BLACK-SCHOLES IN A CEV RANDOM ENVIRONMENT: A NEW APPROACH TO
SMILE MODELLING

ANTOINE JACQUIER AND PATRICK ROOME

ABSTRACT. Classical (It6 diffusions) stochastic volatility models are not able to capture the steepness of small-
maturity implied volatility smiles. Jumps, in particular exponential Lévy and affine models, which exhibit
small-maturity exploding smiles, have historically been proposed to remedy this (see [60] for an overview). A
recent breakthrough was made by Gatheral, Jaisson and Rosenbaum [B0], who proposed to replace the Brownian
driver of the instantaneous volatility by a short-memory fractional Brownian motion, which is able to capture
the short-maturity steepness while preserving path continuity. We suggest here a different route, randomising
the Black-Scholes variance by a CEV-generated distribution, which allows us to modulate the rate of explosion
(through the CEV exponent) of the implied volatility for small maturities. The range of rates includes behaviours

similar to exponential Lévy models and fractional stochastic volatility models.

1. INTRODUCTION

We propose a simple model with continuous paths for stock prices that allows for small-maturity explosion
of the implied volatility smile. It is indeed a well-documented fact on Equity markets (see for instance [29,
Chapter 5]) that standard (It6) stochastic models with continuous paths are not able to capture the observed
steepness of the left wing of the smile when the maturity becomes small. To remedy this, several authors have
suggested the addition of jumps, either in the form of an independent Lévy process or within the more general
framework of affine diffusions. Jumps (in the stock price dynamics) imply an explosive behaviour for the small-
maturity smile and are better able to capture the observed steepness of the small-maturity implied volatility
smile. In particular, Tankov [60] showed that, for exponential Lévy models with Lévy measure supported on
the whole real line, the squared implied volatility smile explodes as 02(k) ~ —k?/(27log T), as the maturity 7
tends to zero, where k represents the log-moneyness.

Gatheral, Jaisson and Rosenbaum [B0] have recently been revisiting stochastic volatility models, where the
instantaneous variance process is driven by a fractional Brownian motion. They suggest that the Hurst exponent
should not be used as an indicator of the historical memory of the volatility, but rather as an additional
parameter to be calibrated to the volatility surface. Their study reveals that H € (0,1/2) (in fact H ~ 0.1
in their calibration results), indicating short memory of the volatility, thereby contradicting decades of time
series analyses. By considering a specific fractional uncorrelated volatility model, directly inspired by the
fractional version of the Heston model [I5, B4], Guennoun, Jacquier and Roome [87] provide a theoretical

justification of this result. They show in particular that, when H € (0,1/2), the implied volatility explodes as

2

2(k) ~ yor =12 JT(H + 3/2) as 7 tends to zero (where yq is the initial instantaneous variance).

g
Date: July 8, 2016.
2010 Mathematics Subject Classification. 60F10, 91G99, 41A60.
Key words and phrases. volatility asymptotics, random environment, forward smile, large deviations.
AJ acknowledges financial support from the EPSRC First Grant EP/M008436/1.
1



2 ANTOINE JACQUIER AND PATRICK ROOME

In this paper we propose an alternative framework: we suppose that the stock price follows a standard Black-
Scholes model; however the instantaneous variance, instead of being constant, is sampled from a continuous
distribution. We first derive some general properties, interesting from a financial modelling point of view, and
devote a particular attention to a particular case of it, where the variance is generated from independent CEV
dynamics. Assume that interest rates and dividends are null, and let .S denote the stock price process starting at
Sy = 1, the solution to the stochastic differential equation dS; = S;v/VdW,, for 7 > 0, where W is a standard
Brownian motion. Here, V is a random variable, which we assume to be distributed as V ~ Y, for some ¢ > 0,
where Y is the unique strong solution of the CEV dynamics dY,, = £Y,?dB,, Yo > 0 where p € R, £ > 0 and
B is an independent Brownian motion (see Section ETI for precise statements). The main result of this paper
(Theorem P33) is that the implied volatility generated from this model exhibits the following behaviour as the

maturity 7 tends to zero:

2(1 —p) (K221 —p)t\ /O
3_2p o7 » ifp<t,
2¢2
(1.1) o2(k) ~ K ifp=1
T(log7)22’ ’
k
ifp>1,

2(2p — 1)7|log 7|’

for all k # 0. Sampling the initial variance from the CEV process at time ¢ induces different term structures
for small-maturity spot smiles, thereby providing flexibility to match steep small-maturity smiles. For p > 1,
the explosion rate is the same as exponential Lévy models, and the case p < 1/2 mimics the explosion rate
of fractional stochastic volatility models. The CEV exponent p therefore allows the user to modulate the
short-maturity steepness of the smile.

We are not claiming here that this model should come as a replacement of fractional stochastic volatility
models or exponential Lévy models, notably because its dynamic structure looks too simple at first sight.
However, we believe it can act as an efficient building block for more involved models, in particular for stochastic
volatility models with initial random distribution for the instantaneous variance. While we leave these extensions
for future research, we shall highlight how our model comes naturally into play when pricing forward-start
options in stochastic volatility models. In [&1] the authors proved that the small-maturity forward implied
volatility smile explodes in the Heston model when the remaining maturity (after the forward-start date)
becomes small. This explosion rate corresponds precisely to the case p = 1/2 in (). This in particular
shows that the key quantity determining the explosion rate is the (right tail of the) variance distribution at the
forward-start date (here corresponding to t).

The paper is structured as follows: in Sections Pl and 22 we introduce our model and relate it to other
existing approaches. In Section P23 we use the moment generating function to derive extreme strike asymptotics
(for some special cases) and show why this approach is not readily applicable for small and large-maturity
asymptotics. Sections Z4 and E3 detail the main results, namely the small and large-maturity asymptotics of
option prices and the corresponding implied volatility. Section P8 provides numerical examples, and Section 274
describes the relationship between our model and the pricing of forward-start options in stochastic volatility
models. Finally, the proofs of the main results are gathered in Section B.

Notations: Throughout the paper, the ~ symbol means asymptotic equivalence, namely, the ratio of the
left-hand side to the right-hand side tends to one.
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2. MODEL AND MAIN RESULTS

2.1. Model description. We consider a filtered probability space (€, F, (Fs)s>0,P) supporting a standard

Brownian motion, and let (Z5)s>0 denote the solution to the following stochastic differential equation:
1
(2.1) dZ, = =5 Vds + VVaw,,  Z, =0,

where V is some random variable, independent of the Brownian motion W. The process (Zs)s>0, in finance,
corresponds to the logarithm of the underlying stock price, and the coefficient —1/2 ensures that (eZ)4>¢ is a
true (Fs)s>o-martingale. This is of course a simple example of a stochastic differential equation with random
coefficients, existence and uniqueness of which were studied by Kohatsu-Higa, Leén and Nualart [43] and Alos,
Le6n and Nualart [2]. In the case where V is a discrete random variable, this model reduces to the mixture of
distributions, analysed, in the Gaussian case by Brigo and Mercurio [0, IT]. In a stochastic volatility model
where the instantaneous variance process (V;)¢>o is uncorrelated with the asset price process, the mixing result
by Romano and Touzi [66] implies that the price of a European option with maturity 7 is the same as the
one evaluated from the SDE (2) with V = 771 fOT Vids. As 7 tends to zero, the distribution of V approaches
a Dirac Delta centred at the initial variance V. Asymptotics of the implied volatility are well known and
weaknesses of classical stochastic volatility models are well documented [29]. Although such models fit into
the framework of (EI), we will not consider them further in this paper. Define pathwise the process M by
M = —%s + Ws and let (75)s>0 be given by T, := sV. Then T is an independent increasing time-change
process and Z = M. In this way our model can be thought of as a random time change. Let now N be a Lévy
process such that (eM+)>g is a (Fs)s>o-adapted martingale; define V := 771 fOT V,ds where V is a positive and
independent process, then (eV Ts )s>0 is a classical time-changed exponential Lévy process, and pricing vanilla
options is standard [I6, Section 15.5]. However, as the maturity 7 tends to zero, V converges in distribution to
a Dirac Delta, in which case asymptotics are well known [60].

