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Abstract. We construct a deep learning-based numerical algorithm to solve path-
dependent partial differential equations arising in the context of rough volatility. Our

approach is based on interpreting the PDE as a solution to an BSDE, building upon

recent insights by Bayer, Qiu and Yao, and on constructing a neural network of
reservoir type as originally developed by Gonon, Grigoryeva, Ortega. The reservoir

approach allows us to formulate the optimisation problem as a simple least-square

regression for which we prove theoretical convergence properties.
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SRC/S023925 CDT in Mathematics of Random Systems. We would like to thank Lukas Gonon, Christian
Bayer and Jinniao Qiu for helpful discussions. The python code is available at ZuricZ/RWNN PDE solver.
The authors have no relevant financial or non-financial interests to disclose.

1

https://github.com/ZuricZ/RWNN_PDE_solver


2 ANTOINE JACQUIER AND ŽAN ŽURIČ

1. Introduction

In recent years, a fundamental shift from classical modelling towards so-called rough
stochastic volatility models has happened. These “rough” models were first proposed
by Gatheral, Jusselin, Rosenbaum [27] and by Bayer, Gatheral, Friz [4], and have since
sparked a great deal of research, because of their ability to capture stylised facts of
volatility time series and of option prices more accurately, while remaining parsimonious.
In essence, they are a class of continuous-path stochastic volatility models, where the
instantaneous volatility is driven by a stochastic process with paths rougher than those
of Brownian Motion, typically modelled by a fractional Brownian motion [50] with Hurst
parameter H ∈ (0, 1). The reason for this drastic paradigm shift can be found not only
under the historical measure, where the roughness of the time series of daily log-realised
variance estimates suggests Hölder regularity of H ≈ 0.1, but also under the pricing
measure, where rough volatility models are able to reproduce the power-law behaviour of
the ATM volatility skew. Since then, a slew of papers have appeared, providing closed-
form expressions for the characteristic functions of rough Heston models [21], machine
learning techniques for calibration [39], microstructural foundations [20], option pricing
partial differential equations (PDEs) solvers [45, 6], among others. A full overview can
be found in the recent monograph [5].

Dating back to Black-Scholes [12], PDEs have been used to model the evolution of
the prices of European-style options. However, rough volatility models give rise to a non-
Markovian framework, where the value function for a European option is not deterministic
anymore, but is instead random and satisfies a backward stochastic partial differential
equation (BSPDE) as was shown in [6]. Moreover, even in classical diffusive models, the
so-called curse of dimensionality poses a challenge when solving PDEs in high dimension;
until recently, only the backward stochastic differential equation (BSDE) approach by [54]
was available to tackle this, which is not really feasible in dimension beyond six.

On a positive note, machine learning methods have spread inside quantitative finance in
recent years, and neural networks, in particular, have become a powerful tool to overcome
problems in high-dimensional situations, because of their superior computational perfor-
mance across a wide range of applications [15, 30, 59]; more precisely in the context of
PDEs, examples of applications thereof can be found in [18, 35, 62, 45, 60, 7]. For a more
thorough literature review on the use of neural networks in finance and finance-related
PDEs, we refer the reader to the surveys in [8, 29].

In this paper, we focus on the works by Huré, Pham and Warin [41], and by Bayer,
Qiu and Yao [6], where the classical backward resolution technique is combined with
neural networks to estimate both the value function and its gradient. Not only does this
approach successfully reduce the curse of dimensionality, but also appears more effective
in both accuracy and computational efficiency than existing Euler-based approaches.

Besides research on numerical aspects, a lot of progress has been made on the theoret-
ical foundations for neural network-based methods, in particular showing that they are
able to approximate solutions of certain types of PDEs [19, 43, 57, 33]. These results are
significant as they show that deep neural networks can be used to solve complex prob-
lems that were previously thought intractable. However, in practice, optimal parameters
of any given neural network minimising a loss function ultimately have to be calculated
approximately. This is usually done through some kind of stochastic gradient descent
(SGD) algorithm, which inadvertently introduces an optimisation error. Because of the
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non-convexity of the network’s loss surface and the stochastic nature of the SGD, the op-
timisation error is notoriously hard to treat rigorously. One such attempt by Gonon [31]
instead involves the use of neural networks in which only certain weights are trainable
and the remaining are randomly fixed. This suggests that these random-weight neural
networks are, in fact, capable of learning non-degenerate Black-Scholes-type PDEs with-
out succumbing to the curse of dimensionality. Following this, we combine the classical
BSDE approach [54, 14] with random-weight neural networks (RWNNs) [40, 55, 56].

Our final algorithm then reduces to a least-square Monte-Carlo, introduced by Longstaff
and Schwartz [48] (see also [1] for related applications), where the usually arbitrary choice
of basis is ‘outsourced’ to the reservoir of the corresponding RWNN. The basis is compu-
tationally efficient and ultimately allows us to express the approximation error in terms
of the number of stochastic nodes in the network. Moreover, vectorisation of the Ran-
domised Least Square along the sampling direction allows us to evaluate the sum of outer
tensor products using the einsum function (available in NumPy and PyTorch) and achieve
an even greater speed-up. One word of caution though: in our numerical examples, for
the rough Bergomi model and for Basket options, computation time is still longer than
using Monte Carlo methods, mostly because it does require simulating sample paths.
It however opens the gates to (more advanced) numerical schemes for path-dependent
partial differential equations, which we plan to investigate more in later projects.

To summarise, in contrast with Bayer-Qiu-Yao [6], our numerical scheme employs
RWNNs as opposed to the conventional feed-forward neural networks, resulting in signif-
icantly faster training times without sacrificing the accuracy of the scheme. Moreover,
this structure allows us to provide error bounds in terms of the number of hidden nodes,
granting additional insights into the network’s performance. Given the comparable per-
formance of RWNNs and conventional feed-forward neural networks, we argue that this
paper illuminates an essential lesson, namely that the additional complexity of deep neu-
ral networks can sometimes be redundant at the cost of precise error bounds. We note in
passing that RWNNs have already been used in Finance to price American options [36],
for financial data forecasting [47], for PIDEs [33], and we refer the interested reader to [16]
for a general overview of their applications in data science.

Moreover, in parallel to our work, Shang, Wang, and Sun [61] combined randomised
neural networks with Petrov-Galerkin methods to solve linear and non-linear PDEs. Their
method, similar to ours, uses randomly initialised neural networks with trainable linear
readouts. Neufeld, Schmocker, and Wu [53] conducted a comprehensive error analysis
of the random deep splitting method for non-linear parabolic PDEs and PIDEs, demon-
strating high-dimensional problem-solving capabilities.

The paper is structured as follows: Section 2 provides a brief overview of Random-
weight Neural Networks (RWNNs), including their key features and characteristics. In
Section 3, we outline the scheme for the Markovian case and discuss the non-Markovian
case in Section 4. The convergence analysis is presented in Section 5. Additionally,
Section 6 presents numerical results, which highlight the practical relevance of the scheme
and its performance for different models. Some of the technical proofs are postponed to
Appendix B to ease the flow of the paper.

Notations: R+ = [0,∞); ℵ refers to a random neural network, defined in Section 2;
for an open subset E ⊂ Rd, 1 ≤ p ≤ ∞ and s ∈ N we define the Sobolev space

Ws,p(E,Rm) :=
{
f ∈ Lp(E,Rm) : ∂αx f ∈ Lp(E,Rm), for all |α| ≤ s

}
,
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where α = (α1, . . . , αd), |α| = α1 + . . .+ αd, and the derivatives ∂αx f = ∂α1
x1
. . . ∂αd

xd
f are

taken in a weak sense. To be consistent with probabilistic notations—although Machine
Learning literature tends to differ—we shall write EΦ[·] := E[·|Φ] as the conditional
expectation with respect to the random variable Φ.

2. Random-weight neural network (RWNN)

Neural networks with random weights appeared in the seminal works by Barron [2, 3],
but a modern version was proposed by Huang [40] under the name Extreme learning
machine, and today are known under different names: reservoir networks, random feature
or random-weight networks; we adopt the latter as it sounds more explicit to us.

Definition 2.1 (Neural network). Let L,N0, . . . , NL ∈ N, ϱ : R → R and for l = 1, . . . , L
let wl : RNl−1 → RNl an affine function. A function F : RN0 → RNL defined as

F = wL ◦ FL−1 ◦ · · · ◦ F1, with Fl = ϱ ◦ wl for l = 1, . . . , L− 1,

is called a neural network, with activation function ϱ applied component-wise. L denotes
the total number of layers, N1, . . . , NL−1 denote the dimensions of the hidden layers
and N0 and NL those of the input and output layers respectively. For each l ∈ {1, . . . , L}
the affine function wl : RNl−1 → RNl is given as wl(x) = A(l)x+b(l), for x ∈ RNl−1 , with

A(l) ∈ RNl×Nl−1 and b(l) ∈ RNl . For any i ∈ {1, . . . Nl} and j ∈ {1, . . . , Nl−1}, A(l)
ij is

interpreted as the weight of the edge connecting node i of layer l− 1 to node j of layer l.

A random-weight neural network (RWNN) is a neural network where the hidden layers
are randomly sampled from a given distribution and then fixed; consequently, only the
last layer is trained: out of all the parameters (A(l), b(l))l=0,...,L of the L-layered neural

network, the parameters (A(0), b(0), . . . , A(L−1), b(L−1)) are randomly sampled and frozen
and only (A(L), b(L)) from the last layer are trained.

The training of such an RWNN can then be simplified into a convex optimisation
problem. This makes the training easier to manage and understand both practically and
theoretically. However, by only allowing certain parts of the parameters to be trained,
the overall capacity and expressivity are possibly reduced. Although it is still unclear
if random neural networks still maintain any of the powerful approximation properties
of general deep neural networks, these questions have been addressed to some extent in
e.g. [32, 52], where learning error bounds for RWNNs have been proved.

Denote now ℵϱ
∞(d0, d1) the set of random neural networks from Rd0 to Rd1 , with acti-

vation function ϱ–and we shall drop the explicit reference to input and output dimensions
in the notation whenever they are clear from the context. Moreover, for any L,K ∈ N,
ℵϱ
L,K represents a random neural network with a fixed number of hidden layers L and fixed

input and output dimension K for each hidden layer. We now give a precise definition of
a single layer ℵϱ

K := ℵϱ
1,K , which we will use for our approximation.

Definition 2.2 (Single layer RWNN). Let (Ω̃, F̃ , P̃) be a probability space on which the

iid random variables on a bounded domain Ak : Ω̃ → S ⊂ Rd and bk : Ω̃ → S ⊂ R,
respectively corresponding to weights and biases, are defined. Let ϕ = {ϕk}k≥1 denote a

sequence of random basis functions, where each ϕk : Rd → R is of the form

ϕk(x) := ϱ
(
A⊤

k x+ bk
)
, x ∈ Rd,
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with ϱ : R → R a Lipschitz continuous activation function. For an output dimension m
andK hidden units, we define the reservoir or random basis as ΦK := ϕ1:K = (ϕ1, . . . , ϕK)

and the random network ℵϱ
K with parameter Θ = (θ1, . . . , θm)

⊤ ∈ Rm×K as the map

ℵϱ
K : x 7→ ΨK(x; Θ) := ΘΦK(x).

Thus, for each output dimension j ∈ {1, . . . ,m}, ℵϱ
K produces a linear combination of the

first K random basis functions θ⊤j ϕ1:K :=
∑K

k=1 θj,kϕk.

Remark 2.3. In this paper, we will make use of the more compact vector notation

ΦK : Rd ∋ x 7→ ϱ(Ax+ b) ∈ RK ,

where ϱ : RK → RK acts component-wise ϱ(y) := (ϱ(y1), . . . ϱ(yK)) and A : Ω̃ → RK×d

and b : Ω̃ → RK are the random matrix and bias respectively.

2.1. Derivatives of ReLu-RWNN. In recent years ReLu neural networks have been
predominately used in deep learning, because of their simplicity, efficiency and ability to
address the so-called vanishing gradient problem [46]. In many ways, ReLu networks also
give a more tractable structure to the optimisation problem compared to their smooth
counterparts such as tanh and sigmoid. Gonon, Grigoryeva and Ortega [32] derived error
bounds to the convergence of a single layer RWNN with ReLu activations. Now, while
ς(y) := max{y, 0} is performing well numerically, it is, however, not differentiable at zero
(see [11] for a short exposition on the chain-rule in ReLu networks). As ReLu-RWNNs
will be used in our approach to approximate solutions of partial differential equations,
a discussion on its derivatives is in order. To that end we let ς(y) := (ς(y1), . . . , ς(yK))
and H(y) = 11(0,∞)(y) ∈ RK for y ∈ RK , where the indicator function is again applied
component-wise.

Lemma 2.4. For any linear function ℓ(x) = Ax+ b, with A ∈ RK×d and b ∈ RK , then

∇x(ς ◦ℓ)(x) = diag(H(Ax+ b))A, for a.e. x ∈ Rd.

