini, we can write

22) - /tT (/O Lp(s,u)dm]u> ds — — /Ot (/tT <p(s,u)ds> dow, — /tT (/UT ga(s,u)ds) a9,

t T
:/ ET(t,u)dQBu+/ Er(u, u)d2,,
0 t

=E2
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using (@) Plugging this into (@), the zero-coupon bond then reads

t T
Prp = e 9T exp { / ET(t,u)dQBu} E? |exp { / ET(u)dQBuH
0 t

— e OuT exp{ (Er(t,-) 020), }E? [e(ETosm)tT] .

Conditional on F;, the random variable (27 o 20), . is centered Gaussian with variance

T
\/ [(ET OQU)LT] :/ Er(u, u)?du,
t
so that

1 /7
Pir=e 7T exp {(ET(t7 Yo W), + 5/ ET(u)Qdu} .
¢

Note that, using Fubini and Assumption EI,

t
/(E (u,u) /8SHT5u)ds> dy,,

0

t

/E (u, u)d2,, Jr//asuTsu)dsdQU

0
/ 7(u, u)d2, —l—//@s_Tsu)dQBds
/E uudQUJr// (s,u)d2,ds.

0

This is an L!-Dirichlet process [[18, Definition 2], written as a decomposition of a local martingale and
a term with zero quadratic variation. Therefore (log(P. r),log(P. 1)) = fot Zr(u,u)?du and

(Er(t,) o), = /OuTtudmL

[I]

(=)

(2.3) dlog(P.r) = (9@) + (B=r(t, ) 0 W), — iaTW) dt + Sy (t,1)d20,.

Now, Itd’s formula using (@) yields Prr = Pir + ft s rdXs + & ft .. 7d(X, X)s, hence, for each
T>0,dPrr =dP,r — P, rdX; — fPtde<X X)¢, and therefore, since Prr =1,

APy 1
Prr =dX; + 2d<X7X>t
1 t
= | 0(t) + (8:Er(t,-) 0 ), fiET(t)Q dt + Zp(t,t)dW, + id </ ET(u,u)zdu)
0
1_
= rydt + Ep(t,)dW; — T 7(t)? dt+ 5 Eq(t,t)%dt

= 'f’tdt + ET(t7 t)dﬂﬁt

The dynamics of the discounted zero-coupon bond price in the lemma follows immediately. O
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Proof of Corollary @ The instantaneous forward rate process (@) reads

t 1 T
ft,T = 6T®t’T — 8T/ ET(t, u)dﬂﬁu — iaT/ ET(u)Zdu
0 t

—or0ur—or [ (— / ' w(s,U)d8> aw, - yor | ' (— / ' go(s,u)ds)z du
—om)+ [ or ( / ' w(s,U)d«S) aw, -y | ' ( / Tso(s,mds)Qdu
o+ [ pmwam, -3 [ ot mrast [ on ( I w(s,u>ds>2 du
—om)+ [ (T uam, / o) ( / "o, u)ds> du

¢ T
=0(T) + / o(T, u)dW,, + / o(T,uw)Er (u, u)du,
0 ¢
as claimed. 0

Remark 2.8. The two lemmas above correspond to the two sides of the Heath-Jarrow-Morton frame-
work. From the expression of the instantaneous forward rate, let oy = (T — t)Ep(t,t) and
B, r = @o(T —t), so that dfy.r = B, 7d2W; — ay rdt, and consider the discounted bond price

t t T
Py := P, rexp {—/ rsds} = exp {—/ reds — / ft’sds} =: e%t.
0 0 t

It6s’ formula then yields
dPyr
Py r

From the differential form of f; ;, we can write, for any ¢ € [0,T),

(2.4)

1

t

¢ ¢ ¢
fer = fo,T+/ dfsr = fo,T-i-/ ((p(T, u)d2W,— (T, U)ET(U,U)dU) = for+ 5u,Tdmu+/ o, rdu,
0 0 0 0

so that, using stochastic Fubini, we obtain

Fir —/Tftsds—/T (fOs 5usdﬂﬂ -I-/tausdu) ds
/ fo sd8+/ / Bu,sdsd2, / / , sdsdu.