The model (ET) is also related to the Uncertain Volatility Model of Avellaneda and Parés [B] (see also [9, B8,
A%]), in which the Black-Scholes volatility is allowed to evolve randomly within two bounds. In this framework,
sub-and super-hedging strategies (corresponding to best and worst case scenarios) are usually derived via the
Black-Scholes-Barenblatt equation, and Fouque and Ren [27] recently provided approximation results when the
two bounds become close to each other. One can also, at least formally, look at (E10) from the perspective of
fractional stochastic volatility models, first proposed by Comte et al. in [[4], and later developed and revived
in |05, 28, B0, B2]. In these models, standard stochastic volatility models are generalised by replacing the
Brownian motion driving the instantaneous volatility by a fractional Brownian motion. This preserves the
martingale property of the stock price process, and allows, in the case of short memory (Hurst parameter H
between 0 and 1/2) for short-maturity steep skew of the implied volatility smile. However, the Mandelbrot-van

Ness representation [49] of the fractional Brownian motion reads

Wi / G /_Ooo ((t - <1s>v> AW,

for all t > 0, where v := 1/2— H. This representation in particular indicates that, at time zero, the instantaneous

variance, being driven by a fractional Brownian motion, incorporates some randomness (through the second
integral). Finally, we agree that, at first sight, randomising the variance may sound unconventional. As
mentioned in the introduction, we see this model as a building block for more involved models, in particular

stochastic volatility with random initial variance, the full study of which is the purpose of ongoing research.
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After all, market data only provides us with an initial value of the stock price, and the initial level of the
variance is unknown, usually left as a parameter to calibrate. In this sense, it becomes fairly natural to leave
the latter random.

The framework constituted by the stochastic differential equation (E) is a simple case of a diffusion in random
environment. We refer the interested reader to the seminal paper by Papanicolaou and Varadhan [b4], the
monographs by Komorowski et al. [d4], by Sznitman [69], and the lectures notes by Bolthausen and Sznitman [§]
and by Zeitouni [63]. The classical set-up (say in RY) is that of a given probability space (ﬁ, A, Q) describing
the random environment and a group of transformations (7,)ycpd, jointly measurable in z € R? and w € Q
(the transformation essentially indicates a translation of the environment in the z-direction). Consider now two

functions b, a : 2 — R? and define
b(x,w) := b1z (w)) and a(z,w) == a(r,(w)), forall z € RY w e Q.

For each € R? and w € (NZ, we let Q, ., denote the unique solution to the martingale problem starting at z
and associated to the differential operator £% := ia(-,w)A 4 b(-,w)V. The probability law Q,, is called
the quenched law, and one can define the solution to the corresponding stochastic differential equation Qy -
almost surely. The annealed law is the semi-product Q, := Q x Q ., and corresponds to averaging over
the random environment. Most of the results in the literature, using the method of the environment viewed
from the particle, however, impose Lipschitz continuity on the drift b(-) and the diffusion coefficient a(-), and
uniform ellipticity of a(-). These conditions clearly do not hold for (E1), where b(-,w) = —3w and a(-,w) = w,
since w takes values in [0,00) (here the group transform 7, can be taken as the identity). We shall leave
more precise details and applications of random environment to future research. As far as we are aware, this
framework has not been applied yet in the option pricing literature, the closest being the recent publication
by Spiliopoulos [68], who proves quenched (almost sure with respect to the environment) large deviations for
a multi-scale diffusion (in a certain regime), assuming stationarity and ergodicity of the random environment.
Interestingly, diffusions (specifically Ornstein-Uhlenbeck processes) in random environments have been justified
by Féllmer and Schweizer [23] and by Horst [35] (see also [563]) as the continuous-time limit of discrete-time
dynamics for the asset price defined as the outcome of equilibria determined by the interaction of informed and

noise traders.

2.1.1. Moment generating function. In [24, 25, B7], the authors used the theory of large deviations, and in
particular the Géartner-Ellis theorem, to prove small-and large-maturity behaviours of the implied volatility in
the Heston model and more generally (in [37]) for affine stochastic volatility models. This approach relies solely
on the knowledge of the cumulant generating function of the underlying stock price, and its rescaled limiting
behaviour. For any 7 > 0, let AZ(u,7) := log[E(e“?r) denote the cumulant generating function of Z,, defined
on the effective domain DZ := {u € R : |[AZ(u, )| < oo}; similarly denote AY (u) = logE(e*"), whenever it is

well defined. A direct application of the tower property for expectations yields
-1
(2.2) AZ(u,7) = AV <“(“2)T> . forallueDZ

Unfortunately, the cumulant generating function of V is not available in closed-form in general. In Section P=3
below, we shall see some examples where such a closed-form solution is available, and where direct computations
are therefore possible. We note in passing that this simple representation allows, at least in principle, for

straightforward (numerical) computations of the slopes of the wings of the implied volatility using Roger Lee’s
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Moment Formula [d35] (see also Section EZ32). The latter are indeed given directly by the boundaries (in R) of
the effective domain of AY. Note further that the model (21) could be seen as a time-changed Brownian motion
(with drift); the representation (Z22) clearly rules out the case where Z is a simple exponential Lévy process (in
which case AZ(u,7) would be linear in 7). In view of Roger Lee’s formula, this also implies that, contrary to

the Lévy case, the slopes of the implied volatility wings are not constant over time in our model.

2.2. CEV randomisation. As mentioned above, this paper is a first step towards the introduction of ‘random
environment’ into the realm of option pricing, and we believe that, seeing it ‘at work’ through a specific, yet
non-trivial, example, will speak for its potential prowess. We assume from now on that V corresponds to the
distribution of the random variable generated, at some time ¢, by the solution to the CEV stochastic differential
equation dY,, = £YPdB,, Yo = yo > 0 where p € R, £ > 0 and B is a standard Brownian motion, independent
of W. The CEV process [d, &7] is the unique strong solution to this stochastic differential equation, up to the
stopping time 77 := inf,~0{Y, = 0}. The behaviour of the process after 7§ depends on the value of p, and shall
be discussed below. We let I'(n;z) := I'(n)~! fox t"~le~tdt denote the normalised lower incomplete Gamma
function, and m; :=P(Y; = 0) = P(V = 0) represent the mass at the origin. Define the constants

1 . £t
2p— 1) p = log(yo) — =5

2.3 =
(2.3) U 5
Straightforward computations show that, whenever the origin is an absorbing boundary, the density (,(y) =

P(Y; € dy)/dy is norm decreasing and

yg(lfp)
(2.4) m;=1-T (—77; W) > 0;
otherwise m; = 0 and the density ¢, is norm preserving. When p € [1/2,1), the origin is naturally absorbing.
When p > 1, the process Y never hits zero P-almost surely.
Finally, when p < 1/2, the origin is an attainable boundary, and can be chosen to be either absorbing or
reflecting. Absorption is compulsory if Y is required to be a martingale [88, Chapter III, Lemma 3.6]. Here it
is only used as a building block for the instantaneous variance, and such a requirement is therefore not needed,

so that both cases (absorption and reflection) will be treated. Introduce the function ¢, : (0,00) — (0, 00) by

yé/2y1/2_2p y2(1—p) + yg(lfp) . (yoy)l—p
oy(y) = Tope P\ T e e ! ((1 —P)Qﬁzt) ’

where I, is the modified Bessel function of the first kind of order 7 [I, Section 9.6]. The CEV density, (,(y) :=
P(Y: € dy)/dy, then reads

o_n(y), ifpel/2,1)orp< % with absorption,
(2.5) Coly) = on(y), ifp>lorp< % with reflection,
L oo (_(log(y) - u)2> o1
yEN/2mt 262t ’ ’
valid for y € (0,00). When p > 1, the density (, converges to zero around the origin, implying that paths are
being pushed away from the origin. On the other hand ¢, diverges to infinity at the origin when p < 1/2, so
that the paths have a propensity towards the vicinity of the origin.
It is clear from all the quantities above that the precise horizon ¢ itself is not fundamental, as it only appears

with the multiplicative constant factor £2. By scaling of the Brownian motion, ¢ can be taken equal to unity,
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and is therefore rather irrelevant here; we shall keep it explicit in the notations, however, since it will turn out

useful when applying this framework to forward-start derivatives in Section IZ4.