Proof. Let A :=
{
x ∈ Rd : (ς ◦ℓ)(x) = 0

}
=
{
x ∈ Rd : ℓ(x) ≤ 0

}
. Then (ς ◦ℓ)(x) = ℓ(x)

for all x ∈ Rd\A. Since ℓ is Lipschitz, differentiability on level sets [22, Section 3.1.2, Corol-
lary I] implies that ∇x (ς ◦ℓ) (x) = 0 ∈ Rd for almost every x ∈ A, and hence

∇x(ς ◦ℓ)(x) = diag
(
11{ℓ(x)∈Rd\A}

)
∇xℓ(x) = diag

(
11(0,∞)(ℓ(x))

)
∇xℓ(x) = diag(H(Ax+b))A.

□

Thus by Lemma 2.4, the first derivative of Ψ(·; Θ) ∈ ℵς
K is equal to

(2.1) ∇xΨK(x; Θ) = Θdiag(H(Ax+ b))A for a.e. x ∈ Rd.

The above statements hold almost everywhere, it is thus appropriate we introduce a
notion of approximate differentiability.

Definition 2.5 (Approximate limit, [22, Section 1.7.2]). Consider a Lebesgue-measurable
set E ⊂ Rd, a measurable function f : E → Rm and a point x0 ∈ E. We say l ∈ Rm is
the approximate limit of f at x0, and write ap limx→x0

f(x) = l, if for each ε > 0,

lim
r↓0

λ (Br(x0) ∩ {x ∈ E : |f(x)− l| ≥ ε})
λ(Br(x0))

= 0,

with λ the Lebesgue measure and Br(x0) the closed ball with radius r > 0 and center x0.
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Definition 2.6 (Approximate differentiability, [22, Section 6.1.3]). Consider a measur-
able set E ⊂ Rd, a measurable map f : E → Rm and a point x0 ∈ E. The map f is
approximately differentiable at x0 if there exists a linear map Dx : Rd → Rm such that

ap lim
x→x0

f(x)− f(x0)−Dx(x− x0)

|x− x0|
= 0.

Then Dx is called the approximate differential of f at x0. We call f approximately
differentiable almost everywhere if its approximately derivative exists almost everywhere.

Remark 2.7. The usual rules from classical derivatives, such as the uniqueness of the
differential, and differentiability of sums, products and quotients, apply to approximately
differentiable functions. Moreover, the chain rule applies to compositions φ ◦ f when f is
approximately differentiable at x0 and φ is classically differentiable at f(x0).

Remark 2.8 ([22, Theorem 4, Section 6.1.3]). For f ∈ W1,p
loc

(
Rd
)
and 1 ≤ p ≤ ∞, f is

approximately differentiable almost everywhere and its approximate derivative equals its
weak derivative almost everywhere. We will thus use the operator Dx to denote the
weak derivative and approximate derivative interchangeably, to distinguish them from
the classical derivative denoted by ∇.

Lemma 2.9. Let E ⊂ Rd be a measurable set with finite measure, X : Ω → E a
continuous random variable on some probability space (Ω,F ,P), φ ∈ C1(Rm), Φap : E →
Rm an approximately differentiable function, and Φ its C1(Rd;Rm) extension to Rd. Then
E[φ(DxΦap(X))] = E[φ(∇xΦ(X))].

Proof. By [23, Theorem 3.1.6] a function Φap : E → Rm is approximately differentiable
almost everywhere if for every ε > 0 there is a compact set F ⊂ E such that the Lebesgue
measure λ(E\F ) < ε, Φap|F is C1 and there exists a C1-extension on Rd. Since φ is
everywhere differentiable, it maps null-sets to null-sets [58, Lemma 7.25]. The claim
follows since P is absolutely continuous with respect to the Lebesgue measure λ, X being
a continuous random variable.

□

Corollary 2.10. Let E ⊂ Rd be a measurable set with finite measure, X : Ω → E a
continuous random variable on some probability space (Ω,F ,P), φ ∈ C1(Rm), Φ : E → Rm

an approximately differentiable function, and Ψ ∈ W1,p(E,Rm) for p ≥ 1 such that Φ = Ψ
almost everywhere. Then E[φ(DxΦ(X))] = E[φ(DxΨ(X))].

Proof. This is a direct consequence of Lemma 2.9, after noting that the two notions of
derivatives are the same on W1,p(E,Rm) (see Remark 2.8). □

From a practical perspective, the second-order derivative of the network with respect
to the input will be zero for all intents and purposes. However, as will become apparent in
Lemma 5.7, we need to investigate it further, in particular the measure zero set of points
where ReLu-RWNN is not differentiable. Rewriting the diagonal operator in terms of the
natural basis {ei} and evaluating the function H component-wise yields

∇xΨK(x; Θ) = Θ

 K∑
j=1

eje
⊤
j H

(
e⊤j Ax+ bj

)A.
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The i-th component of the second derivative is thus

[
∇2

xΨK(x; Θ)
]
i
= Θ

 K∑
j=1

eje
⊤
j ajiH

′ (e⊤j Ax+ bj
)A = Θdiag (ai) diag

(
H ′(Ax+ b)

)
A,

where ai denotes the i-th column of the matrix A. Next, we let

δε0(x) :=
H(x)−H(x− ε)

ε

for x ∈ R and define the left derivative of H as H ′ = limε↓0 δ
ε
0 = δ0 in the distributional

sense. This finally gives the second derivative of the network:

(2.2)
[
∇2

xΨK(x; Θ)
]
i
= Θdiag (ai) diag (δ0(Ax+ b))A,

where δ0 denotes the vector function applying δ0 component-wise.

2.2. Randomised least squares (RLS). Let Y ∈ Rd and X ∈ Rk random variables
on some probability space (Ω,F ,P) and β ∈ Rd×k a deterministic matrix. If the loss
function is the mean square error (MSE), the randomised least square estimator reads

∇βE
[
∥Y − βX∥2

]
= ∇βE[(Y − βX)⊤(Y − βX)]

= E
[
∇β(Y

⊤Y − Y ⊤βX −X⊤β⊤Y +X⊤β⊤βX)
]

= E
[
2βXX⊤ − 2Y X⊤] ,

which gives the minimiser1 β = E
[
Y X⊤]E [XX⊤]−1

, and its estimator

(2.3) β̂ :=

 n∑
j=1

YjX
⊤
j

 n∑
j=1

XjX
⊤
j

−1

.

Depending on the realisation of the reservoir of the RWNN, the covariates of X may be
collinear, so that X is close to rank deficient. A standard remedy is to use the Ridge
regularised version [37] of the estimator

β̂R =

 n∑
j=1

YjX
⊤
j

 n∑
j=1

XjX
⊤
j + λI

−1

, for λ > 0,

which results in a superior, more robust performance in our experiments.

Remark 2.11. The above derivation holds true for the approximate derivative Dx as well
because all operations above hold for approximately differentiable functions (Remark 2.7).

Remark 2.12. At first glance, the form of the RLS estimator in (2.3) suggests that
the sum of outer products over n >> 1 samples may be computationally expensive. In
practice, however, this operation can be implemented efficiently by exploiting the tensor
functionalities provided by libraries such as NumPy and PyTorch. In particular, the einsum
function enables an efficient evaluation of the required sum of outer products, thereby
further optimising the overall computation. Implementation details are provided in the
accompanying code, available at ZuricZ/RWNN PDE solver.

1The matrix E[XX⊤] may not be invertible, but its generalised Moore-Penrose inverse always exists.

https://github.com/ZuricZ/RWNN_PDE_solver
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3. The Markovian case

Let the process X of the traded and non-traded components of the underlying under
the risk-neutral measure Q be given by the following d-dimensional SDE:

(3.1) Xt,x
s = x+

∫ s

t

µ(r,Xt,x
r )dr +

∫ s

t

Σ
(
r,Xt,x

r

)
dWr,

where µ : [0, T ]×Rd → Rd and Σ : [0, T ]×Rd → Rd×d adhere to Assumption 3.1, and W
is a standard d-dimensional Brownian motion on the probability space (Ω,F ,Q) equipped
with the natural filtration F = {Ft}0≤t≤T of W . By the Feynman-Kac formula, options
whose discounted expected payoff under Q can be represented as

u(t,x) = E

[∫ T

t

e−r(s−t)f
(
s,Xt,x

s

)
ds+ e−r(T−t)g

(
Xt,x

T

)]
for all (t,x) ∈ [0, T ]×A,

for A ⊂ Rd with interest rate r ≥ 0 and continuous functions f : [0, T ] × Rd → R and
g : Rd → R can be viewed as solutions to the Cauchy linear parabolic PDE{

∂tu+ Lu+ f − ru = 0, on [0, T )×A,
u(T, ·) = g, on A,

where

Lu :=
1

2
Tr
(
ΣΣ⊤∇2

xu
)
+ (∇xu)µ, on [0, T )×A,(3.2)

is the infinitesimal generator associated with diffusion (3.1). In this Markovian setting,
we thus adopt a setup similar to [41] and consider a slightly more general PDE

(3.3)

{
∂tu(t,x) + Lu(t,x) + f

(
t,x, u(t,x),∇xu(t,x) · Σ(t,x)

)
= 0, on [0, T )×A,

u(T, ·) = g, on A,

with f : [0, T ]×Rd×R×Rd → R such that Assumption 3.1 is satisfied, which guarantees
existence and uniqueness of the solution to the corresponding BSDE [54, Section 4].

Assumption 3.1 (Well-posedness of the FBSDE system (3.1)-(3.4)). The drift µ : [0, T ]×
Rd → Rd and the diffusion coefficient Σ : [0, T ] × Rd → Rd × Rd satisfy global Lipschitz
conditions. Moreover,

(i) there exists Lf > 0 such that sup0≤t≤T ∥f(t, 0, 0, 0)∥ <∞ and, for all (t1, x1, y1, z1)

and (t2, x2, y2, z2) in [0, T ]× Rd × R× Rd,

|f (t2, x2, y2, z2)− f (t1, x1, y1, z1)| ≤ Lf

(√
|t2 − t1|+ |x2 − x1|+ |y2 − y1|+ |z2 − z1|

)
,

(ii) The function g has at most linear growth condition.

The corresponding second-order generator is again given by (3.2). The following as-
sumption is only required to cast the problem into a regression. Otherwise, the optimisa-
tion (below) can still be solved using other methods, such as stochastic gradient descent.
Another solution would be to use the so-called splitting method to linearise the PDE (as
in [7] and the references therein for example).

Assumption 3.2. The function f : [0, T ]×Rd×R×Rd×Rd → R has an affine structure
in y ∈ Rm and in z,v ∈ Rd:

f (t,x,y, z,v) = a(t,x)y + b(t,x)z+ c(t,x)v + f̃(t,x),
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for some real-valued functions a, b, c, f̃ on [0, T ]×Rd that map to conformable dimensions.

3.1. Random weighted neural network scheme. The first step in so-called deep
BSDE schemes [18, 35, 41] is to establish the BSDE associated with the PDE (3.3) and
the process (3.1) through the non-linear Feynman-Kac formula. By [54] there exist F-
adapted processes (Y, Z), which are unique solutions to the BSDE

(3.4) Yt = g (XT ) +

∫ T

t

f (s,Xs, Ys, Zs) ds−
∫ T

t

ZsdWs, for any t ∈ [0, T ],

and which are connected to the PDE (3.3) via

Yt = u(t,Xt) and Zt = ∇xu(t,Xt) · Σ(t,Xt).

with terminal condition u(T, ·) = g. Next, the BSDE (3.4) is rewritten in forward form

Yt = Y0 −
∫ t

0

f (s,Xs, Ys, Zs) ds+

∫ t

0

ZsdWs, for any t ∈ [0, T ],

and both processes are discretised according to the Euler-Maruyama scheme. To this
end let π := {0 = t0 < t1 < . . . < tN = T} be a partition of the time interval [0, T ] with
modulus |π| = maxi={0,1,...,N−1} δi and δi := ti+1 − ti. Then the scheme is given by

(3.5)

{
Xti+1 = Xti + µ(ti,Xti)δi +Σ(ti,Xti)∆

W
i ,

Yti+1
= Yti − f (ti,Xti , Yti , Zti) δi + Zti∆

W
i ,

where naturally ∆W
i :=Wti+1

−Wti . Then for all i ∈ {N−1, . . . , 0} we approximate u(ti, ·)
with Ui(·; Θi) ∈ ℵϱ

K and Zti as

u(ti,Xti) = Yti ≈ Ui(Xti ; Θ
i) := ΘiΦi

K(Xti),
Zti ≈ Zi(Xti) := DxUi(Xti ; Θ

i) · Σ(ti,Xti) = ΘiDxΦ
i
K(Xti) · Σ(ti,Xti).