T T s
/ fO,st = / (fs,s - / 6ufu,edu> ds
t t 0
T t T T T
:/ reds —/ / Ou fu,sdsdu —/ / Ou fu,sdsdu
t 0 Jt t Ju
T t T T T T
= / reds —/ (/ Ou fu,sds —/ 8ufu,sds> du —/ / Ou fu,sdsdu
t 0 t u 0 U
T t ot T T
:/ rsder/ / Ou fu,sdsdu 7/ / Ou fu,sdsdu,
t 0 u 0 u

Now,
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using Fubini, so that

T t ot T T t T t T
Fir= / reds +/ / Oy fu,sdsdu — / / 8ufu,sdsdu+/ / Bu,sdsd20, +/ / oy, sdsdu,
t 0 u 0 u 0 t 0 t

f,,T fo,sds

T T
dFt,T = (/ at’st — ’f’t) dt + </ Bt’sd8> dmt,
t ¢
Therefore,
t T T T
dZ; =d (—/ rsds —/ f@sds) = —rdt—dF,r = —rydt—dF, 7 = — (/ at,8d5> dt— (/ ﬁmds) d9v,,
0 t t t

and (@) gives

~ 2

dP, T (/7 r

S| [Cands— g ([ s ) Jar— [ gids | aam,
Py r t 2 t t

The discounted price process (ﬁt,T)te[o,T] is therefore a (local) martingale if and only if the drift is
null. Now, for all ¢t € (0,7,

T 1 T 2
Oor / apsds — = / Bt,sds
t 2/

which is equal to zero by definition of the functions. Therefore the drift (as a function of T') is constant.

and

T T
= QT — Bt,T/ IBt,st = @(T - t) [ET(ta t) - / L)D(Sa t)dS] )
t t

Since it is trivially equal to zero at T = t, it is null everywhere and (ﬁt,T)te[O,T] is a Q-local martingale.

2.2. Convexity adjustments. We now enter the core of the paper, investigating the influence of the
Gaussian driver on the convexity of bond prices. We first start with the following simple proposition:

Proposition 2.9. For any T, 7 >0,

1\ Grtt)yg(t) — ) dt Z.(t,1)
d<Pt7T> B Pt,T a Pt,T dwh

o(55) - 2= 0){ = o).

and there exists a probability measure Q" such that %97 is a Q" -Gaussian martingale and

PtT> Por T o0
2.5 d(Lel) = el gep0T
( ) <Pt,‘r Pt,‘r K k

under Q7, where L1 := Ep(t,t) — E,(t,1).

Note that, from the definition of Z in (@), 17 is non-negative whenever 7 > T.

Proof. From the definition of the zero-coupond price in (@) and Proposition @, Py r is strictly
positive almost surely and
dP;r
P 7

and therefore It&’s formula implies that, for any 0 < ¢ < 7,

= ’f’tdt + ET(t, t)dﬂl]t,

d( 1 > dP,, d(Pi;, Pis) (Er(t,t)2vén(t)—rt)dt | E,(t,1)d,

T p2 3 -
Pt,T Pt,‘r Pt,‘r P - Pt,‘f

s
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Therefore

P.r
d 3
<Pt,r>

1 dP; r 1
P rd : dP,r-d
tT ( ) + 2 +dfy T (P >

Pt,‘r t,T t,T
Pir (/_ _ _ e
=L {(:T(t, 1)l (£) — rt)dt — B, (t,£)d2W, + (ndt +E(t, t)dﬁﬂt) —Ep(tDE, (4, t)fyén(t)dt}
t,T
P r

= - (ET(t, t) — . (t, t)){ Bt Py (D)dE + dQUt}.
t,T
Define now the Doléans-Dade exponential

M, = exp { / 2 (5.5 hos)20. — & / JERO AL ds} ,

T

d
and the Radon-Nikodym derivative c(i%’ := M. Girsanov’s Theorem [L5, Theorem 8.6.4] then implies

- P,
that WY = 2, — fot Z-(s,8)y4y(s)ds is a Gaussian martingale and the ratio Pt’T satisfies (@)
t, T

under Q7. 7 O

The following proposition is key and provides a closed-form expression for the convexity adjustments
in our setup:

Proposition 2.10. For any 7 > 0 let t1,t5 > 0. We then have

- | P, P
EQ [ t’tl} — Ot ¢ (t, t2), for any t € [0,t1 A ta],
Pt,fg Po,tz

¢
where € (t1,t2) := exp {/ (7 —xiT) EE’TfyéU(s)ds} is the convexity adjustment factor.
0

Remark 2.11.