2.3. The moment generating function approach. In the literature on implied volatility asymptotics, the
moment generating function of the stock price has proved to be an extremely useful tool to obtain sharp
estimates. This is obviously the case for the wings of the smile (small and large strikes) via Roger Lee’s formula,
mentioned in Section ZI, but also to describe short-and large-maturity asymptotics, as developed for instance
in [87] or [BY], via the use of (a refined version of) the Gértner-Ellis theorem. As shown in Section EZI, the
moment generating function of a stock price satisfying (271) is fully determined by that of the random variable V.
However, even though the density of the latter is known in closed form (Equation (E3)), the moment generating
function is not so for general values of p. In the cases p = 0 (with either reflecting or absorbing boundary) and

p =1/2, a closed-form expression is available and direct computations are possible.

2.3.1. Computation of the moment generating function. Denote by A(‘{T, A(\{,a and AY/2 the moment generating
function of the random variable V when p = 0 (the subscript ‘t’ / ‘a’ denotes the reflecting / absorbing behaviour
at the origin) and p = 1/2. Straightforward computations yield

i o (110 e () o e ().

2, 2 24 _
o [ (20 {owe (5750 ) v (M0
2

_ You
() = 2 — uf2t’

Ay

where E£(z) = % foz exp(—x?)dz is the error function. Note that when p = 1/2 and p = 0 in the absorption

case, one needs to take into account the mass at zero in (22) when computing these expectations.

2.3.2. Roger Lee’s wing formula. In [&5], Roger Lee provided a precise link between the slope of the total implied
variance in the wings and the boundaries of the domain of the moment generating function of the stock price.

More precisely, for any 7 > 0, let uy(7) and u_(7) be defined as
uy (1) :=sup{u >1: |AZ(u,7)| < oo} and u_(7) :=sup{u > 0: |[AZ(—u,7)| < }.

The implied volatility o, (k) then satisfies

2 2
lim sup BT Y(up(r) —1) =: B4(r)  and lim sup or (k)7
kToo k PR, ‘]{3|

= ¢(u(7))) = B-(7),

where the function v is defined by ¥(u) =2 —4 (\/m - u) Combining (Z8) and (22) yields a closed-
form expression for the moment generating function of the stock price when p € {0,1/2}. It is clear that, when
p =0, ux(r) = oo for any 7 > 0, and hence the slopes of the left and right wings are equal to zero (the
total variance flattens for small and large strikes). In the case where p = 1/2, explosion will occur as soon as
(3u(u—1)7€%t — 2) =0, so that
16

ul (1) = :I:% 1_|_£2?, and B(1) = B4(7)

:gjt,(m—zx), for all 7 > 0.
T

The left and right slopes are the same, but the product £t can be directly calibrated on the observed wings.

N | =

Note that the map 7 — [1(7) is concave and increasing from 0 to 2. In [20, 21], the authors highlighted

some symmetry properties between the small-time behaviour of the smile and its tail asymptotics. We obtain
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here some interesting asymmetry, in the sense that one can observe the same type of rate of explosion (power
behaviour, given by () in the case p < 1), but different tail behaviour for fixed maturity. As 7 tends to
infinity, 84 (7) converges to 2, so that the implied volatility smile does not ‘flatten out’, as is usually the case
for 1t6 diffusions or affine stochastic volatility models (see for instance [37]). In Section P below, we make
this more precise by investigating the large-time behaviour of the implied volatility using the density of the
CEV-distributed variance.

2.3.3. Small-time asymptotics. In order to study the small-maturity behaviour of the implied volatility, one
could, whenever the moment generating function of the stock price is available in closed form (e.g. in the case
p € {0,1/2}), apply the methodology developed in [24]. The latter is based on the Géartner-Ellis theorem, which,
essentially, consists of finding a smooth convex pointwise limit (as 7 tends to zero) of some rescaled version of

the cumulant generating function. In the case where p = 1/2, it is easy to show that

. 2 2
(2.7) AE (u) := 171?017'1/2 log AZ (\%, T) = 0 fue <_§\/i’ M) ’
+00, otherwise.

The nature of this limiting behaviour falls outside the scope of the Girtner-Ellis theorem, which requires |AZ (u)]
to diverge to infinity as u approaches the boundaries +2/(£+/1). It is easy to see that any other rescaling would
yield even more degenerate behaviour. One could adapt the proof of the Géartner-Ellis theorem, as was done
in [A@T] for the small-maturity behaviour of the forward implied volatility smile in the Heston model (see also [I7]
and references therein for more examples of this kind). In the case (EZ2), we are exactly as in the framework
of [&1], in which the small-maturity smile (squared) indeed explodes as 7~ /2, precisely the same explosion as
the one in (IT0). Unfortunately, as we mentioned above, the moment generating function of the stock price is

not available in general, and this approach is hence not amenable here.

2.3.4. Large-time asymptotics. The analysis above, based on the moment generating function of the stock price,
can be carried over to study the large-time behaviour of the latter. In the case p = 1/2, computations are fully

explicit, and the following pointwise limit follows from simple straightforward manipulations:

{ 0, ifuelo1],

lim 77 *AZ (u,7) = )
400, otherwise.

TToo

The nature of this asymptotic behaviour, again, falls outside the scope of standard large deviations analysis,

and tedious work, in the spirit of [B, €], would be needed to pursue this route.

2.4. Small-time behaviour of option prices and implied volatility. In the Black-Scholes model dS; =

VwS;dW; starting at Sy = 1, a European call option with strike e¥ and maturity 7" > 0 is worth

ko VuT kE VwT
(2.8) BS(k,w,T) =N <_\/qTT + 2) —ef N (— - ) .

For any k € R\ {0}, T > 0, and p > 1, the quantity
/ BS (k E,T) yPdy, if k> 0,
0 T

(e —1ms (kLT yPdy, ifk <0,
| (k77))

(2.9) JP (k) =
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is well defined and independent of T'. Indeed, since the stock price is a martingale starting at one, Call options
are always above by one, and hence, for k > 0, JP(k) < fol BS(k,y/T,T)y Pdy+ [ y~Pdy. The second integral
is finite since p > 1. When k > 0, the asymptotic behaviour

k2 k 3/2
BS (k,%,T) ~ exp (2;y+ ) kij\ﬁ

holds as y tends to zero, so that lim, o BS(k,y/T,T)y P = 0, and hence the integral is finite. A similar analysis

holds when k£ < 0 and using put-call parity. Define now the following constants:

1 B (k2§2t(1 _ p)>ﬂp . k2£2t
yp = ——— s Yy =

(2.10) By = : L

the first two only when p < 1, and note that 8, € (0,1); define further the following functions from (0, 00) to R:

k2 y2(1-p) yyo )P
O S B ) L
2y " 28%(1 — p)? £2t(1 —p)
(2.11) 3
go(y) = " tog(v) anly) = tog(y)
0 . 2y £2t ) 1 €2t ’
as well as the following ones, parameterised by p:
p<l1 p=1 p>1
ci(t,p) fo@p) 1/(2€%) 0
ca(t, p) ( ») 1/(2€%t) 0
op * H
- 2p — 1
C3(tap) 6—4p gO(y ) £2t p
C4(t7p) 0 gl(y )_%_2 0

2_2(1-p) k yo P £1@,)° 2(p—1)
(t ) yO2 I% exp (2 - 252%(1717)2 + 2}6,@19) exp( §2t + Ml§2(t )) 2(p B 1)6 mﬁp( )
C5(l, P

e o WARET (21 PN+ )

hi(7,p) 72(p=1)/(3-2p) (log(T) + log log (7_1))2 0
(s log | log(7)])?
ho(r.p ~(p=1)/(3-2p) (log |log(7)[)* 0
2(7.2) [Toa(7)]
1
(1-p)/(3—2p) p—1
R of ) © (i) o)

TABLE 1. List of constants and functions

The following theorem (proved in Section B) is the central result of this paper (although its equivalent

below, in terms of implied volatility, is more informative for practical purposes):
Theorem 2.1. The following expansion holds for all k € R\ {0} as 7 tends to zero:
E(e% )" = (1— )" +exp ( —er(t.p)ha(r.p) + ea(t,p)ha(r,p) ) 7 | og(r)[ P () [1 + R(r,p)].

Remark 2.2.