Recall that the derivative Zi(Xti) is the approximate derivative from Definition 2.6. The
following formulation of the loss function ℓ using the approximate derivative is sensible
by Lemma 2.9: notice that for the optimal parameter Θi+1,∗ in step (i+ 1), the optimal

approximation Ûi+1(Xti+1
) := Ui+1(Xti+1

; Θi+1,∗) does not depend on Θi, hence under
Assumption 3.2 with c = 0 the loss function at the i-th discretisation step reads

ℓ(Θi) := EΦ

[∥∥∥Ûi+1(Xti+1
)−

[
Ui(Xti ; Θ

i)− f
(
ti,Xti ,Ui(Xti ; Θ

i),Zi(Xti ; Θ
i)
)
δi + Zi(Xti ; Θ

i)∆W
i

]∥∥∥2]
= EΦ

[∥∥∥Ûi+1(Xti+1)−
[
(Ui(Xti ; Θ

i)−
(
aiUi(Xti ; Θ

i) + biZi(Xti ; Θ
i) + f̃i

)
δi + Zi(Xti ; Θ

i)∆W
i

]∥∥∥2]
= EΦ

[∥∥∥Ûi+1(Xti+1
) + f̃iδi −Θi

{
(1− aiδi)Φ

i
K(Xti) + DxΦ

i
K(Xti)Σi

(
biδi +∆W

i

)}∥∥∥2]
= EΦ

[∥∥Yi −ΘiXi
∥∥2]

where pi := p(ti,Xti) for p ∈ {a, b, f̃ ,Σ}, and the expectation EΦ is of course conditional
on the realisation of the random basis Φi

K , i.e., conditional on the random weights and
biases of the RWNN. Furthermore, we used the notations

Yi := Ûi+1(Xti+1
)+f̃iδi and Xi := (1−aiδi)ΦK(Xti)+DxΦK(Xti)·Σi

(
biδi +∆W

i

)
.

The problem can now be solved via least squares from Section 2.2, yielding the estimator

Θi,∗ = EΦ
[
YiXi⊤]EΦ

[
XiXi⊤]−1

.
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3.2. Algorithm. We now summarise the algorithmic procedure of our RWNN scheme.
See how the algorithm resembles the Least-Square Monte-Carlo method of [48] after
considering sample estimator version of RLS from Section 2.2:

Algorithm 1 RWNN scheme

Input :
π = {0 = t0 < t1 < . . . < tN = T} time grid

Initialisation:
Φi

K reservoirs with K ∈ N hidden nodes with weights and biases distributed as
U[−R,R] with R > 0 for all i ∈ {0, . . . , N − 1}

do:

Generate n ∈ N paths of {Xπ,j
ti }Ni=0 for j ∈ {1, . . . , n} with the Euler-Maruyama

scheme (3.5)

Set ÛN (x) = g(x) for all x ∈ Rd

for i ∈ {N − 1, . . . , 0} do
Approximate u(ti, ·) with U(·; Θi) ∈ ℵς

K based on reservoir Φi
K

Evaluate the derivative of U(·; Θi) according to (2.1)
Solve the regression problem (possibly using the Ridge estimator, see Section 2.2)

Θi,∗ = argmin
Θi

ℓ(Θi) = argmin
Θi

EΦ,n
[∥∥Yi −ΘiXi

∥∥2]
where

Yi := Ui(Xti ; Θ
i) + f̃ δi

Xi := (1− a)Φi
K(Xti) + (∇xΦ

i
K(Xti))Σi

(
bδi +∆W

i

)
.

and EΦ,n is evaluated over the empirical measure of {Xπ,j
ti }Ni=0 for j ∈ {1, . . . , n}

Update Ûi = Ui

(
·,Θi,∗)

end for
return U = {U(·; Θi,∗)}Ni=0.

Remark 3.3. We discuss the choice of R > 0 from Algorithm 1 in different practical
scenarios in Section 6. We find that the scheme remains robust across different choices of
support intervals as long as it aligns with the magnitude of the expected output.
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4. The non-Markovian case

We now consider a stochastic volatility model under a risk-neutral measure so that
X = (X,V ), where the dynamics of log-price process X are given by

(4.1) dXt,x
s =

(
r − Vs

2

)
ds+

√
Vs

(
ρ1dW

1
s + ρ2dW

2
s

)
, 0 ≤ t ≤ s ≤ T,

starting from Xt,x
t = x ∈ R, with interest rate r ∈ R, correlation ρ1 ∈ [−1, 1], and denote

ρ2 :=
√
1− ρ21, and W 1,W 2 are two independent Brownian motions. We allow for a

general variance process process V , satisfying the following:

Assumption 4.1. The process V has continuous trajectories, is non-negative almost

surely, adapted to the natural filtration of W 1 and E
[∫ t

0
Vsds

]
is finite for all t ≥ 0.

By no-arbitrage, the fair price of a European option with payoff h : R+ → R+ reads

u(t, x) := E
[
e−r(T−t)h

(
eX

t,x
T +rT

)∣∣∣Ft

]
, for all (t, x) ∈ [0, T ]× R,

subject to (4.1). Since X is not Markovian, one cannot characterise the value function
u(t, x) via a deterministic PDE. Bayer, Qiu and Yao [6] proved that u can be viewed
as a random field which, together with another random field ψ, satisfies the backward
stochastic partial differential equation (BSPDE)
(4.2)

−du(t, x) =

[
Vt
2
∂2xu(t, x) + ρ

√
Vt∂xψ(t, x)−

Vt
2
∂xu(t, x)− ru(t, x)

]
dt− ψ(t, x)dW 1

t ,

in a distributional sense for (t, x) ∈ [0, T )×R, with boundary condition u(T, x) = h
(
ex+rT

)
where the variance process (Vt)t≥0 is defined exogenously under Assumption 4.1. We in
fact consider the slightly more general BSPDEs

(4.3)

−du(t, x) =

{
Vt
2
D2

xu(t, x) + ρ
√
VtDxψ(t, x)−

Vt
2
Dxu(t, x)

+f
(
t, ex, u(t, x), ρ2

√
VtDxu(t, x), ψ(t, x) + ρ1

√
VtDxu(t, x)

)}
dt

−ψ(t, x)dW 1
t , (t, x) ∈ [0, T )× R,

u(T, x) = g (ex) , x ∈ R.

The following assumption on f and g (from [6]) ensures well-posedness of the above
BSPDE, and we shall additionally require the existence of a weak-Sobolev solution (As-
sumption 5.1 ) for the convergence analysis of our numerical scheme in Section 5.

Assumption 4.2. Let g : R → R and f : [0, T ]× R4 → R be such that

(i) g admits at most linear growth;
(ii) f is Lf -Lipschitz in all space arguments and there exists L0 > 0 such that

|f(t, x, 0, 0, 0)| ≤ Lf (1 + |x|) and |f(t, x, y, z, z̃)− f(t, x, y, 0, 0)| ≤ L0.

Note that (4.2) is just a particular case of the general BSPDE (4.3) for the choice
f(t, x, y, z, z̃) ≡ −ry and g(ex) ≡ h(ex+rT ). Again, this general form is shown to be well
posed in the distributional sense under Assumption 4.2 (borrowed from [6]). By [14] the
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corresponding BSDE is then, for 0 ≤ t ≤ s < T ,

(4.4)


−dY t,x

s = f
(
s, eX

t,x
s , Y t,x

s , Z1
s
t,x
, Z2

s
t,x
)
ds− Z1

s
t,x

dW 1
s − Z2

s
t,x

dW 2
s ,

Y t,x
T = g

(
eX

t,x
T

)
,

where (Y t,x
s , Z1

s
t,x
, Z2

s
t,x

) is defined as the solution to (4.4) in the weak sense.

4.1. Random neural network scheme. Let the quadruple
(
Xs, Ys, Z

1
s , Z

2
s

)
be the so-

lution to the forward FBSDE

(4.5)


−dYs = f

(
s, eXs , Ys, Z

1
s , Z

2
s

)
ds− Z1

sdW
1
s − Z2

sdW
2
s ,

dXs = −Vs
2
ds+

√
Vs
(
ρ1dW

1
s + ρ2dW

2
s

)
,

Vs = ξsE
(
ηŴs

)
, with Ŵs =

∫ s

0

K(s, r)dW 1
r ,

for s ∈ [0, T ), with terminal condition YT = g
(
eXT

)
, initial condition X0 = x and K a

locally square-integrable kernel and ξs := ξ(s) > 0 is the forward variance curve. For

notational convenience below, we use ρ2 :=
√
1− ρ21, with ρ1 ∈ [−1, 1]. Here E(·) denotes

the Wick stochastic exponential and is defined as E(ζ) := exp
{
ζ − 1

2E[|ζ|
2]
}
for a centered

Gaussian variable ζ. Then by [6, Theorem 2.4],

Yt = u (t,Xt) , for t ∈ [0, T ],

Z1
t = ψ (t,Xt) + ρ1

√
VtDxu (t,Xt) , for t ∈ [0, T ),

Z2
t = ρ2

√
VtDxu (t,Xt) , for t ∈ [0, T ),

where (u, ψ) is the unique weak solution to (4.3). Accordingly, the forward equation reads

Yt = Y0 −
∫ t

0

f
(
s, eXs , Ys, Z

1
s , Z

2
s

)
ds+

∫ t

0

Z1
sdW

1
s +

∫ t

0

Z2
sdW

2
s , for t ∈ [0, T ].

By simulating (W 1,W 2, V ), the forward process X may be approximated by an Euler
scheme–with the same notations as in the Markovian case–and the forward representation
above yields the approximation

u
(
ti+1, Xti+1

)
≈ u(ti, Xti)− f

(
ti, e

Xti , u (ti, Xti) , Z
1
ti , Z

2
ti

)
δi + Z1

ti∆
W 1

i + Z2
ti∆

W 2

i ,

with

Z1
ti = ρ1

√
VtiDxu (ti, Xti) + ψ (ti, Xti) and Z2

ti = ρ2
√
VtiDxu (ti, Xti) .

By Lemma A.2 we can, for each time step i ∈ {0, . . . , N − 1}, approximate the solu-
tions u(ti, ·) and ψ(ti, ·) by two separate networks Ui and Ψi in ℵς

K :

Yti ≈ Ui(Xti ; Θ
i) = ΘiΦΘ,i

K (Xti),

Z1
ti ≈ Z1

i (Xti ; Θ
i,Ξi) = Θi

(
DxΦ

Θ,i
K (Xti)

)
ρ1
√
Vti + ΞiΦΞ,i

K (Xti),

Z2
ti ≈ Z2

i (Xti ; Θ
i,Ξi) = Θi

(
DxΦ

Θ,i
K (Xti)

)
ρ2
√
Vti .

Here ΦΞ
K and ΦΘ

K are realisations of random bases (reservoirs) of the RWNNs with re-
spective parameters Ξ and Θ. The next part relies on Assumption 3.2, namely

f
(
ti, e

Xti , Yti , Z
1
ti , Z

2
ti

)
= a(ti, Xti)Yti + b(ti, Xti)Z

1
ti + c(ti, Xti)Z

2
ti + f̃(ti, Xti),
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for some functions a, b, c, f̃ mapping to R, so that, as in the Markovian case, the minimi-
sation of the expected quadratic loss at every time step i ∈ {N − 1, . . . , 0} reads

ℓ(Θi,Ξi)

:= EΦ

[∣∣∣∣Ûi+1(Xti+1)−
{
Ui(Xti ; Θ

i)− f
(
ti, Xti ,Ui(Xti ; Θ

i),Z1
i (Xti ; Θ

i,Ξi),Z2
i (Xti ; Θ

i,Ξi)
)
δi

+

2∑
k=1

Ẑk
i (Xti ; Θ

i,Ξi)∆Wk

i

}∣∣∣∣2
]

= EΦ

[∣∣∣∣Ûi+1(Xti+1
)−

{
Ui(Xti ; Θ

i)−
(
aUi(Xti ; Θ

i) + bZ1
i (Xti ; Θ

i,Ξi) + cZ2
i (Xti ; Θ

i,Ξi) + f̃
)
δi

+

2∑
k=1

Zk
i (Xti ; Θ

i,Ξi)∆Wk

i

}∣∣∣∣2
]

= EΦ

[∣∣∣∣Ûi+1(Xti+1
) + f̃ δi −

{
ΞiΦΞ,i

K (Xti)
(
∆W 1

i − bδi

)
+Θi

(
(1− aδi)Φ

Θ,i
K (Xti) + DxΦ

Θ,i
K (Xti)

√
Vti
(
∆B

i − (bρ1 + cρ2)δi
))}∣∣∣∣2

]
= EΦ

[∣∣Yi − ΞiXi
1 −ΘiXi

2

∣∣2] ,
with ∆B

i = (ρ1∆
W 1

i + ρ2∆
W 2

i ) and where Ûi+1(Xti+1
) := Ui+1(Xti+1

; Θi+1,∗) was set in

the previous time step and is now constant (without dependence on Θi). We defined

(4.6)


Yi := Ûi+1(Xti+1

) + f̃ δi,

Xi
1 := ΦΞ

K(Xti)
(
∆W 1

i − bδi

)
,

Xi
2 := (1− aδi)Φ

Θ
K(Xti) + DxΦ

Θ
K(Xti)

√
Vti
(
∆B

i − (bρ1 + cρ2)δi
)
.