P,
o If tl = f2 or if bb

t,to
o More interestingly, if t, = 7, then £1>7 = £ = B (t,¢) — B, (t,t) = 0 and

is constant, there is no convexity adjustment and €7 (t;,t2) = 1.

¢
€ (b, t2) = €2 (b1, 1) = exp {/ (Bt -3t Eéz’tz’yén(s)ds} =1,
0

P,
and the process ( t’tl) is a Q™-martingale on [0, A to].
t,t2 / ¢>0

e Regarding the sign of the convexity adjustment, we have

2;277— - E;h‘r - <Et2 (S, 5) - ET(Sa 5)) - (E’tl (Sa 5) - ET(Sv 5))
=Z,(8,8) — E (s, 8)
to t2 to
= —/ ©(z,5)dz +/ o(z,8)dz = —/ ©(z,5)dz.
S S t
Since ¢(+) is strictly positive, then sgn(X27™ — $17) = sgn(t; — t2). Furthermore, since

to T T
YT =5 (s,5) — Z.(s,8) = —/ o(z,8)dz —|—/ o(z,8)dz = / (2, 8)dz,
s s to

then sgn(X!7) = sgn(7 — t2), and therefore, assuming 74, strictly positive (as will be the case

in all the examples considered here),

sgn(log Q:tr(tl, tg)) >t t <t
T <t negative | positive
T >t positive | negative




8 ANTOINE JACQUIER AND MUGAD OUMGARI

Considering without generality t; < ts, the convexity adjustment is therefore greater than 1
for 7 < ts and less than 1 above.

Proof of Proposition . Under Q7, the process defined as X, := P, v/ P, ; satisfies dX; = XtEtT’TdQIﬂQT,
is clearly lognormal and hence Itd’s formula implies
dX; 1d(X,X);

dlog(Xy) = X, 2 X2
t

T 1 2
=xfrawy - 2 (=77) (v,

so that

t 1 t
X; = Xgexp {/ »hrags, — 5/ (EST’T)Q’/QU(S)ds} ,
0 0

and therefore

PBr Pyr bt I 2
Py - Py, P 0 EST’ 2l — 2 0 (ZZ’ ) tap(s)ds g
With successively T'=t; and T = t3, we can then write
Py  Po /t ¢ 1 /t t,7\2
=1 SrTdWs — = T d
Pt,‘r PO T P 0 ® ° 2 0 ( ° ) ’YQU(S) °f

Py _ Po /t t 1/t 2
—2 =2 Y27dW, — 2T d
P PoTeXp{ T A

3

so that
Pt ¢ PO ¢ t 1 t 9 t 1 t 9
B Doy {/ »Tay, — 7/ (E;“T) Yo (s)ds 7/ YTAW, + 7/ (Z27) fyén(s)ds}
Py, P 0 2 Jo 0 2 Jo
Poy, ! th,7 to,7 1 t2,7)2 t1,m\2| o/
= el [ (SET-se)a, 4o [ [(287)7 - (507)7] Ahp(s)ds
PO;fz 0 2 0
PO,tl ! t1,7T to, T 1 ¢ t,T to,7\2 _/
= exp (ES T2 )dﬂﬂs - = (ES T2 ) ~Yau (s)ds
PO,{Q 0 2 0

t t
exp {3 [ [0+ (20 2y rme aias + g [ [(850)° - (55)7] (o))

P, ! 1/
_ 1ot exp {/ (Zzl,r _ E;Q’T) d2u, — 7/ (221,7 _ 22277)2,}/&3(5)(18}
Py, 0 2 Jo

t
exp{ [ [(57)? - 27 sl
0

The first exponential is a Doléans-Dade exponential martingale under Q7, thus has Q7-expectation
equal to one, and the proposition follows. O

2.3. Examples. Let 20 = W be a standard Brownian motion, so that yoy(t) =t and vy, (t) = 1.

2.3.1. Ezponential kernels. Assume that ¢(t) = e~ for some o > 0, then the short rate process is of
Ornstein-Uhlenbeck type and
1

Er(t,u) =@(T —u) — O(t — u) with d(z) := ae_o‘z.