(i) Whenever p < 1, ¢; and ¢y are strictly positive; the function c¢5 is always strictly positive; when p < 1, ¢3

is strictly positive; when p = 1, the functions c3 and ¢4 can take positive and negative values;
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(ii) Whenever p < 1, ho(7,p) < hi(7,p) for 7 small enough, so that the leading order is provided by hq;
(iii) In the lognormal case p = 1, hi(7,1) ~ (log7)? as 7 tends to zero, so that the exponential decay of option

prices is governed at leading order by exp(—c; (¢, 1)(log7)?).

Using Theorem P and small-maturity asymptotics for the Black-Scholes model (see [28, Corollary 3.5

or [B1]), it is straightforward to translate option price asymptotics into asymptotics of the implied volatility:

Theorem 2.3. For any k € R\ {0}, the small-maturity implied volatility smile behaves as follows:

k22 _ Bp
(1;52,9) 51;(71_17)> . fp<l,
k262t

A T ifp—1
7log(7)2’ ifp=1
k2

2p — 1)7]log(r)]’ #p>1

This theorem only presents the leading-order asymptotic behaviour of the implied volatility as the maturity
becomes small. One could in principle (following [I3] or [&1, B3, 51]) derive higher-order terms, but these
additional computations would impact the clarity of this singular behaviour. In the at-the-money k& = 0 case,

the implied volatility converges to a constant:
Lemma 2.4. The at-the-money implied volatility o,(0) converges to E(v/V) as T tends to zero.

The proof of the lemma follows steps analogous to [&1, Lemma 4.3], and we omit the details here. It in fact
does not depend on any particular form of distribution of vV, as long as the expectation exists. Note that,
from Theorem B23, as p approaches 1 from below, the rate of explosion approaches 7=!. When p tends to 1
from above, the explosion rate is 1/(7|log 7|) instead. So there is a ”discontinuity” at p = 1 and the actual rate
of explosion is less than both these limits. As an immediate consequence of Theorem P we have the following

corollary. Define the following functions:

Cl(tap), lfp S ]-a
2p—1, ifp>1,

1P, ifp<1,
h*(r,p) == |log(7)*1 , ifp>1, and A (k) = {
log(T)~%, ifp=1,

where ¢ (t,p) is defined in Table I, and depends on k (through ,).

Corollary 2.5. For any p € R, the sequence (Z:) .~ satisfies a large deviations principle with speed h*(7,p)

and rate function A; as T tends to zero. Furthermore, the rate function is good only when p < 1.

Recall that a real-valued sequence (3,),>0 satisfies a large deviations principle (see [I¥] for a precise intro-
duction to the topic) with speed n and rate function A* if, for any Borel subset B C R, the inequalities
— inf A*(2) <liminfn~'logP(3, € B) < limsupn 'logP(3, € B) < — inf A*(2)
zEB° ntToo ntoo 2€B
hold, where B and B° denote the closure and interior of B in R. The rate function A* : R — R U {400}, by
definition, is a lower semi-continuous, non-negative and not identically infinite, function such that the level sets
{z € R: A*(z) < a} are closed for all & > 0. It is said to be a good rate function when these level sets are

compact (in R).
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Proof. The proof of Theorem P holds with only minor modifications for digital options, which are equivalent

to probabilities of the form P (Z, < k) or P(Z, > k). For p € (—o0, 1], one can then show that
E%h*(T,p) logP (Z; <k)=—inf {AS(z): 2z <k}.

The infimum is null whenever k& > 0 and p < 1, and Aj(z) = 1/(2£%t) is constant. Consider now an open

interval (a,b) C R. Since (a,b) = (—00,b) \ (=00, a], then by continuity and convexity of A}, we obtain

lim h*(7,p) 10gP (Z; € (a,)) = = _inf Aj(@).

Since any Borel set of the real line can be written as a (countable) union / intersection of open intervals, the
corollary follows from the definition of the large deviations principle [I8, Section 1.2]. When p € (1, c0), the only
non-trivial choice of speed is |(log 7) 1|, in which case lim, o |(log 7) ~!|log P (Z, < k) = —(2p—1). Clearly, the
constant function is a rate function (the level sets, either the empty set or the real line, being closed in R), and

the corollary follows. O

Remark 2.6. In the case p = 1/2, as discussed in Section EZ=34, the moment generating function of Z is available
in closed form. However, the large deviations principle does not follow from the Géartner-Ellis theorem, since

the pointwise rescaled limit of the mgf is degenerate (in the sense of (E71)).

2.4.1. Small-maturity at-the-money skew and convezity. The goal of this section is to compute asymptotics
for the at-the-money skew and convexity of the smile as the maturity becomes small. These quantities are
useful to traders who actually observe them (or approximations thereof) on real data. We define the left
and right derivatives by 0, 02(0) = limyp 0,02 (k)|x=0 and 9 c2(0) := limgjo 002 (k)|k=o, and similarly
0,3,02(0) := limypo Opro2(k)|k=o and 9;,02(0) := limy o Opro2(k)|k=o. The following lemma describes this

short-maturity behaviour in the general case where V is any random variable supported on [0, c0).

Lemma 2.7. Consider (20) and assume that E(V/?) < oo forn = —1,1,3, and m; :=P(V =0) < 1. As T

tends to zero,

07020) ~ —EOV) (B2 (v 7, BT

48 Vor
E(VY EWV)VT

o o0) ~ —PU) (B < BYVP)) 7o m P,

E 2
05.02(0) ~ 802(0) ~ E(VY) (IE (v—“?) —EWY)"! (1 - mtf)) .
T
Jensen’s inequality and the fact that the support of V is in [0,00) imply that both E(V3/2) — E(v/V)3
and E (V‘l/ 2) — IE(\N)_1 are strictly positive. The small-maturity at-the-money skew is always negative for
small m;. This in particular means that the smile generated by (E70) is not necessarily symmetric. When m; > 0,

the at-the-money left skew explodes to —oco and the at-the-money right skew explodes to +oco. Furthermore,

the small-maturity at-the-money convexity tends to infinity.

Proof. We first focus on the at-the-money skew. By definition C'(k,7) = BS(k,02(k), ) and therefore
OC(k,T) = 0xBS(k,02(k), T) + o2 (k)0uBS(k, 02 (k), 7).

Also by (B), an immediate application of Fubini yields

(2.12) oC(k,T) = /000 OBS(k,y, 7)¢p(y)dy + m 0y (1 — ek)+ 7
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We first assume that m; = 0. The at-the-money skew is then given by
akof(k:ﬂk:() = (6wBS(k7J |k 0 (/ é)kBS k Y, T )|k OCp( )dy 6kBS( (k),T)|k—0> .

Recall now from Lemma P4 that o, (0) = E(v/V) 4 o(1). Straightforward computations then yield

2 o (0)vT 1 o (0)V/7 073—(0)7'3/2 5 5/2
OBS(k,07(k), 7)[k=0 = —N =—c-+ — + O (a2(0)r ,
(2.13) ' i " JF 2 ) 03(3)7 2V2r  48Ver ( )
OwBS(k,02(k), T)| k=0 = (O)Mexp < S )

as 7 tends to zero. Hence
a2\ o 3/2) — o Hr
002 (k) k=0 :exp< +(0) > dl) (E(ﬁ) — oy (0) - BV o OF) +0(aT(0)375)>,

and so, as 7 tends to zero,

) o (k)lco ~ — 2 (2097 - (B(VD))) 7

The small-maturity convexity follows similar arguments, which we only outline:

(2.15) O C(k,7) = Ok BS(k, 02 (k), 7) + 20,02 (k)i BS(k, 02(k), T) + (8kaz(k))2 DwwBS(k, o2 (k),T)
+ 8kka$(k)8wBS(k;, 03 (k),T),

and
(216) 8kk0(k‘,7') = / 8kkBS(k,y,T)Cp(y)dy + my Ok (1 — ek)+.
0
Likewise, we first consider the case m; = 0. Straightforward computations yield
2<0)T
e (<F9) (007 L
Ok BS(k, = s = —=4+0(0o,(0 ,
B3k, 0%(k), 7)o = ovm N (TP - =g 500V
\/7—
2.17 OrwBS(k, = ;
( ) k ( 0() k=0 = exp( )40’7(0)@
E (ro2(0) +4) VT 37%/20.,(0) ( 73/2 >
awaS k, = + + O .
(k, 07 (8), Tli=0 = 16@(703( D32 4v2mo3(0) | 5122 -(0)

)
Using (2-15)-(EI86) in conjunction with (2I3)-(221)-(214), we obtain 94,02 (0) ~ LE(VV) [E (v-1/2) — ]E(\/V)*l] .
When m; > 0, we need to take right and left derivatives in (E12) and (E18) t
Since 0, (1 — ek)+ lk=0 = Oy, (1 — ek)+ |k=0 = —1 and 8k+ (1 — e"“)+ |k=0 = (“)kk (1 —e ) |k=0 = 0, the lemma

follows immediately. O

0 account for the atomic term.