In matrix form, this yields ℓ(Θi,Ξi) = EΦ[∥Yi − βiXi∥2], with βi =
[
Ξi,Θi

]
and Xi =[

Xi
1,X

i
2

]⊤
, for which the RLS from Section 2.2 yields the solution

(4.7) βi = EΦ
[[
YiXi⊤

1 YiXi⊤
2

]]
EΦ

[[
Xi

1X
i⊤
1 Xi

1X
i⊤
2

Xi
2X

i⊤
1 Xi

2X
i⊤
2

]]−1

.

4.2. Algorithm. We summarise the steps of the algorithm below:
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Algorithm 2 RWNN non-Markovian scheme

Inputs: time grid π = {0 = t0 < t1 < . . . < tN = T}; numberK of hidden nodes; R > 0;

Initialisation:(
{ΦΘ,i

K }N−1
i=0 , {Φ

Ξ,i
K }N−1

i=0

)
reservoirs with weights and biases distributed as U[−R,R];

do:

Generate n paths of ({Xπ,j
ti }Ni=0, {V

π,j
ti }Ni=0) for j ∈ {1, . . . , n} with Euler-Maruyama

Set ŶN (x) = g(x) for all x ∈ R
for i ∈ {N − 1, . . . , 0} do

Approximate u(ti, ·) with U(·; Θi) ∈ ℵς
K based on reservoir ΦΘ,i

K

Approximate ψ(ti, ·) with Ψ(·; Ξi) ∈ ℵς
K based on reservoir ΦΞ,i

K

Evaluate derivatives of
(
U(·; Θi),Ψ(·; Ξi)

)
according to (2.1)

Solve the regression problem (possibly using the Ridge estimator from Section 2.2)

βi,∗ = argmin
βi

ℓ(βi) = argmin
βi

EΦ,n
[∥∥Yi − βiXi

∥∥2]
with βi =

[
Ξi,Θi

]
, Xi =

[
Xi

1,X
i
2

]⊤
, where Yi,Xi

1,X
i
2 are given in (4.6), and EΦ,n is

computed with the empirical measure of
(
{Xπ,j

ti }Ni=0, {V
π,j
ti }Ni=0

)
j∈{1,...,n}

;

Update Ûi(Xti) = Ui

(
Xti ,Θ

i,∗)
end for
return {Ui(·; Θi,∗)}Ni=0.

5. Convergence analysis

In this section, whenever there is any ambiguity, we use the notation Xπ to de-
note the discretised version of the solution process of (4.5) over the partition π =
{0 = t0 < t1 < . . . < tN = T} of the interval [0, T ], with modulus |π| = maxi∈{0,1,...,N−1} δi
with δi = ti+1 − ti. As mentioned just before Assumption 3.2, the linearity of f assumed
before was only required to cast the optimisation in Algorithm 2 into a regression problem.
In the forthcoming convergence analysis, this does not play any role, and we therefore
allow for a more general function f .

Assumption 5.1.

(i) There exists a unique weak solution to the BSPDE system (4.3) with u, ψ ∈ W3,2;
(ii) There is an increasing continuous function ω : R+ → R+ with ω(0) = 0 such that

E
[∫ t2

t1

Vsds

]
+ E

[∣∣∣∣∫ t2

t1

Vsds

∣∣∣∣2
]
≤ ω(|t2 − t1|), for any 0 ≤ t1 ≤ t2 ≤ T ;

(iii) There exists Lf > 0 such that, for all (t, x, z1, z2) and (t̃, x̃, z̃1, z̃2),∣∣∣f (t, ex, y, z1, z2)− f
(
t̃, ex̃, ỹ, z̃1, z̃2

)∣∣∣
≤ Lf

{
ω(|t− t̃|) 1

2 + |x− x̃|+ |y − ỹ|+ |z1 − z̃1|+ |z2 − z̃2|
}
.

Remark 5.2. Assumption 5.1(iii) may look unusual but appears as we are interested in
evaluating options on the stock price, which is the exponential of the log stock price. This
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condition (the same as in [6]) allows us to control the L2 norm of the drift term in (4.5)
(see also [13, Assumption 2.12(iii)]) and thus of the backward process Y therein.

Assumption 5.3. Given the partition π, supi∈{0,...,N−1} E
[∣∣V π

ti

∣∣] is finite.
Classical estimates (see Lemma C.1 for full details and proof) yield

E
[

sup
0≤t≤T

|Xt|2
]
≤ C

(
1 + |x0|2

)
,

as well as (Lemma C.2)

(5.1) max
i∈{0,...,N−1}

E

[∣∣∣Xti+1
−Xπ

ti+1

∣∣∣2 + sup
t∈[ti,ti+1]

∣∣Xt −Xπ
ti

∣∣2] ≤ Cω(|π|),

for some C > 0 independent of |π|, and we furthermore have [14]

(5.2) E

[∫ T

0

∣∣f (t, eXt , Yt, Z
1
t , Z

2
t

)∣∣2 dt] <∞,

as well as the standard L2-regularity result on Y :

(5.3) max
i∈{0,...,N−1}

E

[
sup

t∈[ti,ti+1]

∣∣Yt − Y π
ti

∣∣2] = O(|π|).

For k ∈ {1, 2}, define the errors

(5.4) εZ
k

(π) := E

[
N−1∑
i=0

∫ ti+1

ti

∣∣∣Zk
t − Z

k

ti

∣∣∣2 dt] , with Z
k

ti
:=

1

δi
Ei

[∫ ti+1

ti

Zk
t dt

]
,

which represent measures of the total variance of the processes Zk along the partition π
and where Ei denotes the conditional expectation given Fti . We furthermore define the
auxiliary processes, for i ∈ {0, . . . , N − 1},

V̂ti := Ei

[
Ûi+1

(
Xπ

ti+1

)]
+ f

(
ti, e

Xπ
ti , V̂ti , Ẑ

1
ti , Ẑ

2
ti

)
δi,

Ẑ 1
ti
:= Ψ̂i(X

π
ti) +

1

δi
Ei

[
Ûi+1

(
Xπ

ti+1

)
∆W 1

i

]
,

Ẑ 2
ti
:=

1

δi
Ei

[
Ûi+1

(
Xπ

ti+1

)
∆W 2

i

]
,

(5.5)

with Ûi(x) := Ui(x; Θ
i,∗) and Ψ̂i(x) := Ψ(x; Ξi,∗) as before. Observe that Ψ̂i+1 and Ûi+1

do not depend on Θi because the parameters were fixed at (i+1) time step and are held

constant at step i (see Algorithm 2). Next, notice that V̂ is well defined by a fixed-point

argument since f is Lipschitz. By Assumption 5.1(i), there exist v̂i, ẑ
k

ti for which

(5.6) V̂ti = v̂i(X
π
ti) and Ẑ k

ti = ẑ
k

ti(X
π
ti) for i ∈ {0, . . . , N − 1}, k ∈ {1, 2}.

By the martingale representation theorem, one has integrable processes Ẑ 1, Ẑ 2 such that

(5.7) Ûi+1

(
Xπ

ti+1

)
= V̂ti − f

(
ti, e

Xπ
ti , V̂ti , Ẑ

1
ti , Ẑ

2
ti

)
δi +

∫ ti+1

ti

Ẑ1
t dW

1
t +

∫ ti+1

ti

Ẑ2
t dW

2
t ,
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since Ẑ k
t are FW

t -adapted as asserted by the martingale representation theorem. From
here, Itô’s isometry yields

Ẑ 1
ti = Ψ̂i(X

π
ti) +

1

δi
Ei

[
Ûi+1(X

π
ti+1

)∆Wk

i

]
=

1

δi

∫ ti+1

ti

Ψ̂i(X
π
ti)dt+

1

δi
Ei

[(
V̂ti +

∫ ti+1

ti

Ẑ1
t dW

1
t +

∫ ti+1

ti

Ẑ2
t dW

2
t

)∫ ti+1

ti

dW 1
t

]
=

1

δi
Ei

[∫ ti+1

ti

(
Ψ̂i(X

π
ti) + Ẑ1

t

)
dt

]
,

and similarly,

Ẑ 2
ti =

1

δi
Ei

[∫ ti+1

ti

Ẑ2
t dt

]
.

We consider convergence in terms of the following error:

E
(
Û, Ψ̂

)
:= max

i∈{0,...,N−1}
EΦ

[∣∣∣Yti − Ûi

(
Xπ

ti

)∣∣∣2]+ EΦ

[
N−1∑
i=0

∫ ti+1

ti

2∑
k=1

∣∣∣Zk
t − Ẑk

i

(
Xπ

ti

)∣∣∣2 dt] ,
with Ẑ1

i , Ẑ2
i introduced before Lemma 5.8. We now state the main convergence result:

Theorem 5.4. Under Assumptions 4.1-4.2-5.1, there exists C > 0 such that

E
(
Û, Ψ̂

)
≤ C

{
ω(|π|) + E

[
|g(XT )− g(Xπ

T )|
2
]
+

2∑
k=1

εZ
k

(π) +
C∗

K
N +M |π|2

}
,

with C∗,M > 0 given in Lemma 5.9 and the errors εZ
k

(π) defined in (5.4).

The following follows from (B.5), established in Part II of the proof of Theorem 5.4:

Corollary 5.5. Under Assumptions 4.1-4.2-5.1, there exists C > 0 such that

max
i∈{0,...,N−1}

EΦ

[∣∣∣Yti − Ûi

(
Xπ

ti

)∣∣∣2] ≤
C

{
ω(|π|) + E

[
|g(XT )− g(Xπ

T )|
2
]
+

2∑
k=1

εZ
k

(π) +
C∗

K
N +M |π|2

}
,

with C∗,M > 0 given in Lemma 5.9.

Remark 5.6. The second error term is the strong L2-Monte-Carlo error and is O(N−H)
for processes driven by an fBm with Hurst parameter H ∈ (0, 1). We refer the reader
to [13, 26] for an exposition on strong versus weak error rates in rough volatility models.

To prove Theorem 5.4, the following bounds on the derivatives are key.

Lemma 5.7. Let ΨK(·; Θ) ∈ ℵς
K and (Xπ

ti , V
π
ti )i denote the discretised versions of (4.5)

over the partition π, then there exist L1, L2 > 0 such that, for all i ∈ {0, . . . , N − 1},∥∥∥EΦ
i

[
DxΨK(Xπ

ti+1
; Θ)

]∥∥∥ ≤ L1 and
∥∥∥EΦ

i

[
D2

xΨK(Xπ
ti+1

; Θ)
]∥∥∥ ≤ L2.

Proof. We start with the first derivative. For all x, y ∈ Rd,

∥ΨK(x; Θ)−ΨK(y; Θ)∥ = ∥Θ(ς(Ax+ b)− ς(Ay + b))∥ ≤ ∥Θ∥F ∥ ς(Ax+ b)− ς(Ay + b)∥
≤ ∥Θ∥F ∥Ax−Ay∥ ≤ ∥Θ∥F ∥A∥F ∥x− y∥ ≤ L1∥x− y∥,
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since ς is 1-Lipschitz. The estimator Θ has an explicit form (4.7) and its norm is finite,
therefore ΨK(·; Θ) is globally Lipschitz and its first derivative is bounded by L1 > 0.
Next, without loss of generality, we can set A = I and b = 0, since their support is
bounded. As in (2.2) for j ∈ {1, . . . ,m},

EΦ
i

[
D2

xΨK(Xπ
ti+1

; Θ)
]
j
=

∫
Θdiag (ej) diag

(
δ0

(
x− 1

2
V π
ti δi +

√
Vtiw

))
pN (w)dw

= Θdiag (ej) diag

(
pN

(
0;x− 1

2
V π
ti δi, V

π
ti δi

))
,

since ∆B
i ∼ N (0, δi) and pN is the Gaussian density applied component-wise. Since the

weights are sampled on a compact and ∥Θ∥ is finite, then there exists C > 0 such that∥∥∥EΦ
i

[
D2

xΨK(Xπ
ti+1

; Θ)
]∥∥∥ ≤ C∥Θ∥F = L2.

□

From here the error bound of approximating V̂ti , Ẑ
1
ti and Ẑ 2

ti with their RWNN

approximators Ûi, Ẑ1
i and Ẑ2

i (defined in the lemma below) can be obtained. For
i ∈ {0, . . . , N − 1}, (Ui,Ψi) ∈ ℵς

K , introduce

Z1
i (x) := Ψi(x) + ρ1

√
VtiDxUi(x), Z2

i (x) := ρ2
√
VtiDxUi(x),

Ẑ1
i (x) := Ψ̂i(x) + ρ1

√
VtiDxÛi(x), Ẑ2

i (x) := ρ2
√
VtiDxÛi(x).

Lemma 5.8. Under Assumptions 5.1-5.3, there exists M > 0 such that

EΦ

[∣∣∣∣Zk
i (X

π
ti)− Ẑ

k

ti

∣∣∣∣2
]
≤ ρ2k|π|2M, for all i ∈ {0, . . . , N − 1}, k = 1, 2.