We can further compute E;(¢,t) = ®(7,t) — ®(¢,t), and
SPT = Zp(t,t) — Br(t,t) = (T, t) — ®(t,t) — D(7,t) + (¢, t) = (T, t) — (7, t).

Therefore the diffusion coefficient 7" and the Girsanov drift =, (t,¢) read

1 1
Eq(tt) =~ (efa(rft) - 1) and ZtT’T == (e*a(T*t) _ e*l)é(‘l’*t)) )
a a
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Finally, regarding the convexity adjustment,

at __ 1
log €7 (t1, t3) = 627 {(efatl et gmaT | g0t efa(tlthz)}.

Note that, as « tends to zero, namely r; = 6(t) + W, (in the limit), we obtain
€7 (b1, t2) = exp { (t2 — t1) (&2 = 7)1 }.

2.3.2. Riemann-Liouville kernels. Let H € (0,1) and Hy := H+1. If o(t) = "~ with , the short rate
process (|L.1]) is driven by a Riemann—Liouville fractional Brownian motion with Hurst exponent H.
Furthermore, with Hy := H + =

Er(t,u) =0T —u) — P(t —u) with D(z2) = ———

Therefore the diffusion coefficient X7 7 and Girsanov drift =, (¢,¢) read

Eq(t,t) = G i and pIAIES (=t - (T -t
T H, t H,

Regarding the convexity adjustment, we instead have
t
€T (b1, ) = exp { JRCEE zg»m}
0

Unfortunately, there does not seem to be a closed-form simplification here. We can however provide
the following approximations:

Lemma 2.12. The following asymptotic expansions are straightforward and provide some closed-form
expressions that may help the reader grasp a flavour on the roles of the parameters:

e Ast tends to zero,
t
log €7 (t1,42) = 777 (87 -7 (8" -7 ) + 0 ().
e For anyn >0, as € tend to zero,

1
log € 5 (ty, 4, +¢) = ;{" (tQH (ty t)m)s2 +0(%).

Proof. From the explicit computation of ¥; Iir above, we can write, as s tends to zero,
(1 —s)H+ — (T —s)H+  7H+ —TH+

yhr = = + O(s).
H, i, )

As a function of s, X'2'7 is continuously differentiable. Because we are integrating over the compact
[0,t], we can integrate term by term, so that

log @7 (41, t2) / (27— 3T B2 Tds

FHy t FHy _ ti‘h SHy _ (He

{ ( - N + O(s)) <H+ 24 O(s)> } ds
+ FHy _

{ < + (9(5)) <H+ Z_ 4 (9(5)) } ds

H H
t *—t2+rH+—t *

—_ 1 2 t O t2

where we can check by direct computations that the term O(¢?) is indeed non null. O
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2.4. Extension to smooth Gaussian Volterra semimartingale drivers. Let now 20U in (@) be
a Gaussian Volterra process with a smooth kernel of the form

t
Qﬁt:/ K(t,u)dW,,
0

for some standard Brownian motion W. Assuming that K is a convolution kernel absolutely continuous
with square integrable derivative, it follows by [3] that 20 is a Gaussian semimartingale (yet not
necessarily a martingale) with the decomposition

9, = /Ot K (u, u)dW, + /Ot (/Ou 0K (u, s)dWS> du = /Ot K (u, ) d W, + A(L),

where A is a process of bounded variation satisfying dA(t) = A’(¢)dt = (fot alK(t,s)dWS) dt and
hence the Itd differential of 20; reads d2; = K (tﬁth + A’(t)dt, and its quadratic variation is

d(20,20); = fot K (u,u)?du. The short rate process ([L.1I) therefore reads

re = 0() + /O ot — u)d2, = 0(1) + /0 ot — ) (K (u, u)dW, + A'(w)du) = b + /0 ot — u) K (u, 1) AW,

t

where 6, := 6 +/ ot —u)A'(u)du and §(t,u) = o(t —u) K (u, u). If ¢ satisfies Assumption @, then
the analysis above still holds.