2.5. Large-time behaviour of option prices and implied volatility. In this section we compute the large-
time behaviour of option prices and implied volatility. The proofs are given in Section B2. It turns out that
asymptotics are degenerate in the sense that option prices decay algebraically to their intrinsic values. The

structure of the asymptotic depends on the CEV parameter p and whether the origin is reflecting or absorbing;:

Theorem 2.8. Define the following quantity:

93—6p—n (1 _ 2p 2(1-p)
M(n) = (2 ) exp _?407) )

VAL 4 n)[1 = p>r (g2 262%t(1 — p)?

with n given in (E23). The following expansions hold for all k € R as T tends to infinity:
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(1) if p < 3/4 and the origin is absorbing then
1+0(r71) .

N 1
E (e —ef)" =1—m; +my(1 —e")™ — 8"/ %y, (2 - zp) M(—n) ey
(i) if p < 1/4 and the origin is reflecting then

E (eZT — ek)+ =1- ek/zfm(n)%.

For other values of p, asymptotics are more difficult to derive and we leave this for future research. The
asymptotic behaviour of option prices is fundamentally different to Black-Scholes asymptotics (Lemma B=)
and it is not clear that one can deduce asymptotics for the implied volatility. For example, the intrinsic values
do not necessarily match as 7 tends to infinity because of the mass at the origin. The one exception is when
the origin is reflecting, in which case the implied volatility tends to zero. This result is a direct translation of

Theorem 8 into implied volatility asymptotics:

Theorem 2.9. If p < 1/4 and the origin is reflecting, the following pointwise limit holds for all k € R:

: 2
k) =8(1 — 2p).
B fog, or (k) = 8(1 = 2p)

Proof. One could prove the statement directly by computing the asymptotic behaviour of the Black-Scholes
Call price BS(k,y,7) as the maturity 7 tends to infinity (pointwise, for any k£ > 0, y € R), see Lemma A,
and comparing it to the Call price expansion in Theorem Z8(ii). Instead, we choose to apply Tehranchi’s
result [61], which is the first fully model-independent study of the large-maturity behaviour of the implied
volatility. Assuming (a) that the underlying stock price exp(Z) is a non-negative local martingale under P, and
(b) that exp(Z;) converges almost surely to zero as time tends to infinity, Tehranchi [61, Theorem 3.1] proved

that the expansion
(2.18) o2(k) = —8logE (e?" Ae*) — 4log {—1ogE (e?" Ne")} + 4k — 4log 7w + e(k, 7)

then holds uniformly on compact subsets of the real line as 7 tends to infinity, where the function &(-) accounts
for higher-order error terms. It is clear here that the two assumptions above are satisfied in our model. Note
that (b) is equivalent to Call prices converging to one as the maturity tends to infinity (see [65, Lemma 3.3] for
instance). Using the almost sure equality (e?" — e*), = e?r —e?" A€, and the fact that (eZ7),>¢ is a true
martingale, it is then straightforward to show that Theorem B9 follows from Theorem EZ8(ii) and Tehranchi’s
expansion (EI8). O

Remark 2.10. In fact, the proof of Theorem P9 actually provides higher-order terms, but we omit them here
for brevity. The case of Theorem Z(i) shows that the Call option price converges to

l-my, ifk>0,

1 —my4+my(l—ef)t =
v+l — <) {1—mwh itk <0,

as the maturity tends to infinity. This clearly is never equal to zero since m; € (0,1), so that Tehranchi’s

Assumption (b) (in the proof of Theorem Z9) fails.

Although we provided here the large-time behaviour of the implied volatility, it is not our intention to use
this model for options with large expiries. Our intention (as mentioned in Section M) is to use it as a building

block for more advanced models (such as stochastic volatility models where the initial variance is sampled from a
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continuous distribution) so that we are able to better match steep small-maturity observed smiles. In these types
of more sophisticated models, the large-time behaviour is governed more from the chosen stochastic volatility
model rather than the choice of distribution for the initial variance (see [89, 40] for examples), especially if the
variance process possesses some ergodic properties. This also suggests to use this class of models to introduce
two different time scales: one to match the small-time smile (the distribution for the initial variance) and one to
match the medium- to large-time smile (the chosen stochastic volatility model). We leave this particular point
for further (on-going) research, and direct the interested reader to Section 272, where more intuition about the
use of this framework for forward-start options.

2.6. Numerics. We provide here two types of numerical examples. In Section E61, we show how randomising
the Black-Scholes model according to (E) distorts the standard flat Black-Scholes implied volatility surface,
and generates a realistic-looking one. In Section 262, we compare numerically the asymptotic results for the

implied volatility smile to the true smile generated from (E7T).
2.6.1. Black-Scholes-CEV surface. We consider here the following values:
(2.19) t=1, £€=20%, p=0.5, Vo=10% Sp=1.

In Figure O, we plot the implied volatility surface generated by (2) according to the values given in (2719).
First, note that, contrary to the standard Black-Scholes model, the surface is not flat. Second, and more
importantly, the smile becomes steeper and more pronounced as the maturity becomes small. This is a widely
recognised fact on Equity markets, and seems to validate the approach followed in this paper. Note that,
following Section EZ332, one can taylor the parameters of the CEV component in order to match any desired

(arbitrage-free) slope for the wings of the smile.

-1.0 ;
100@‘1

—0s o
log... 00 05
g mo”G‘J’neSS 05

10 00

FiGURE 1. BS-CEV implied volatility surface, with parameters being given in (2719).

2.6.2. Asymptotics. We calculate option prices using the representation (81) and a global adaptive Gauss-
Kronrod quadrature scheme. We then compute the smile with a simple root-finding algorithm. In Figure B(a),
(b) and (c) we plot the smile for different maturities and values for the CEV power p. The model parameters
are yp = 0.07, £ = O.Qyé/z_p and ¢t = 1/2. Note here that we set £ to be a different value for each p. This is
done so that the models are comparable: £ is then given in the same units and the quadratic variation of the
CEV variance dynamics are approximately matched for different values of p. The graphs highlight the steepness

of the smiles as the maturity gets smaller and the role of p in the shape of the small-maturity smile. Note (as
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Smile Smile
0.45

0.40

0.35

L Strike L Strike
13 1.3

L L L L L L
0.7 0.8 0.9 1.0 11 12

L L L L L L
0.7 0.8 0.9 1.0 11 12

Smile
0.6 -

L L L L L L L Strike
0.7 0.8 0.9 1.0 11 1.2 1.3

(c) p=1.3 (d) Actual vs asymptotic

FIGURE 2. In (a), (b), (c) we plot K — o, (log K) for maturities of 1/12 (circles),1/2 (squares),1
(diamonds),2 (triangles) and 5 (backwards triangles) for increasing values of the CEV power p.
In (d) we plot the actual small maturity smile for p = 0.2 and 7 = 1/100 (circles) and the zeroth
(squares) and first order (diamonds) smile using Theorem 20 and Theorem 270l. Parameters of

the model are given in the text.

mentioned in previous sections) that the random variance acts as a shock to the small-maturity volatility surface
and then flattens out. The shape of the shock depends on the CEV power, p. Out-of-the money volatilities
(for K ¢ [0.9,1.1]) explode at a quicker rate as p increases (this can be seen from Theorem 23). The volatility
for strikes close to the money K € [0.9,1.1] appears to be less explosive as one increases p, which might be
explained from the strike dependence of the coefficients of the asymptotic in Theorem PZ3. In order to compare
our asymptotic to the true smile we use Theorem T to extend Theorem P to higher order. For the case
p < 1,k # 0 we find that 02(k) ~ ao(k)7 %> + a; (k)77 P% as 7 tends to zero with

2¢2 _ Bp “ 9
ao(k) == (1 - Bp) (W) . a(k) = w

and fBp,yp and fi1 defined in (PECI0)-(ECI). At first order we see a close match with the true smile in Figure B(d).