Proof. From (5.5) and (5.6), we have, for i ∈ {0, . . . , N − 1} and k ∈ {1, 2},

v̂i(x) = EΦ
i

[
Ûi+1

(
Xx,π

ti+1

)]
+ f

(
ti, e

x, v̂i(x), ẑ
1

i (x), ẑ
2

i (x)
)
δi,

ẑ
k

i (x) = Ψi

(
Xx,π

ti+1

)
11{k=1} +

1

δi
EΦ
i

[
Ûi+1

(
Xx,π

ti+1

)
∆Wk

i

]
,

where Xx,π
ti+1

= x +
(
r − 1

2Vti
)
δi +

√
Vti∆

B
i is the Euler discretisation of {Xt}t∈[0,T ]

over π and {V π
ti }

N
i=0 is the appropriate discretisation of the volatility process over the

same partition. For {Rk} iid∼ N (0, 1), the two auxiliary processes can be written as

ẑ
k

i (x) = Ψi

(
Xx,π

ti+1

)
11{k=1} +

1

δi
EΦ
i

[
Ûi+1

(
x−

V x,π
ti

2
δi +

√
V x,π
ti δi

(
ρ1R1 + ρ2R2

))√
δiRk

]
.

Notice that, while any sensible forward scheme for {Vt}t∈[0,T ] does depend on a series

of Brownian increments, V x,π
ti only depends on

(
∆W

i−1, . . . ,∆
W
0

)
, which are known at

time ti. Thus, since usual derivative operations are available for approximately differen-
tiable functions (Remark 2.7) multivariate integration by parts for Gaussian measures (a
formulation of Isserlis’ Theorem [44]) yields

ẑ
k

i (x) = Ψi

(
Xx,π

ti+1

)
11{k=1} + ρk

√
VtiEΦ

[
DxÛi+1

(
Xx,π

ti+1

)]
,

with corresponding derivatives

Dxẑ
k

i (x) = DxΨi

(
Xx,π

ti+1

)
11{k=1} + ρk

√
VtiEΦ

[
D2

xÛi+1

(
Xx,π

ti+1

)]
.
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An application of the implicit function theorem then implies

Dxv̂i(x) = EΦ
i

[
DxÛi+1

(
Xx,π

ti+1

)]
+δi

{
Dxf̂i(x) + Dy f̂i(x)Dxv̂i(x) +

2∑
k=1

Dzk f̂i(x)Dxẑ
k

i (x)

}
,

where f̂i(x) := f
(
ti, e

x, v̂i(x), ẑ
1

i (x), ẑ
2

i (x)
)
and

Ψi

(
Xx,π

ti+1

)
11{k=1} +

(
1− δiDy f̂i(x)

)
ρk

√
V π
ti Dxv̂i(x)

= ẑ
k

i (x) + ρk

√
V π
ti δi

(
Dxf̂i(x) + Dz1 f̂i(x)Dxẑ

1

i (x) + Dz2 f̂i(x)Dxẑ
2

i (x)
)
.

Thus, for small enough |π|,

Ψi

(
Xx,π

ti+1

)
11{k=1} + ρk

√
V π
ti Dxv̂i(x)

≤ ẑ
k

i (x) + ρk

√
V π
ti δi

(
Dxf̂i(x) + Dz1 f̂i(x)Dxẑ

1

i (x) + Dz2 f̂i(x)Dxẑ
2

i (x)
)
,

and since f is Lipschitz by Assumption 5.1(iii), then Drf̂i(x) = 1 for r ∈ {x, z1, z2} and,

by Lemma 5.7 and the definition of ẑ
k

i (x):

Ψi

(
Xx,π

ti+1

)
11{k=1} + ρk

√
V π
ti Dxv̂i(x) ≤ ẑ

k

i (x) + ρkδi

√
V π
ti

(
1 + Dxẑ

1

i (x) + Dxẑ
2

i (x)
)

≤ ẑ
k

i (x) + ρkδi

√
V π
ti

(
1 + L1 +

√
2L2

√
V π
ti

)
.

Therefore, using the above inequality

EΦ

[∣∣∣Ψi(X
π
ti) + ρ1

√
V π
ti DxUi(X

π
ti)− Ẑ 1

ti

∣∣∣2]
≤ EΦ

[∣∣∣ẑ1i (Xπ
ti)− Ẑ 1

ti + ρ1δi

√
V π
ti

[
1 + L1 +

√
2L2

√
V π
ti

]∣∣∣2]
≤ |ρ1δi|2E

[∣∣∣√V π
ti

(
1 + L1 +

√
2L2

√
V π
ti

)∣∣∣2]
≤ ρ21|π|2

{
E
[∣∣V π

ti

∣∣] (1 + L1 +
√
2L2E

[∣∣V π
ti

∣∣])} ≤ ρ21|π|2M,

relying on Corollary 2.10 and the fact that Ẑ k
ti = ẑ

k

ti(X
π
ti) (see (5.6)) in the second

inequality and the boundedness of E[|V π|] from Assumption 5.3 in the last line. The
proof of the other bound is analogous. □

Lemma 5.9. Under Assumptions 4.1-4.2-5.1, for sufficiently small |π| we have

EΦ

[∣∣∣V̂ti − Ûi

(
Xπ

ti

)∣∣∣2]+ δiEΦ

[
2∑

k=1

∣∣∣Ẑk
ti − Ẑk

i

(
Xπ

ti

)∣∣∣2] ≤ C

{
C∗

K
+M |π|3

}
for all i ∈ {0, . . . , N − 1} and K hidden units, for some C > 0, where C∗ is as in
Proposition A.1 and M in Lemma 5.8.

Proof of Lemma 5.9. Fix i ∈ {0, . . . , N − 1}. Relying on the martingale representa-
tion in (5.7) and Lemma A.2, we can define the following loss function for the pair
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(Ui(·; Θ),Ψi(·; Ξ)) ∈ ℵς
K and their corresponding parameters Θ and Ξ:

(5.8) L̂i(Θ,Ξ) := L̃i(Θ,Ξ) + EΦ

[∫ ti+1

ti

2∑
k=1

∣∣∣Ẑk
t − Ẑ k

ti

∣∣∣2] ,
with

L̃i(Θ,Ξ) := EΦ

[∣∣∣V̂ti − Ui(X
π
ti ; Θ) + δi

{
f
(
ti, e

Xπ
ti ,U(Xπ

ti ; Θ),Z1
i (X

π
ti ; Θ,Ξ),Z

2
i (X

π
ti ; Θ,Ξ)

)
−f
(
ti, e

Xπ
ti ,Vti , Ẑ

1
ti , Ẑ

2
ti

)}∣∣∣2]+ δi

2∑
k=1

EΦ

[∣∣∣Ẑ k
ti −Zk

i (X
π
ti ; Θ,Ξ)

∣∣∣2] .
Now, recall the following useful identity, valid for any a, b ∈ R:

(5.9) (a+ b)2 ≤ (1 + χ) a2 +

(
1 +

1

χ

)
b2, χ > 0.

Applying (5.9) yields

L̃i(Θ,Ξ) ≤ δi

2∑
k=1

EΦ

[∣∣∣Ẑ k
ti −Zk

i (X
π
ti ; Θ,Ξ)

∣∣∣2]+ (1 + Cδi)EΦ

[∣∣∣V̂ti − Ui(X
π
ti ; Θ)

∣∣∣2]
+

(
1 +

1

Cδi

)
EΦ

[∣∣∣f (ti, eXπ
ti ,U(Xπ

ti ; Θ),Z1
i (X

π
ti ; Θ,Ξ),Z

2
i (X

π
ti ; Θ,Ξ)

)
− f

(
ti, e

Xπ
ti ,Vti , Ẑ

1
ti , Ẑ

2
ti

)∣∣∣2] .
Now by the Lipschitz condition on f from Assumption 5.1,

L̃i(Θ,Ξ) ≤ (1 + Cδi)EΦ

[∣∣∣V̂ti − Ui(X
π
ti ; Θ)

∣∣∣2]+ Cδi

2∑
k=1

EΦ

[∣∣∣Ẑ k
ti −Zk

i (X
π
ti ; Θ,Ξ)

∣∣∣2] .
For any a, b ∈ R, inequality (5.9) holds with the reverse sign and hence also

(5.10) (a+ b)2 ≥ (1− χ) a2 − 1

χ
b2, χ > 0.

Following (5.10), for χ = γδi and γ > 0 we have

L̃i(Θ,Ξ) ≥ δi

2∑
k=1

EΦ

[∣∣∣Ẑ k
ti −Zk

i (X
π
ti ; Θ,Ξ)

∣∣∣2]+ (1− γδi)EΦ

[∣∣∣V̂ti − Ui(X
π
ti ; Θ)

∣∣∣2]
− 1

γδi
EΦ

[∣∣∣f(ti, eXπ
ti ,U(Xπ

ti ; Θ),Z1
i (X

π
ti ; Θ,Ξ),Z

2
i (X

π
ti ; Θ,Ξ)

)
− f

(
ti, e

Xπ
ti ,Vti , Ẑ

1
ti , Ẑ

2
ti

)∣∣∣2] .
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Again since f is Lipschitz, the arithmetic-geometric inequality implies

L̃i(Θ,Ξ) ≥ (1− γδi)EΦ

[∣∣∣V̂ti − Ui(X
π
ti ; Θ)

∣∣∣2]+ δi

2∑
k=1

EΦ

[∣∣∣Ẑ k
ti −Zk

i (X
π
ti ; Θ,Ξ)

∣∣∣2]

− δi
γ
EΦ

[
L2
f

∣∣∣∣ ∣∣∣V̂ti − U(Xπ
ti ; Θ)

∣∣∣+ ∣∣∣Ẑ k
ti −Zk

i (X
π
ti ; Θ,Ξ)

∣∣∣ ∣∣∣∣2
]

≥ (1− γδi)EΦ

[∣∣∣V̂ti − Ui(X
π
ti ; Θ)

∣∣∣2]+ δi

2∑
k=1

EΦ

[∣∣∣Ẑ k
ti −Zk

i (X
π
ti ; Θ,Ξ)

∣∣∣2]

−
3δiL

2
f

γ

(
EΦ

[∣∣∣V̂ti − Ui(X
π
ti ; Θ)

∣∣∣2]+ 2∑
k=1

EΦ

[∣∣∣Ẑ k
ti −Zk

i (X
π
ti ; Θ,Ξ)

∣∣∣2]) .
Taking γ = 6L2

f gives

L̃i(Θ,Ξ) ≥ (1− Cδi)EΦ

[∣∣∣V̂ti − Ui(X
π
ti ; Θ)

∣∣∣2]+ δi
2

2∑
k=1

EΦ

[∣∣∣Ẑ k
ti −Zk

i (X
π
ti ; Θ,Ξ)

∣∣∣2] .
For a given i ∈ {0, . . . , N − 1} take (Θ∗,Ξ∗) ∈ argminΘ,Ξ L̂i(Θ,Ξ) so that Ûi = Ui(·; Θ∗)

and Ẑk
i (·) := Zk

i (·; Θ∗,Ξ∗). From (5.8), L̂i and L̃i have the same minimisers, thus com-
bining both bounds gives for all (Θ,Ξ) ∈ Rm×K × Rm×K ,

(1− Cδi)EΦ

[∣∣∣V̂ti − Ûi

(
Xπ

ti

)∣∣∣2]+ δi
2

2∑
k=1

EΦ

[∣∣∣Ẑ k
ti − Ẑk

i

∣∣∣2] ≤ L̃i(Θ
∗,Ξ∗) ≤ L̃i(Θ,Ξ)

≤ (1 + Cδi)EΦ

[∣∣∣V̂ti − Ui

(
Xπ

ti ; Θ
)∣∣∣2]+ Cδi

2∑
k=1

EΦ

[∣∣∣Ẑ k
ti −Zk

i (X
π
ti ; Θ,Ξ)

∣∣∣2] .
Letting |π| be sufficiently small gives together with Lemma 5.8

EΦ

[∣∣∣V̂ti − Ûi

(
Xπ

ti

)∣∣∣2]+ δi

2∑
k=1

EΦ

[∣∣∣Ẑ k
ti −Zk

i (X
π
ti ; Θ,Ξ)

∣∣∣2]
≤ C

{
inf
Θ

EΦ
[∣∣v̂i(Xπ

ti)− Ui(X
π
ti ; Θ)

∣∣2]+ |π|3
(
ρ21 + ρ22

)
M
}
,

therefore, using Proposition A.1, we obtain

EΦ

[∣∣∣V̂ti − Ûi

(
Xπ

ti

)∣∣∣2]+ δiEΦ

[
2∑

k=1

∣∣∣Ẑ k
ti − Ẑk

i

(
Xπ

ti

)∣∣∣2]

≤ C
{
inf
Θ

EΦ
[∣∣v̂i(Xπ

ti)− Ui(X
π
ti ; Θ)

∣∣2]+M |π|3
}
≤ C

{
C∗

K
+M |π|3

}
.