2.4.1. Comments on the bond process. Let Ry 1 := ftT rsds be the integrated short rate process and
By := e .7 the bond price process on [0, 7.

Lemma 2.13. The process (Bt r)icjo,r) satisfies By =1 and, fort € [0,T),

dBy 1

B =t = (9(t) + /O ot — ) A () + /0 ot - u)K(u,u)qu) .

Proof. For any t € [0,T), we can write

re = 0(t) + /Ot o(t —u)d (/Ou K(s,s)dW, + A(u)) =0(t) + /Ot o(t —u)A'(u)du + /Ot o(t — u) K (u, u)dW,.

and therefore
t t
(2.6) ARy = —rpdt = — (O(t) —|—/ o(t —u)A'(u)du —l—/ ot — u)K(u,u)qu> dt.
0 0

1td’s formula [[ll, Theorem 4] then yields

T T
1
Bro =By — / B, rdRs 1 + 5/ B, rd(R, R)s,T
t t

— Bur+ /t "Bor { (9(5) + /0 T (s, u)A’(u)du) + /O (s ) K (u, u)qu} ds

so that, since By =1,

dByr = — < /t "By {( o, ) A (u )du) /0 T (s, u)K(u,u)qu} ds>

_ BtT{<0 + [ et — A )du> / np(t—u)K(u,u)qu}dt,

and the lemma follows. O
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Remark 2.14. We can also write R, r in integral form as follows, using stochastic Fubini:

Rir = /tT [9(5) + /OS o(s,u) A’ (u)du + /OS go(s,u)K(u,u)qu} ds

=01+ /T (/0 ga(s,u)A’(u)du) ds + /tT </0 go(s,u)K(u,u)qu) ds

=067 +/0 @(s7u)ds> A’ (u)du +/O </t cp(s,u)ds) K (u,u)dW,
o(s,u)ds

T

+
t

> A’ (u)du + /tT </uT go(s,u)ds) K (u,u)dW,

w) A (u)du + /Ot O (u)dw, + /tT @, (u) A (u)du + /tT O (w)dw,,

=01 +/0 Dy (u)
T
with ®;(u) := / ¢(s,u)ds and ®X (u) := ®;(u) K (u,u). As a consistency check, we have
ARy = —0(t)dt + &, (t) A (t)dt + O ()dW, — &, (t) A’ (t)dt — & (£)dW, + / t 0y @ (u) A (u)dudt + / t 0, K (u)dW, dt
0
= (—e(t) + @ (1) A (t) — / 1P (u du+/ O (u)dW,, ) dt + (7 (t) — 7 (t)) AW,
— (—e(t) + @y (1) A (1) — / 01 Py (u du) dt + / O (w)dW,dt

- (—e(t)+ /0 t 8t<I>t(u)A’(u)du> dt + /0 @1 (w)dW, dt
. (9(75) + /0 Colt - u)A/(u)du) dt - /0 ot — w)K (, u) W,

which corresponds precisely to (@)

3. PriciING OIS PRODUCTS AND OPTIONS

3.0.1. Simple compounded rate. Using Proposition @, we can compute several OIS products and
options Consider the simple compounded rate

n—1
1 1
3.1 5 (to, T) = -1,
( ) ( 0 ) @(t07 T) (g Pti7ti+1 )
where D(tp,T) is the day count fraction and n the number of business days in the period [to, ,,]. The

following then holds directly:

1 [t -
P, T) = to, (H eXp{ iy T 5 /tR u, udu = (B(, ) 0 w)t?} B 1> ,

where the superscript ¥ refers to reset dates; we use the superscript 4 to refer to accrual dates below.

3.0.2. Compounded rate cashflows with payment delay. The present value at time zero of a compounded
rate cashflow is given by

T,
PVaow = Po,Tp@(téqvtﬁ)EQ ’ [TS}

n—1 A ;A
1 Dt Pin
s (1L 1+ (33 ) 1)) =1z1,
D(tg ) i=0 D(t; 7tz+1) Ptvtﬁl

= Py, ®(t{, tEQ”




12 ANTOINE JACQUIER AND MUGAD OUMGARI

where r° denotes the compounded RFR rate. In the case where there is no reset delays, namely

th=tA foralli=0,...,n, then
"1:[1 <Pt’tlR ) -1
=0 Pt’tﬁ-l

Pt,t{f _ 1]
Pt,t{}
Py .r
= Por, ( PO’% ¢t ) - 1>
0,tR

P,
=P, (PO’TMQTP (Trs, TrE) — 1) ;
0,TrE

PViow = Por, EQ” = Py, E®”

where tl' = Tre and tf = Tgp, using the convexity adjustment formula given in Proposition .