2.7. Application to forward smile asymptotics. We now show how our model (ET) and the asymptotics
derived above for the implied volatility can be directly translated into asymptotics of the forward implied
volatility in stochastic volatility models. For a given martingale process eX, a forward-start option with reset
date t, maturity ¢ + 7 and strike e* is worth, at inception, E(exp(X¢y, — X¢) — eF),. In the Black-Scholes
model, the stationarity property of the increments imply that this option is simply equal to a standard Call

option on eX (started at Xy = 0) with strike e¥ and maturity 7; therefore, one can define the forward implied
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volatility oy -(k), similarly to the standard implied volatility (see [89] for more details). Suppose now that the

log stock price process X satisfies the following SDE:
1
dX, = —ists + VY, dW,, Xy =0,
(2.20) dy, =¢&YPdB, Yo = yo >0,
d(W,B), = pds,

with p € R, |p| < 1 and W, B are two standard Brownian motions. Fix the forward-start date ¢ > 0 and set

g, ifo<u<t,

§u = - .
& ifu >t

where ¢ > 0 and £ > 0. This includes the Heston model and 3/2 model with zero mean reversion (p = 1/2
and p = 3/2 respectively) as well as the SABR model (p = 1). Consider the CEV process for the variance:
dY, = &YPdB,, Yo = yo, where p € R and B is a standard Brownian motion. Let Xﬁt) = X¢yr — X, denote
the forward price process and let CEV(¢,&,p) be the distribution such that Law(Y;) = Law(V) = CEV(t, &, p).
Then the following lemma holds:

Lemma 2.11. In the model (E220) the forward price process X solves the following system of SDFEs:

|
ax? = —2yOdr 4 /yPaw,, x{) =0,
(2.21) v\ —¢ yﬁ”)deﬁ Y ~ CEV(t,£,p),
d <VV7 B>T = dT’

where Yo(t) is independent to the Brownian motions (W;)r>o and (Br)r>0.

This lemma makes it clear that forward-start options in stochastic volatility models are European options on
a stock price with similar dynamics to (220), but with initial variance sampled from the variance distribution

at the forward-start date. When & = 0, then X" = Z and forward smile asymptotics follow immediately:
Corollary 2.12. If £ =0, Theorem 23, Theorem 223 and Lemma hold with Z = XV and Or = Ot r.

Remark 2.13.
(i) Corollary E-T2 explicitly links the shape and fatness of the right tail of the variance distribution at the

forward-start date and the asymptotic form and explosion rate of the small-maturity forward smile. Take
for example p > 1: the density of the variance in the right wing is dominated by the polynomial y~2?
and the exponential dependence on y is irrelevant. So the smaller p in this case, the fatter the right tail
and hence the larger the coefficient of the expansion. This also explains the algebraic (not exponential)
dependence for forward-start option prices.

(ii) The asymptotics in the p > 1 case are extreme and the algebraic dependence on 7 is similar to small-
maturity exponential Lévy models. This extreme nature is related to the fatness of the right tail of the
variance distribution: for example, the 3/2 model (p = 3/2) allows for the occurrence of extreme paths
with periods of very high instantaneous volatility (see [22, Figure 3 ]).

(iii) The asymptotics in Theorems 270 and P23 remain the same (at this order) regardless of whether the variance
process is absorbing or reflecting at zero when p € (—o0,1/2). Intuitively this is because absorption or
reflection primarily influences the left tail whereas small-maturity forward smile asymptotics are influenced

by the shape of the right tail of the variance distribution.
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(iv) When p = 1/2 in Corollary BT, the asymptotics are the same as in [&1, Theorem 4.1] for the Heston model.
This seems to indicate that the key quantity determining the small-maturity forward smile explosion rate
is the variance distribution at the forward-start date, and not the actual dynamics of the stock price.

(v) Practitioners [4, [2] have stated that the Heston model (p = 1/2) produces small-maturity forward smiles
that are too convex and ”U-shaped” and inconsistent with observations, but that SABR~or lognormal-
based models (p = 1) produce less convex or "U-shaped” small-maturity forward smiles. Our results
provide theoretical insight into this effect. We observed in Section P8 and Figure B that the explosion
effect was more stable for strikes close to the money as one increased p. The strike dependence of the
asymptotic implied volatility in Theorem P23 is given by K — \/m for p=1/2 and K — |log K| for
p = 1. It is clear that the shape of the forward implied volatility is more stable and less U-shaped in the

lognormal p = 1 case.

3. PROOFS

3.1. Proof of Theorem 2. Let C(k,7) := E(e®” — ). This function clearly depends on the parameter ¢,

but we omit this dependence in the notations. The tower property implies

o0
(3.1) C(k,7) = /0 BS(k,y,7)¢p(y)dy +my (1 — ek)+,

where BS is defined in (238), (, is density of V given in (23) and m; is the mass at the origin (24). Our goal
is to understand the asymptotics of this integral as 7 tends to zero. We break the proof of Theorem I into
three parts: in Section BTl we prove the case p > 1, in Section B2 we prove the case p € (—o0,1) and in
Section B3 we prove the case p = 1. We only prove the result for £ > 0, the arguments being completely
analogous when k& < 0. The key insight is that one has to re-scale the variance in terms of the maturity 7
before asymptotics can be computed. The nature of the re-scaling depends critically on the CEV power p and
fundamentally different asymptotics result in each case. Note that for k > 0, (1 — ek)+ = 0, so that the atomic
term in (B) is irrelevant for the analysis. When k& < 0 the arguments are analogous by Put-Call parity.

3.1.1. Case: p > 1. In Lemma B we prove a bound on the CEV density. This is sufficient to allow us to prove
asymptotics for option prices in Lemma B2 after rescaling the variance by 7. This rescaling is critical because

it is the only one making BS(k,y/7, 7) independent of 7. Let

(r,p) 2P < yg(lfp) )
X\7,p) = o exp R —
1= ple2r(1+ ) (201 — p)2et) 262t(1 — p)

and we have the following lemma:

Lemma 3.1. The following bounds hold for the CEV density for all y, 7 > 0 when p > 1:

AGE X;Tzlop) {1 B 25%(11—19)2 (2) _ }

G (g) < Xg;;)p) {1 + exp (2(py—0_1)2t§2> [25%(11_1))2 (;) + m <yTyO> ] }

Proof. From [@7, Equation (6.25)] we know that for z > 0 and v > —1/2, the modified Bessel function satisfies

(3:2) I’(%—i—l) (g)v <I,(z) < 11(:7:_1) (g)v’
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so that the expression for the CEV density in (Z3) implies that for p > 1,

x(7,p) exp [ - 1 T =2 <¢ (g) < X(T,P)em(y,r)
y2r 262t(1 —p)? \y “PN\r) Ty ’

1 7\ P2 1 7 \"!
o =g () ()
v 7) 28%t(1 - p)? <y) §2t(1—p)* \yyo
For fixed 7 > 0, note that m(-,7) : Ry — R, takes a maximum positive value at y = yo7 with m(yo7,7) =
ye % /(2(p — 1)%t£2). When m(-) > 0 Taylor’s Theorem with remainder yields e™®7) = 1 + e¥m(y, ) for
some v € (0,m(y, 7)), and hence e™®7) < 1 4 e™WoT i (y, 7). If m(-) < 0 then e™W7) < 1+ |m(y,7)| <

where

14 e™Wo™7) |m(y, 7)|. The result for the upper bound then follows by the triangle inequality for |m(y, 7)|. The

lower bound simply follows from the inequality 1 — x < e™7, valid for > 0, and
1 1 \* 2 < 1 7\ %2
- - xp| —————= | — .
28%(1—p)* \y =P\ Taena 2 \y

Lemma 3.2. When p > 1, Theorem 2 holds.
Proof. The substitution y — y/7 and (81) imply that the option price reads C'(k, ) = fooo BS(k,y, 7)¢p(y)dy =
=1 [T BS(k,y/7,7)¢p(y/7)dy. Using Lemma B and Definition (), we obtain the following bounds:

X(Tap) 2p T
[J ") = sz —pp2

XLty + ex N i J4p_2(k)+LJ3f’_l(k) > C(k,7)
T 2(p— 1)2t€2 | \ 2624(1 — p)? 2t(1 —p)2yf " -

2p—2

J4p‘2(k)} < C(k,7),

Hence for 7 < 1:

Clryr oo v T2 (k) T (k) o1
e omlE p<2<p—1>2t£2> <2€2t<1—p>”2p<k>+52t<1—p>2y€‘1ﬁp<k>> |

which proves the lemma since J??(k) is strictly positive, finite and independent of 7. O

3.1.2. Case: p < 1. We use the representation in (B) and break the domain of the integral up into a compact
part and an infinite (tail) one. We prove in Lemma B3 that the tail integral is exponentially sub-dominant
(compared to the compact part) and derive asymptotics for the integral in Lemma B3. This allows us to apply
the Laplace method to the integral. We start with the following bound for the modified Bessel function of the

first kind and then prove a tail estimate in Lemma B=.