□

The rest of the proof is similar to those in [6, Theorem A.2] and [41, Theorem 4.1],
but we include it in Appendix B for completeness.
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6. Numerical results

We now showcase the performance of the RWNN scheme on a representative model
from each–Markovian and non-Markovian–class. We first test our scheme in the multi-
dimensional Black-Scholes (BS) setting [12] and then move to the non-Markovian setup
with the rough Bergomi (rBergomi) model [4]. We develop numerical approximations to
European option prices given in (3.3) and (4.2), choosing

f(t, x, y, z1, z2) = −ry and gcall (x) = (ex − K )
+
,

and discretising over the partition π = {0 = t0, t1, . . . tN = T} for some N ∈ N. The
precise discretisation schemes of the individual processes are given in their corresponding
sections below. We remark, however, that the approximated option price for a given
Monte-Carlo sample can become (slightly) negative by construction so we add an absorp-
tion feature for both models:

(6.1) Y π
ti

:= max
{
0, Ỹ π

ti

}
, for i ∈ {0, . . . , N − 1},

where
{
Ỹ π
ti

}N
i=0

denotes the approximation obtained through the RWNN scheme.

Remark 6.1. This is a well-studied problem and is especially prevalent in the simulation
of square-root diffusions. We acknowledge that the absorption scheme possibly creates
additional bias (see [49] for the case of the Heston model), however, a theoretical study
in the case of the PDE-RWWN scheme is out of the scope of this paper.

The reservoir used as a random basis of RWNNs here is the classical linear reservoir
from Definition 2.2. For numerical purposes, we introduce a so-called connectivity pa-
rameter, a measure of how interconnected the neurons in a network are: the higher the
connectivity, the more inter-dependence between the neurons (see [17] for effects of con-
nectivity in different reservoir topologies). In practice, however, too high a connectivity
can lead to overfitting and poor generalisation. Recall that our reservoir is given by

ΦK : Rd → RK , x 7→ ΦK(x) := ϱ(Ax+ b),

where only A ∈ RK×d is affected by the connectivity parameter c ∈ (0, 1]. Mathematically,

Aij = Ãij11{Zij<c}, where Zij
iid∼ U[0,1] and Ãij is the original matrix not impacted by the

connectivity parameter. A value c = 1 means that A is dense and fully determined by
sampled weights. We find that the choice c ≈ 0.5 results in superior performance.

In all our experiments, the reservoir weights are sampled uniformly over [−0.5, 0.5] (i.e.
with the choice R = 0.5 in Algorithms 1 and 2). We experimented with sampling over
alternative distributions and/or intervals, yet discovered that the scheme remains robust
to the choice of support, provided it aligns with the magnitude of the expected output. All
experiments below were run on a standard laptop with an AMD Ryzen 9 5900HX processor
without any use of GPU, which would most certainly speed up the algorithms further.
The code for both models is available at ZuricZ/RWNN PDE solver.

6.1. Example: Black-Scholes. The Black-Scholes model [12] is ubiquitous in mathe-
matical finance, allowing for closed-form pricing and hedging of many financial contracts.
Despite its well-known limitations, it remains a reference and is the first model to check
before exploring more sophisticated ones. Since it offers an analytical pricing formula as

https://github.com/ZuricZ/RWNN_PDE_solver
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a benchmark for numerical results, it will serve as a proof of concept for our numerical
scheme. Under the pricing measure Q, the underlying assets S = (S1, . . . , Sd) satisfy

dSj
t = Sj

t

(
rdt+ σjdW

j
t

)
, for t ∈ [0, T ], j ∈ {1, . . . , d},

where {W j
t }t∈[0,T ] are standard Brownian motions such that ⟨W i,W j⟩ = ρi,jdt, with

ρi,j ∈ [−1, 1], r ≥ 0 is the risk-free rate and σj > 0 is the volatility coefficient. The
corresponding d-dimensional option pricing PDE is then given by

∂u(t,S)

∂t
+

d∑
j=1

rSj ∂u(t,S)

∂Sj
+

d∑
j=1

(σiS
j)2

2

∂2u(t,S)

(∂Sj)2
+

d−1∑
j=1

d∑
k=j+1

ρj,kσjσkS
jSk ∂

2u(t,S)

∂Sj∂Sk
= ru(t,S),

for t ∈ [0, T ) with terminal condition u(T,ST ) = g(S1
T , . . . , S

d
T ). To use Algorithm 1, the

process S has to be discretised, for example with an Euler-Maruyama scheme, for each
j = 1, . . . , d and i ∈ {0, 1, . . . , N − 1}: Xπ,j

ti+1
= Xπ,j

ti +
(
r − σ2

j

2

)
δi + σj∆

W j

i ,

Sπ,j
ti+1

= exp
{
Xπ,j

ti+1

}
,

with initial value Xπ,j
0 = log

(
Sπ,j
0

)
. If not stated otherwise, we let K = S0 = 1, r = 0.01,

T = 1, and run the scheme with N = 21 discretisation steps and nMC = 50, 000 Monte-
Carlo samples. The reservoir has K ∈ {10, 100, 1000} hidden nodes, in Sections 6.1.4
and 6.1.2 the connectivity parameter is set to c = 0.5.

6.1.1. Convergence rate. We empirically analyse the error rate in terms of the number of
hidden nodes K obtained in Corollary 5.5. To isolate the dependence on the number of
nodes, we fix the discretisation grid and the number of MC samples. We then consider a
single ATM vanilla Call, fix c = 1, σ = 0.1 and vary

K ∈
{
⌊101+

2(i−1)
9 ⌋ : i ∈ 1, . . . , 10

}
,

over a set of 10 logarithmically spaced points between 10 and 1000. Due to our vectorised
implementation of the algorithm, the reservoir basis tensor cannot fit into the random-
access memory of a standard laptop for K ≥ 10000. The results in Figure 1 are compared
to the theoretical price only computed using the Black-Scholes pricing formula. The
absorption scheme (6.1) is applied.

6.1.2. ATM Call option. As a proof of concept we first test Algorithm 1 with Call op-
tions written on d ∈ N independent assets, i.e. with ρj,k = 0 for j ̸= k and VT =(
gcall(S

j
T )
)
j∈{1,...,d}. This is only done so that the results can be directly compared to

the theoretical price computed using the Black-Scholes pricing formula and is, in effect,
the same as pricing d options on d independent assets, each with their own volatility
parameter σ. All the listed results in this section are for K = 100 hidden nodes. In
Table 1, results and relative errors are shown for d = 5 and σ := (σ1, . . . , σd) uniformly
spaced over [0.05, 0.4]. Next, the effects of the absorption scheme (6.1) are investigated.
Curiously, the absorption performs noticeably worse compared to the basic scheme, where
one does not adjust for negative paths. This leads us to believe that absorption adds a
substantial bias, similar to the Heston case (see Remark 6.1). Therefore, such a scheme
should only be used for purposes, when positivity of the option price paths is strictly
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Figure 1. Empirical convergence of the MSE from Corollary 5.5 under
Black-Scholes in terms of the number of hidden nodes (for a fixed grid
and number of MC samples). Error bars mark 0.1 and 0.9 quantiles of 20
separate runs of the algorithm. The slope coefficient of the dashed line
is obtained through regression of the means of individual runs, while the
solid line represents 1/K convergence and is shown as a reference.

necessary (e.g. when hedging). Finally, in Table 2, total MSE and computational times
are given for different dimensions. The computational times for different dimensions are
then plotted in Figure 2. It is important to note that our results do not allow us to make
definitive claims about the computational times of the PDE-RWNN scheme across differ-
ent dimensions. This was not the goal of our experiments, and further detailed theoretical
study and experiments would be necessary to draw more definitive conclusions regarding
the efficiency of the scheme in various dimensions.

6.1.3. Computational time. A key advantage of RWNNs is their fast training procedure,
which in essence relies on solving a linear regression problem. We now look at (2.3)
to assess its computational complexity. First, computing the sum of outer products,∑n

j=1 YjX
⊤
j , where each Yj ∈ Rd and Xj ∈ Rk, requires forming n matrices of size d× k,

resulting in a total computational cost of O(ndk). Similarly, for the sum
∑n

j=1XjX
⊤
j ,

each outer product produces a matrix of size k×k, yielding a cost of O(nk2). Multiplying
the resulting matrices requires O(dk2) operations, and inversion of the k×k matrix incurs
a cost of O(k3). The overall computational complexity is therefore

O(ndk + nk2 + k3),
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Price
σ True PDE (w/ abs) PDE (w/o abs) MC
0.05 0.02521640 0.02960256 0.02531131 0.02574731
0.1 0.04485236 0.05523114 0.04467687 0.04547565
0.15 0.06459483 0.07719949 0.06477605 0.06520783
0.2 0.08433319 0.10307868 0.08443957 0.08484961
0.25 0.10403539 0.12660871 0.10412393 0.10513928

Rel. Error
σ PDE(w/ abs) PDE (w/o abs) MC
0.05 1.74e-01 -3.76e-03 -2.11e-02
0.1 2.31e-01 3.91e-03 -1.39e-02
0.15 1.95e-01 -2.81e-03 -9.49e-03
0.2 2.22e-01 -1.26e-03 -6.12e-03
0.25 2.17e-01 -8.51e-04 -1.06e-02

Table 1. A single run for d = 5 independent underlyings, where Eu-
ropean Calls are compared to the price obtained through PDE-RWNN
(with and without absorption) and the Monte Carlo methods along each
dimension. Below, the relative errors of both methods are given. The
MC method was run using the same paths as in the PDE-RWNN.

d Total MSE (with abs) CPU Time (seconds)
5 3.482e-8 10.5
10 5.417e-8 16.0
25 4.901e-8 34.5
50 1.653e-7 65.0
100 2.534e-7 135.0

Table 2. Total MSE of the option price calculated across all d assets
and CPU training times for varying dimension d, where σ uniformly
spaced over [0.05, 0.4].

where, for large n, the sum over n outer products is typically the dominant term. The
higher-order terms O(nk2) and O(k3) only become significant when k is no longer negli-
gible in comparison to n and d. The complexity estimate is consistent with the empirical
results presented in Figure 2, which demonstrate a linear relationship between the num-
ber of dimensions d and observed CPU time. In effect, the dominant O(ndk) term shows
the scheme mitigates the curse of dimensionality, allowing high-dimensional problems to
be tackled efficiently within this framework.

6.1.4. Basket option. We consider an equally weighted basket Call option with a payoff

gbasket(ST ) :=

1

d

d∑
j=1

Sj
T − K

+

,

where K > 0 denotes the strike price. For simplicity, we consider d = 5 and an ATM

option with K := 1
d

∑d
j=1 S

j
0 and set all Sj

0 = 1 for j ∈ {1, . . . , 5}. The volatilities σj are
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Figure 2. Computational time vs number of dimensions, as in Table 2.

uniformly spaced between [0.05, 0.25] and the correlation matrix is randomly chosen as

ρ :=


1 0.84 −0.51 −0.70 0.15

0.84 1 −0.66 −0.85 0.41
−0.51 −0.66 1 0.55 −0.82
−0.70 −0.85 0.55 1 −0.51
0.15 0.41 −0.82 −0.51 1

 ,
so that Σ := diag(σ)ρdiag(σ). Since the distribution of a sum of Lognormal is not
known explicitly, no closed-form expression is available for the option price. Hence, the
reference price is computed using Monte-Carlo with 100 time steps and 400, 000 samples.
In Table 3, we compare our scheme with a classical MC estimator in terms of relative
error for K = 100 hidden nodes.

Reference PDE (with abs) PDE (without abs) MC
Price 0.01624 0.01822 0.01613 0.01625
Rel. error - -1.22e-01 -6.71e-03 -6.50e-04
Time (seconds) 12.8 9.7 9.8 0.3

Table 3. Comparison of prices, relative errors and CPU time of the
Monte-Carlo estimator, PDE-RWNN scheme with and without absorp-
tion (using same sampled MC paths and K = 100) and the reference
price computed with 100 time steps and 400,000 samples.