3.0.3. Compounded rate cashflows with reset delay. Assuming now that tf # t# we can write,
from (B.1)),

e =7 el
where
7S .= 1 <Pt,TRS _ 1>
! ’D(té%? tr]?) Pirpp ’
and rf adi jg implied from the decomposition above. Therefore

Pvﬂow = PO,Tpg(té’ tﬁ)]EQTp [Tf]

= P, D(t5, t)ES” [75 4 rfY]

. A LA QTp 1 Pt,TR,S S,adj
= FPor, U85t )E [Q(téitﬁ) <Pt,TRE 1) i ]

1 Porps 1 Tp [ S.adj
= Pyp Dt t4 BS ¢0P (Tre Tre) — 1) + EQ [ v‘”}
Ot ( 0 n) {@(t{f,tﬁ) <PO’TRE ! ( s RE) ) - Tt

D(tg,tn) [ Porns o R R0 [ Sadi
“n s T (Tpg Trp) — 1+ DR, tF)EQ ["”] .
0,Tp @(tR tR) PO,TRE t ( RS RE) + ( 0 n) Tt

0°%n

Assume now that EQ™” {rf adj ] = 7’5 94 5o that we can simplify the above as

PVios = Por D(tg th) {PO,TRS ¢ (Tps, Try) — 1+ @(té-?,’tR)TS,adj}
PR ) | Porgs noe
= Do, 28?’:: ig; {ig;zz ¢ "(Trs, Trp) — 1+ D(tf,]) (r — 776?)}
i ) { P s 7o) =1+ 0648 (4~ s (e 1))
~ Pu, St (D0 (. i) 1) + 905107

4. NUMERICS

4.1. Zero-coupon dynamics. In Figures m and E, we analyse the impact of the parameter (« in the
Exponential kernel case and H in the Riemann-Liouville case) on the dynamics of the zero-coupon
bond over a time span [0, 1] and considering a constant curve 6(-) = 6%. In order to compare them
properly, the underlying Brownian path is the same for all kernels. Unsurprisingly, we observe that
the Riemann-Liouville case creates a lot more variance of the dynamics.
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Dynamics of the zero-coupon bond, exponential kernel

1.34 — a=02
— a=04
— a=0.6
— a=0.8

1.24

1.14

1.04 l AV

0.91 W V

0.8 1— T T T T T

0.0 0.2 0.4 0.6 0.8 1.0

FI1GURE 1. Dynamics of the zero-coupon bond in the Exponential kernel case.

Dynamics of the zero-coupon bond, fractional kernel

250 — H=10.05
—— H=0.19
— H=0.32

2.25 — H=0.46
— H=0.60

2.00 1

1.75

1.50

1.251

1.00

0.754

0.0 0.2 0.4 0.6 0.8 1.0

FI1GURE 2. Dynamics of the zero-coupon bond in the Riemann-Liouville kernel case.

4.2. Impact of the roughness on convexity. We compare in Figures H and E the impact of the
(roughness of the) kernel on the convexity adjustment. We consider a constant curve () = 6% as
well as (¢, t1, to, tau) = (1,2, 3,2). We note that, as « tends to zero in the exponential kernel case and
as H tends to % in the Riemann-Liouville case, the convexity adjustments converge to the same value
(as expected), approximately equal to 2.718.
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Convexity adjustment, exponential case

2.75 A

2.50 -

2.25 A

2.00 -

1.751

1.501

1.251

1.004

FiGURE 3. Impact of the exponential factor @ on the convexity for the Exponential
kernel from Section

Convexity adjustment, fractional case

0.0 0.2 0.4 0.6 0.8 1.0
Hurst exponent

FIGURE 4. Impact of the Hurst exponent H on the convexity for the power-law kernel
from Section @
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