Lemma 3.3. The following bound holds for all x > 0 and v > —3/2:

I(z) < % (g)”e%,

Proof. Let x > 0. From [67, Theorem 7, page 522|, the inequality I,(x) < I,41(7)?/I,42(x) holds whenever
v > —2, and hence combining it with (B2) (valid only for v > —1/2), we can write

I(2) < I'(v+3) (m)l’e%’

T(v+2)2\2

when v > —3/2. The lemma then follows from the trivial identity I'(v + 3) = (v + 2)I'(v + 2). O
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Lemma 3.4. Let L > 1 and p < 1. Then the following tail estimate holds as T tends to zero:

2
= v Y gy — 1 Lr i
/L Bs (1 pca )6 (Tﬂp) dy=0 (eXp <_4§2t(1 ) [T(l—ﬁp)/2 ~ Y '
Proof. Lemma B3 and the density in (233) imply
_ 2 1—
y bo s 1 y' P - (yyo)'*
< P — — p
o (75) < sy e < 2% (1~ p)? {Tﬂpum ot R Tne(—pe )

where the constant by is given by

(n+2) s (In] +2)
5 sea )’ : Inl’
1 - pleT(n +2)(2(1 — p)2€2t) 11— ple2m(In| +2) (2(1 - p)%¢t)

if the origin is reflecting (resp. absorbing) when p < 1/2; the exact value of by is however irrelevant for the

analysis. Set now L > 1. Using this upper bound and the no-arbitrage inequality BS(-) < 1, we find

% y y > y
7 - < ——
JC ]38<k’7mn7><?(7ﬂp)dy“/£ & () a
bo o 1 yl=P 1—p 2 (yyo)' 7
= fW/L o ( 262t(1 — p)2 {T’Bl’(l_p) — Y TR - p) @

2
bo o 1-2p 1 ylip 1—p (yyO)lip
= T2pPp /L Y P C262(1 — p)? | 7Pe(p) Y% + Pr(1=P)¢2¢(1 — p)? a,

where the last line follows since 3'~2P > y~2P. Setting ¢ = <y1*p/7ﬂp(1’p) — y(lfp) J(EV/t(1 — p)) yields

i 2
. y 7 L-p -
/ gl oxp | — (Tﬁp(lﬂ’) Yo ) i (yyo)' P dy
. 262t(1 — p)? TBr(1-P) £2¢(1 — p)2
EVi(1 —p) J[“D @ w'q 1 [~ @ w'q
33) =2 L |&/t(1—p gexp |——+ ————|dg+uy, ¥ exp |——+ ———| dgq|,
(3.3) 72Bp(p—1) ( ) L. 2 Vi1 —-p) oL, 2 &Vi(l-p)

with L, = (Llfp/rﬁp(lfp) - y(l)fp> /(€/t(1 — p)) > 0 for small enough 7 since L > 1 and p € (—o0,1). Set
now (we always choose the positive root)
C(pe\ U
= —— ,
5up "

so that, for 7 < 7* we have L, > 4y, 7 /(€v/t(1 — p)) and hence for ¢ > L,

1—
w e ¢
f— 4'

EVE(1 —p

In particular, for the integrals in (B33) we have the following bounds for 7 < 7*:

o 2 1-p 00 2 2
q Yo 4 q L7
gexp| —— + ——— dqg/ q exp <—> dg = 2exp (—),
/LT ( 2 " evil —p>> L. i 1
0o 2 1-p [eS) 2 2
q Yo ' ¢ q 4 Lz
exp| ——=—+ ———— dqg/ exp (—) dg < —exp <—> ,
/L, ( 2 eVl p)> ' 1 L, 1
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where the last inequality follows from the upper bound for the complementary normal distribution function
in [62, Section 14.8]. The lemma then follows from noting that 1 — 5, = 25,(1 — p). O

Lemma 3.5. When p < 1, Theorem 2 holds.

Proof. Let 7 := 7P with 8, defined in (210). Applying the substitution y — y/7 to (B) yields

Clkr) = [ By = 2 [ 88 (kL) 6, (L) d

a6 (Dare [ T35 (1 L) (D

for some L > 0 to be chosen later. We start with the first integral. Using the asymptotics for the modified

Bessel function of the first kind [, Section 9.7.1] as 7 tends to zero, we obtain

2(1 P)
: (g) _ T2 Y2 s exp [~ y2(1-p) L1 (yyo) 1) [1+0 (T“—Pmp)}
PAT Ey3p/2\/2mt 728, (1=p) 262¢(1 — p)2  78p(1-p) £2¢(1 — p)2 .

Note that this expansion does not depend on the sign of 1 and so the same asymptotics hold regardless of whether

the origin is reflecting or absorbing. In the Black-Scholes model, Call option prices satisfy (Lemma B):

55 (1 L) = o (9) e (50 5) (0 (2),

as T tends to zero. Using the identity 1 — 8, = 28,(1 — p) we then compute

L [Es (e 26 ()
2<1 p)

TBo(4=3p)/2y P/ 26" whar tE /L 3(1-p), — 28

= y2 P
2mk2EV/t 0

where fy, f1 are defined in (Z10). Solving the equation f(y) = 0 gives y = ¥, with 7, defined in (Z10) and we

always choose the positive root and set L > 7,. Let I(7) := fOL y%(l_p) exp (—Tff’%ﬁ + T(lfi%) dy. Then for

+ dy [1 +0 ( (1—617)/2)} ’

some € > 0 small enough, as 7 tends to zero, the asymptotic equivalences

L) hG) AR sam [ JEE -5 pm) |
1(r) ~ exp (_fo(yp)+ h@,) fl(yp))>2(1_p)/ i exp % 0TV -T)  f(,) »

7‘1_61) 7—(1 5;1 /2 f”( p T(l*ﬁ;,)/?

71‘7_6 6l(yp)

2
e [T 1@ G sa VI @) - W Am) |,
FPN\ TR, T 6,2 210 (m,) | 7" eXp 7(1 Br)/2 1 (7,) Y

~ex 7fo(?p) + f1(",) 1) F0-8p)/25 2(1 P)
P\ T TR T e,

hold. It follows that as 7 tends to zero:

7—1517/0L BS (k’ Ty )Cp (5 )dy =X P( 1(3512 Cf tﬁS/z) )rea(tp) [1 +0 (Tllﬂp)} )

From Lemma B2 we know that

1 [ y ! L )
= /L BS (k TTP’T) Cp(y/Bp)dy = O (eXp (_25%(1 -p) (T“‘ﬁp’/z ~t p> )) '
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1/(2=2p) _

Choosing L > max (1, (2§2t(1 —p)fo(yp)) ,yp> makes this tail term exponentially subdominant to

T Pp fOL BS(k,y/7%,7)¢(y/Bp)dy, which completes the proof of the lemma. O

3.1.3. Case: p=1. In the lognormal case p = 1, the random variable log(V) is Gaussian with mean p (defined
in (233)) and variance £2¢. The proof is similar to Section B2, but we need to re-scale the variance by 7| log(7)|.

We prove a tail estimate in Lemma B and derive asymptotics for option prices in Lemma BZ2.