6.2. Example: Rough Bergomi. The rough Bergomi model belongs to the recently
developed class of rough stochastic volatility models, first proposed in [4, 27, 34], where
the instantaneous variance is driven by a fractional Brownian motion (or more generally
a continuous Gaussian process) with Hurst parameter H < 1

2 . As highlighted in many
papers, they are able to capture many features of (Equities, Commodities,...) data,
and clearly seem to outperform most classical models, with fewer parameters. Precise
examples with real data can be found in [4] for SPX options, in [28, 38] for joint SPX-VIX
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options and in [9, 27] for estimation on historical time series, the latter being the state-
of-the-art statistical analysis under the P-measure. We consider here the price dynamics
under Q with constant initial forward variance curve ξ0(t) > 0 for all t ∈ [0, T ]:

dSt

St
= rdt+

√
Vtd

(
ρdW 1

t +
√
1− ρ2W 2

t

)
,

Vt = ξ0(t)E
(
η
√
2H

∫ t

0

(t− u)H− 1
2 dW 1

u

)
,

where η > 0, ρ ∈ (−1, 1) and H ∈ (0, 1). The corresponding BSPDE reads

−du(t, x) =

[
Vt
2
∂2xu(t, x) + ρ

√
Vt∂xψ(t, x)−

Vt
2
∂xu(t, x)− ru(t, x)

]
dt− ψ(t, x)dW 1

t ,

with terminal condition u(T, x) = gcall
(
ex+rT

)
. While the existence of the solution was

only proven in the distributional sense [6], we nevertheless apply our RWNN scheme.
To test Algorithm 2, both the price and the volatility processes are discretised accord-
ing to the Hybrid scheme developed in [10, 51]. We set the rBergomi parameters as
(H, η, ρ, r, T, S0) = (0.3, 1.9,−0.7, 0.01, 1, 1) and choose the forward variance curve to
be flat with ξ0(·) = 0.2352. Again, we are pricing an ATM vanilla Call option with
K = S0 = 1. The number of discretisation steps is again N = 21, the number of
Monte-Carlo samples nMC = 50, 000 and the reservoir has K ∈ {10, 100, 1000} nodes
with connectivity c = 0.5 in Section 6.2.2.

6.2.1. Convergence rate. As in Section 6.1.1, we conduct an empirical analysis of the
convergence error from Corollary 5.5 for the same ATM Call. To isolate the dependence
on the number of nodes we fix c = 1, nMC = 50, 000 and vary

K ∈
{
⌊101+

2(i−1)
9 ⌋ : i ∈ 1, . . . , 10

}
,

logarithmically spaced points between 10 and 1000. The reference price is computed by
Monte-Carlo with 100 time steps and 800, 000 samples. The absorption scheme has been
applied and the results are displayed in Figure 3. In this section, the same random seed
was used as in Section 6.1.1, to ensure consistent results across different simulations.

6.2.2. ATM Call option. We now evaluate the performance of our PDE-RWNN method
for option pricing in the rough Bergomi model using the market parameters listed above
and compare the results to those obtained with the MC method over the same sample
paths. We also investigate the effect of the absorption scheme (Table 4) and find that,
interestingly, despite keeping the paths positive, the absorption scheme adds noticeable
bias. Nevertheless, the relative error of the proposed scheme with absorption is compa-
rable to the results using regular artificial networks found in the literature [6, Table 1],
yet, our scheme learns much faster with orders of magnitudes faster training times.
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Figure 3. Empirical convergence of MSE under rBergomi in terms of
the number of hidden nodes. Error bars mark 0.1 and 0.9 quantiles of 20
separate runs of the algorithm. The slope coefficient of the dashed line
is obtained through regression of the means of individual runs, while the
solid line represents 1/K convergence and is shown as a reference.

Reference PDE (with abs) PDE (without abs) MC
Price 0.07993 0.081924 0.07973 0.080310
Rel. error - 24.9e-03 2.54e-03 -4.73e-03
Time (seconds) 10.1 7.4 7.5 0.4

Table 4. Prices, relative errors and CPU time of the Monte-Carlo esti-
mator, PDE-RWNN scheme with absorption, PDE-RWNN scheme with-
out absorption, both with K = 100 and same sampled MC paths. Ref-
erence price computed with 100 time steps and 800,000 samples.
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Appendix A. Error bounds for RWNN

Proposition A.1 (Proposition 3 in [32]). Suppose ψ∗ : Rq → R can be represented as

ψ∗(z) =

∫
Rq

eiθ
⊤zg(θ)dθ,

for some complex-valued function g on Rq and all z ∈ Rq with ∥z∥ ≤ Q. Assume that∫
Rq

max
(
1, ∥θ∥2q+6

)
|g(θ)|2dθ <∞.

For R > 0, suppose the rows of the K ×K-valued random matrix A are iid Uniform on
BR ⊂ Rq, that the entries of b ∈ RK are iid Uniform on [−max(QR, 1),max(QR, 1)],
that A and b are independent and let ς(x) := max(x, 0) on R. Let the pair (A, b) charac-
terises a random basis (reservoir) Φ and its corresponding network Ψ ∈ ℵς

K in the sense
of Definition 2.2. Then, there exists an RK-valued random variable Θ and C∗ > 0 (given
explicitly in [32, Equation (33)]) such that

EΦ
[
∥Ψ(Z; Θ)− ψ∗(Z)∥2

]
≤ C∗

K
,

and for any δ ∈ (0, 1), with probability 1− δ the random neural network Ψ(·; Θ) satisfies(∫
Rq

∥Ψ(z; Θ)− ψ∗(z)∥2 µZ(dz)

)1/2

≤
√
C∗

δ
√
K
.

Lemma A.2. For any ti ∈ π, there exists g as in Proposition A.1 such that solutions
f ∈ {u(ti, ·), ψ(ti, ·)} to the BSPDE (4.3) can be represented as

f(z) =

∫
Rq

eiθ
⊤zg(θ)dθ, for all z ∈ Rq.

Proof. A sufficient condition for this is that f ∈ L1 (Rq) has an integrable Fourier trans-
form and belongs to the Sobolev space W2,2 (Rq) [24, Theorem 6.1]. In our case, for q = 1
and with f ∈ W3,2(R1) as enforced by Assumption 5.1 (i), [25, Theorem 9.17] implies that

∥(̂Dαf)∥(1) ≤ C∥f∥(3) for all multi-indices |α| ≤ 2 and ∥f∥(s) = [
∫
|̂f(ξ)|2

(
1 + |ξ|2

)s
dξ]1/2

for s ∈ R denotes the Sobolev norm. Thus f̂ ∈ L1(R1) by [25, Corollary 2.52]. □

Appendix B. Proof of Theorem 5.4

We prove the theorem in three steps. First, we derive an estimate for the L2-distance of V̂ti

to the discretised Yti . Next, we use this to estimate the Y -component and finally for the Z-
components. In the first part, for convenience, we do not explicitly denote the conditionality of
expectation on the realisation of random bases of the corresponding RWNNs, but remark that
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the expectation should be understood as such whenever this is the case. For convenience, we
introduce the error notations:

E [A,B] := E
[
|A−B|2

]
,

Di [A,B] := Ei [|A−B|] ,

Ii [A(·), B(ti)] := E
[∫ ti+1

ti

|A(t)−B(ti)|2 dt
]
,

where the error rates D and I are implicitly related to the partition π through the index i ∈
{0, . . . , N − 1}. We further denote ft := f

(
t,Xt, Yt, Z

1
t , Z

2
t

)
and note that the constant C > 0

might change from line to line.
Part I. We start by showing for each i ∈ {0, . . . , N − 1},
(B.1)

E
[
Yti , V̂ti

]
≤ (1 + C|π|)E

[
Yti+1 , Ûi+1

]
+ C|π|E

[∫ ti+1

ti

f2
t dt

]
+ C

2∑
k=1

Ii

[
Zk, Z

k
ti

]
+ C|π|ω(|π|),

where ω is the modulus function from Assumption 5.1. By writing the SPDE as the corresponding
BSPDE as in (4.4) and using (5.5), we obtain

Yti − V̂ti = Ei

[
Yti+1 − Ûi+1

]
+ Ei

[∫ ti+1

ti

f
(
t, eXt , Yt, Z

1
t , Z

2
t

)
− f

(
ti, e

Xπ
ti , V̂ti , Ẑ

1
ti , Ẑ

2
ti

)
dt

]
.

Then, Young’s inequality (5.9) with χ = γδi gives

E
[
Yti , V̂ti

]
≤ E

{
(1 + γδi)Di

[
Yti+1 , Ûi+1

]2
+

(
1 +

1

γδi

)
Ei

[∫ ti+1

ti

{
ft − f

(
ti, e

Xπ
ti , V̂ti , Ẑ

1
ti , Ẑ

2
ti

)}
dt

]2}
,

and Cauchy-Schwarz, Assumption 5.1 and (5.1) imply

E
[
Yti , V̂ti

]
≤ (1 + γδi)E

[
Di

[
Yti+1 , Ûi+1

]2]
+ 5

(
1 +

1

γδi

)
L2

fδi

{
C|π|ω(|π|) + Ii

[
Yt, V̂ti

]
+

2∑
k=1

Ii

[
Zk, Ẑ k

ti

]}
.

The standard inequality (a+ b)2 ≤ 2(|a|2 + |b|2) and the L2-regularity of Y in (5.3) yield

Ii

[
Yt, V̂ti

]
= E

[∫ ti+1

ti

|Yt − V̂ti |
2dt

]
= E

[∫ ti+1

ti

|Yt − Yti + Yti − V̂ti |
2dt

]
≤ 2E

[∫ ti+1

ti

{
|Yt − Yti |

2 +
∣∣∣Yti − V̂ti

∣∣∣2}dt

]
≤ 2|π|2 + 2δiE

[
|Yti − V̂ti |

2
]
= 2|π|2 + 2δiE

[
Yti , V̂ti

]
,

so that after rearranging the constant term
(
1 + 1

γδi

)
L2

fδi = (1 + γδi)
L2

f

γ
, we obtain

(B.2)

E
[
Yti , V̂ti

]
≤ (1 + γδi)E

[
Di

[
Yti+1 , Ûi+1

]2]
+ 5 (1 + γδi)

L2
f

γ

{
C|π|ω(|π|) + 2δiE

[
Yti , V̂ti

]
+

2∑
k=1

Ii

[
Zk, Ẑ k

ti

]}
.
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Since Z
k
are defined as L2-projections of Z (see (5.4)), the last term reads

E
[
Yti , V̂ti

]
≤ (1 + γδi)E

[
Di

[
Yti+1 , Ûi+1

]2]
+ 5 (1 + γδi)

L2
f

γ

{
C|π|ω(|π|) + 2δiE

[
Yti , V̂ti

]
+

2∑
k=1

(
Ii

[
Zk, Z

k
ti

]
+ δiE

[
Z

k
ti , Ẑ

k
ti

])}
.

(B.3)

The rightmost term can be further expanded: integrating the BSDE (4.4) over [ti, ti+1], multi-

plying it by ∆Wk

i for k ∈ {1, 2} separately and using the definitions in (5.5) give

δi
[
Z

k
ti − Ẑ k

ti

]
= Ei

[
∆Wk

i

{
Yti+1 − Ûi+1 − Ei

[
Yti+1 − Ûi+1

]}]
+ Ei

[
∆Wk

i

∫ ti+1

ti

ftdt

]
.

Next, taking the expectation of the square and using the Hölder inequality yield

δ2i
2
Ei

[∣∣∣Zk
ti − Ẑ k

ti

∣∣∣2]
≤
∣∣∣Ei

[
∆Wk

i

{
Yti+1 − Ûi+1 − Ei

[
Yti+1 − Ûi+1

]}]∣∣∣2 + ∣∣∣∣Ei

[
∆Wk

i

∫ ti+1

ti

ftdt

]∣∣∣∣2
≤ Ei

[∣∣∣∆Wk

i

∣∣∣2]Ei

[∣∣∣Yti+1 − Ûi+1 − Ei

[
Yti+1 − Ûi+1

]∣∣∣2]+ Ei

[∣∣∣∆Wk

i

∣∣∣2]Ei

[∣∣∣∣∫ ti+1

ti

ftdt

∣∣∣∣2
]

= δi

{
Ei

[∣∣∣Yti+1 − Ûi+1

∣∣∣2]− 2Ei

[(
Yti+1 − Ûi+1

)
Ei

[
Yti+1 − Ûi+1

]]
+
∣∣∣Ei

[
Yti+1 − Ûi+1

]∣∣∣2 + Ei

[∣∣∣∣∫ ti+1

ti

ftdt

∣∣∣∣2
]}

≤ δi

{
Ei

[∣∣∣Yti+1 − Ûi+1

∣∣∣2]− ∣∣∣Ei

[
Yti+1 − Ûi+1

]∣∣∣2 + Ei

[∫ ti+1

ti

dt

∫ ti+1

ti

|ft|2 dt
]}

.

Finally, by the law of iterated conditional expectations

(B.4)
δi
2
E
[∣∣∣Zk

ti − Ẑ k
ti

∣∣∣2] ≤ E
[
Yti+1 , Ûi+1

]
− E

[
Di

[
Yti+1 , Ûi+1

]2]
+ δiE

[∫ ti+1

ti

f2
t dt

]
,

which can then be used in (B.3) to obtain

E
[
Yti , V̂ti

]
≤ (1 + γδi)E

[
Di

[
Yti+1 , Ûi+1

]2]
+ 5 (1 + γδi)

L2
f

γ

{
C|π|ω(|π|) + 2δiE

[
Yti , V̂ti

]
+

2∑
k=1

Ii

[
Zk, Z

k
ti

]
+ 4

(
E
[
Yti+1 , Ûi+1

]
− E

[
Di

[
Yti+1 , Ûi+1

]2])
+ 4δiE

[∫ ti+1

ti

f2
t dt

]}

≤ [1 + 20L2
fδi]E

[
Yti+1 , Ûi+1

]
+ C

{
|π|ω(|π|) + δiE

[
Yti , V̂ti

]
+

2∑
k=1

Ii

[
Zk, Z

k
ti

]
+ δiE

[∫ ti+1

ti

f2
t dt

]}
,

with γ = 20L2
f in the second inequality, concluding Part I by letting |π| sufficiently small.

Part II. We now prove an estimate for the Y -component and show that

max
i∈{0,...,N−1}

E
[
Yti , Ûi

]
≤ C

{
ω(|π|) + E

[
|g(XT )− g(Xπ

T )|2
]
+

2∑
k=1

εZ
k

(π) +
C∗

K
N +M |π|2

}
.(B.5)

With Young’s inequality of the form (a+ b)2 ≥ (1− |π|)a2 − 1
|π| b

2, we have

(B.6) E
[
Yti , V̂ti

]
= E

[∣∣∣Yti − Ûi + Ûi − V̂ti

∣∣∣2] ≥ (1− |π|)E
[
Yti , Ûi

]
− 1

|π|E
[
V̂ti , Ûti

]
.
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Since 1
|π| ≤

N
T

= CN , taking small enough |π|,

(B.7) E
[
Yti , Ûi

]
≤

E
[
Yti , V̂ti

]
+ CNE

[
V̂ti , Ûti

]
(1− |π|) ≤ C

{
E
[
Yti , V̂ti

]
+ CNE

[
V̂ti , Ûti

]}
and combining (B.1) from Part I with (B.7),

E
[
Yti , Ûi

]
≤ [1 + C|π|]E

[
Yti+1 , Ûi+1

]
+ C

{
|π|E

[∫ ti+1

ti

f2
t dt

]
+

2∑
k=1

Ii

[
Zk, Z

k
ti

]
+ |π|ω(|π|) +NE

[
V̂ti , Ûti

]}
.

After noting that YtN = g(XT ) and ÛN = g(Xπ
T ), recalling the definition of εZ

k

(π) from (5.4)
and the L2-integrability of f in (5.2), straightforward induction implies

max
i∈{0,...,N−1}

E
[
Yti , Ûi

]
≤ C

{
ω(|π|) + |π|+ E

[
|g(Xt)− g(Xπ

T )|2
]
+

2∑
k=1

εZk (π) +N

N−1∑
i=0

E
[
V̂ti , Ûti

]}
.

Finally, this in conjunction with Lemma 5.9, safely ignoring the Z-component on the left-hand
side, since it is positive, gives the desired result (B.5).
Part III. Finally, we prove the following bound on the Z components:

E

[
N−1∑
i=0

∫ ti+1

ti

2∑
k=1

∣∣∣Zk
t − Ẑk

i

(
Xπ

ti

)∣∣∣2 dt] ≤ C

{
ω(|π|)+E

[
|g(XT )− g(Xπ

T )|2
]
+

2∑
k=1

εZ
k

(π)+
C∗

K
N+M |π|2

}
.

Since Z
k
are L2-projections of Z,

Ii

[
Zk, Ẑ k

ti

]
= E

[∫ ti+1

ti

∣∣∣Zk
t − Z

k
ti + Z

k
ti − Ẑ k

ti

∣∣∣2 dt]
= E

[∫ ti+1

ti

{∣∣∣Zk
t − Z

k
ti

∣∣∣2 + ∣∣∣Zk
ti − Ẑ k

ti

∣∣∣2 + 2
∣∣∣Zk

ti − Ẑ k
ti

∣∣∣ ∣∣∣Zk
t − Z

k
ti

∣∣∣}dt

]
= Ii

[
Zk, Z

k
ti

]
+ δiE

[
Z

k
ti , Ẑ

k
ti

]
+ 2E

[∣∣∣Zk
ti − Ẑ k

ti

∣∣∣ ∫ ti+1

ti

∣∣∣∣Zk
t − 1

δi
Ei

[∫ ti+1

ti

Zk
s ds

]∣∣∣∣dt] ,
and the mixed term is cancelled by the tower property. Using (B.4) below yields

Ii

[
Zk, Ẑ k

ti

]
= Ii

[
Zk, Z

k
ti

]
+ δiE

[
Z

k
ti , Ẑ

k
ti

]
≤ Ii

[
Zk, Z

k
ti

]
+ 2

{
E
[
Yti+1 , Ûi+1

]
− E

[
Di

[
Yti+1 , Ûi+1

]]}
+ 2|π|E

[∫ ti+1

ti

f2
t dt

]
,

for k ∈ {1, 2}. Summing over i ∈ {0, . . . , N − 1} together with (5.2) implies

Ii

[
Zk, Ẑ k

ti

]
≤ εZ

k

(π) + 2E
[
|g(XT )− g(Xπ

T )|2
]

(B.8)

+ 2

N−1∑
i=0

{
E
[
Yti , Ûi

]
− E

[
Di

[
Yti+1 , Ûi+1

]2]}
+ C|π|.

The summation index was changed in the first term in the curly braces to apply the termi-

nal conditions YtN := g(XT ) and ÛN (Xπ
tN ) := g(Xπ

T ). Rearranging (B.6) into E
[
Yti , Ûi

]
≤
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1
|π|(1−|π|)E

[
V̂ti , Ûti

]
+ 1

1−|π|E
[
Yti , V̂ti

]
and combining it with (B.2) give

2

{
E
[
Yti , Ûi

]
− E

[
Di

[
Yti+1 , Ûi+1

]2]}
≤

3E
[
V̂ti , Ûti

]
|π|(1− |π|) +

2

1− |π|

{
(1 + γ|π|)E

[
Di

[
Yti+1 , Ûi+1

]2]

+
5 (1 + γ|π|)L2

f

γ

[
C|π|ω(|π|) + 2|π|E

[
Yti , V̂ti

]
+

2∑
k=1

Ii

[
Zk, Ẑ k

ti

]]}
.

Plugging this back into (B.8) gives

Ii

[
Zk, Ẑ k

ti

]
≤ εZ

k

(π) + 2E
[
|g(XT )− g(Xπ

T )|2
]

+

N−1∑
i=0

3

|π|(1− |π|)E
[
V̂ti , Ûti

]
+

N−1∑
i=0

{
2
1 + γ|π|
1− |π| E

[
Di

[
Yti+1 , Ûi+1

]]
+

(1 + γ|π|)
1− |π|

10L2
f

γ

(
Cω(|π|)|π|+ 2|π|E

[
Yti , V̂ti

]
+

2∑
k=1

Ii

[
Zk, Ẑ k

ti

])}
+ C|π|.

Furthermore, choose γ = 50L2
f so that (1+γ|π|)

1−|π|
10L2

f

γ
≤ 1

4
for small |π|,

1

2

2∑
k=1

Ii

[
Zk, Ẑ k

ti

]
≤

2∑
k=1

εZ
k

(π) + C

{
max

i∈{0,...,N}
E
[
Yti , Ûi

]
+ ω(|π|) + |π|+ E

[
|g (XT )− g (Xπ

T )|2
]

+ |π|
N−1∑
i=0

E
[
Yti , V̂ti

]
+N

N−1∑
i=0

E
[
V̂ti , Ûti

]}
,

in conjunction with Part I (B.1),

1

2

2∑
k=1

Ii

[
Zk, Ẑ k

ti

]
≤

2∑
k=1

εZ
k

(π) + C

{
max

i∈{0,...,N}
E
[
Yti , Ûi

]
+ ω(|π|) + |π|+ E

[
|g (XT )− g (Xπ

T )|2
]

+ |π|
N−1∑
i=0

{
C|π|ω(|π|) + C

2∑
k=1

Ii

[
Zk, Z

k
ti

]
+ (1 + C|π|)E

[
Yti+1 , Ûi+1

]
+ |π|E

[∫ ti+1

ti

f2
t dt

]}

+N

N−1∑
i=0

E
[
V̂ti , Ûti

]}
,

and L2-integrability f in (5.2), Lemma 5.9, Part II (B.5) gives

1

2

2∑
k=1

Ii

[
Zk, Ẑ k

ti

]
≤ C

{
2∑

k=1

εZ
k

(π) + ω(|π|) + |π|+ E
[
|g (XT )− g (Xπ

T )|2
]
+

C∗

K
N +M |π|2

}
.

Ultimately, since Z is an L2-projection, we have the relation, for k ∈ {1, 2},

E
[∫ ti+1

ti

∣∣∣Zk
t − Ẑk

i

(
Xπ

ti

)∣∣∣2 dt] ≤ 2Ii

[
Zk, Ẑ k

ti

]
+ 2δiE

[∫ ti+1

ti

∣∣∣Ẑ k
ti − Ẑk

i

(
Xπ

ti

)∣∣∣2 dt] .
Then Lemma 5.9 applied over Q and summing over i ∈ {0, . . . , N − 1} yield Part III.
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Appendix C. Technical Lemmata

Lemma C.1. Under Assumptions 4.1 and 5.1(ii), the solution to the SDE in (4.1) start-
ing at x0 > 0 satisfies the following growth inequality:

E
[

sup
0≤t≤T

∣∣∣X0,x0

t

∣∣∣2] ≤ C
(
1 + |x0|2

)
, for some C > 0.

Proof. For simplicity, we write X = X0,x0 in the proof. For any t ≥ 0, we can decom-
pose Xt in three parts:

Xt = x0 +

∫ t

0

(
r − Vs

2

)
ds︸ ︷︷ ︸

Dt

+

∫ t

0

√
Vs
(
ρ1dW

1
s + ρ2dW

2
s

)
︸ ︷︷ ︸

Mt

.

We can bound the martingale term M using the BDG inequality and Assumption 5.1(ii)
so that there exists CM > 0 for which

E
[

sup
0≤t≤T

|Mt|2
]
≤ CME

[∫ T

0

Vsds

]
≤ CMω(T ).

For the drift term D, we now have

sup
0≤t≤T

|Dt| ≤ rT +
1

2

∫ T

0

Vsds.

Since V ≥ 0 almost surely by Assumption 4.1, we can square both sides, interchange the
square and supremum, use (a+ b)2 ≤ 2(a2 + b2) and Assumption 5.1(ii) so that

E

[{
sup

0≤t≤T
|Dt|

}2
]
= E

[
sup

0≤t≤T
|Dt|2

]
≤ E

2r2T 2 +
1

2

(∫ T

0

Vsds

)2
 ≤ 2r2T 2+

1

2
ω(T ).

Combining all terms and using (a+ b+ c)2 ≤ 3(a2 + b2 + c2) we have

E
[

sup
0≤t≤T

|Xt|2
]
= E

[
sup

0≤t≤T
|x0 +Dt +Mt|2

]
≤ 3

{
|x0|2 + E

[
sup

0≤t≤T
|Dt|2

]
+ E

[
sup

0≤t≤T
|Mt|2

]}
≤ 3|x0|2 + 6r2T 2 +

3

2
ω(T ) + 3CMω(T ),

and the lemma follows. □

Lemma C.2. Under Assumptions 5.1(ii) and 5.3, the solution to (4.1) starting at x0 > 0
satisfies

max
i∈{0,...,N−1}

E

[∣∣∣Xti+1 −Xπ
ti+1

∣∣∣2 + sup
t∈[ti,ti+1]

∣∣Xt −Xπ
ti

∣∣2] ≤ Cω(|π|),

where |π| is the mesh size of the partition π = {t0, t1, . . . , tN}.
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Proof. Error at grid points:
∣∣∣Xti+1

−Xπ
ti+1

∣∣∣2. The difference between the true solution

and its Euler-Maruyama approximation at grid points reads

Xti+1
−Xπ

ti+1
=

∫ ti+1

ti

(
r − Vs

2

)
ds−

(
r −

V π
ti

2

)
(ti+1 − ti)

+

∫ ti+1

ti

√
VsdWs −

√
V π
ti

(
Wti+1

−Wti

)
,

where W = ρ1W
1 + ρ2W

2. Since E[|V π
ti |] is finite for all ti ∈ π by Assumption 5.3,

using Assumption 5.1 ii) it is easy to see that the drift term contributes an error of order
O(ω(|π|)). For the diffusion term:

E

[∣∣∣∣∫ ti+1

ti

√
VsdWs −

√
Vti
(
Wti+1 −Wti

)∣∣∣∣2
]
= E

[∣∣∣∣∫ ti+1

ti

(√
Vs −

√
Vti

)
dWs

∣∣∣∣2
]

= E
[∫ ti+1

ti

∣∣∣√Vs −√Vti∣∣∣2 ds]
by Itô isometry. Since

∣∣√Vs −√Vti∣∣2 ≤ |Vs − Vti |, then, by Assumption 5.1(ii) the
diffusion term is bounded by O(ω(π)).

Supremum error over subintervals: supt∈[ti,ti+1]

∣∣Xt −Xπ
ti

∣∣2. For any subinterval,
Et := Xt − Xπ

ti is the local error due to discretisation. Using standard SDE arguments
and properties of the Euler-Maruyama scheme (see for example [42]), this again yields an
upper bound of order O(ω(|π|)). Since expectation is linear, the result follows. □
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