Lemma 3.6. The following tail estimate holds forp =1 and L > 0 as 7 tends to zero (u defined in (E33)):

17 (ki) & G = (o= [ () -4 )

Proof. By no-arbitrage arguments, the Call price is always bounded above by one, so that

J. 29 (o g ) & () 0= . & ()

With the substitution g = 5%/{ [log(y/(7|1log(7)])) — ], the lemma follows from the bound for the complementary

Gaussian distribution function [62, Section 14.8]. O

Lemma 3.7. Let p = 1. The following expansion holds for option prices as T tends to zero:

Clk,7) = es(t, 1) exp ( —e1(t, D (7, p) + eat, 1)h2(7,p))703(t’1)| log(r)|cs (D) <1 +0 (|log1(7')|>) :

with the functions c1,ca, ...,c5, h1 and hy given in Table O

Proof. Let 7 := 7|log(7)|. With the substitution y — y/7 and using (8), the option price is given by

C(lm)Z/OOOBS(hy,T)Cl(y)dy:;/0 BS( = )Cl( )

~L{ [ e (L) () [ 7B (1Lr) 6 (D)t} =)+ Tt

for some L > 0. Consider the first term. Using Lemma BT with 7 = 7]log(7)|, we have, as 7 tends to zero,

o5 (& g ) o2 () e [+ © ()|

Therefore

I Rl GG [Fon sl (o8 (i) =) e,

| log(7)[*/2¢k22m/t 2y 262

(k (log(r) + log [log()))2 + 1 p(log() + log] log<r)|>) 1) [14 0 (i)
2 262t £t €k22m\/t|log(T)|3/2

where I (1) := fOL 92(y) exp (—go(y)| log 7| + g1 (y) log | log(7)|) dy with go and g1 defined in (P7I) and

92(y) == \/yexp (u1§2gt(y)> :
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The dominant contribution from the integrand is the |log(7)| term; the minimum of gq is attained at y* given
in (ZZM), and g§ (v*) = 4/(£5¢3k*) > 0. Set

LT o [ 22w — o N ot (e W) og [ log(7)] i _ 2m
Io(T) .—/_Oo p 2<(y Yy )/ 1og(7)lg6 (y*) |log(7)|g{)’(y*)> dy 7 () Tog(r)|’

Then for some € > 0 as 7 tends to zero, the asymptotic equivalences with L > y*,

Yy te
B~ [ gawesn { =l log(r)] + g10) o og(r)

*—e

e
N92@*)6790(@/*)\log(T)\Jrgl(y*)log\log(T)I/y e~ 290 () (y=y")?|log(n)|+91 (y") (y=y") log | log(7)| 4
y*—e

~ ga(y") exp (—go(y*)l log(7)| + g1(y*) log | log(7)| +

)
(
N R /1% N T o) S A
= g92(y") p( go(y™)|log(7)| + g1(y*) log | log(7)| + 296'(?/*)“0%(7)‘ > g(’)’(y*)\log(Tﬂ'

hold. Therefore as 7 tends to zero:

C(k,7) = c5(t,1) exp ( —c1(t, D)hi(1,1) + ca(t, 1) ha(T, 1))763(t’1)| log(7)|c4(t’1) [1 + O (|log1(7-)|)] ;

with the functions ¢y, ¢, ..., c5, h1 and hy given in Table 0. For ease of computation we note that
2 1 * . 2 1 *

R Vo v B v

Now by Lemma B,

)= gz J, ™ (e 7) (e )

= #O e — 1 lo L - i
= Thog(@) -~ \TPY T2e2 | B\ Flog(n)] ) '
Since for some B > 0 we have that

1 L 2 L (log(L)— 1
o (‘m o (<) 7] ) < B (rl1og(n))F 0 exp (< gizin(r)).

choosing L such that log(L) > u yields

© (e"p {‘251% o5 (o) - “]}) =0 (e (- gghutr) )

Hence C(k, 7) is then exponentially subdominant to the compact part since

exp (cl(t7 Dhi(7,1) — ca(t, 1)ha(T, 1))(9 (exp {_Q;t |:10g <T| 102@_)) B ,u} 2}) -0 (e—CQ(t,l)hz(r,l)) ’

and the result follows. O
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3.2. Proof of Theorem ZR. Lemma B2 and (B) yield the following asymptotics as 7 tends to infinity:

(34) Clk,7) =1—my; +m(1 —e¥)* 4 7712 2¢(r) (14 O(= 1)),
where £(7) = fooo g(z)e"7*dz, and we set g(z) = —8(,(82)//mz. As z tends to zero recall the following

asymptotics for the modified Bessel function of the first kind of order » [i, Section 9.6.10]:

1 2\ "

W) = {51 (5) +o(:).

Using this asymptotic and the definition of the density in (2H) we obtain the following asymptotics for the
density as y tends to zero when p < 1 and absorption at the origin when p < 1/2:
_ 2(1—
Yoy'—2P (1-p)

= oxp | Yo~ 2(1-p) ) )
R N [ T RS T p( 252t<1p>2>(1+0(y )

Analogous arguments yield that when p < 1/2 and the origin is reflecting, then, as y tends to zero,

y2p y2(1—p) (1
(30 Cp(y):umetr(ml)@(lp)?é?t)”eXp<‘2s2f<1—p>2 (1ro ().

In order to apply Watson’s lemma [62, Part 2, Chapter 2] to £, it suffices to require that ¢(z) = O(e?)
for some ¢ > 0 as z tends to infinity. This clearly holds here since lim.too (p(2) = 0. We also require that
q(2) = apz'(1 + O(2")) as z tends to zero for some [ > —1, n > 0. When p > 1, it can be shown that ¢, is
exponentially small, and a different method needs to be used. When p < 1 and the density is as in (B3) then
I =1-2p—1 and so we require p < 2. Analogously, when p < 1/2 and the density is (B8) then [ = —2p — 1

and we require p < i. An application of Watson’s Lemma in conjunction with (82) yields Theorem 3.

APPENDIX A. BLACK-SCHOLES ASYMPTOTICS

This appendix gathers some useful expansions for the Black-Scholes Call price function BS defined in (E8).

Lemma A.1l. Let k,y >0 and 7 : (0,00) — (0,00) be a continuous function such that lim T —0. Then

10 7(7T)

3/2 3/2 25
y _ Y T k) k T
BS (k, 7~_(T),7> N (7’(7’)) exp< 5 T —|—2> {1+0(7~_(7)>}, as T tends to zero.

Proof. Let k,y > 0 and set 7*(7) = 7/7(7). By assumption, 7*(7) tends to zero, and (E8) implies

BS (k, £,7) = BS (k,y, 7(r)) = N(d}(r)) = "N (d" (7)),

where we set di () := —k/(y/y7* (7)) £ 51/y7*(7), and N is the standard normal distribution function. Note
that d7 tends to —oo as 7 tends to zero. The asymptotic expansion 1-A(z) = (2r)~1/2e=="/2 (z7t =273+ 0(z79)),
valid for large z (I, page 932]), yields

BS <k %) T) =N (d5(7)) =N (d(7)) =1 = N (=d*. (1)) — (1 = N (=d* (7))




as 7 tends to zero, where we used the identity 1d* ()% — k =
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%di(r)g. The lemma then follows from the

following expansions as 7 tends to zero:

o (~30?) =ew (~ 5+ ) 1+ 06 (),

B 1 1 B 1 B y3/27_*(7_)3/2 i
FO B0 RO EER S e oM

Lemma A.2. Lety >0 and k € R. Then, as T tends to infinity,

4 yr k 1
B =1 —— G e .
Sk ) = 1= —g—op (-5 45 ) (1+0)

Proof. Let y > 0. Then BS(k,y,7) = N (d7.(1)) —e"N (d* (7)), where we set d*.(7) := —k/(\/yT) £ 3,/yT, and
N is the standard normal distribution function. Hence d tends to +o0o as 7 tends to infinity. The asymptotic
expansion 1 — N (z) = (2r)~1/2e=%"/2 (271 =273+ O(277)), valid for large z ([, page 932]), yields

BS(k,y, ) :N( i(T)) — ek (1 —N(—d*,(T)))

=1 J%exp (3511(7)2) {dil(f) - d’il(r) * di(lr)B - di<17>3 O (d*+<17)5> } ’

as 7 tends to infinity, where we used the identity $d* (7)? — k = 1d* (7)?. The lemma then follows from the

2

following expansions as 7 tends to infinity:

(1]

[10]

(11]

(12]

exp <;dj_(7)2) = exp ( %— 2) (1+0(r™h),
1 1 1 1 L (14 op)
() di(r)  dr(r)d  di(1)3 27Ty '
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