ASYMPTOTICS OF FORWARD IMPLIED VOLATILITY

ANTOINE JACQUIER AND PATRICK ROOME

ABSTRACT. We prove here a general closed-form expansion formula for forward-start options and the forward
implied volatility smile in a large class of models, including the Heston stochastic volatility and time-changed
exponential Lévy models. This expansion applies to both small and large maturities and is based solely on the
properties of the forward characteristic function of the underlying process. The method is based on sharp large
deviations techniques, and allows us to recover (in particular) many results for the spot implied volatility smile.
In passing we (i) show that the forward-start date has to be rescaled in order to obtain non-trivial small-maturity
asymptotics, (ii) prove that the forward-start date may influence the large-maturity behaviour of the forward
smile, and (iii) provide some examples of models with finite quadratic variation where the small-maturity forward

smile does not explode.

1. INTRODUCTION

Consider an asset price process (eXt) >0 With Xo = 0, paying no dividend, defined on a complete filtered
probability space (2, F, (F;)i>0, P) with a given risk-neutral measure P, and assume that interest rates are zero.

In the Black-Scholes-Merton (BSM) model, the dynamics of the logarithm of the asset price are given by
1
(1.1) dX; = —522dt + XdW;,

where ¥ > 0 is the instantaneous volatility and W a standard Brownian motion. The no-arbitrage price of the
call option at time zero is then given by the famous BSM formula [0, &4): Cpgs(7,k, %) := E (e¥7 — ek)Jr =
N (dy) — "N (d_), with dy := _Tkﬁ + 1%/7, where NV is the Gaussian distribution function. For a given
market price C°"(r, k) of the option at strike e¥ and maturity 7 we define the spot implied volatility o, (k) as
the unique solution to the equation C°%(7, k) = Cgs(T, k, 0 (k)).

For any t,7 > 0 and k € R, we define [10, @4] a Type-I forward-start option with forward-start date ¢,
maturity 7 and strike e* as a European option with payoff (eXg) — ek)Jr where Xg) = X¢pr — X pathwise.
In the BSM model () its value is simply Cps(7,k,¥). For a given market price C°P(¢, 7, k) of the option
at strike e, forward-start date ¢ and maturity 7 we can define the forward implied volatility smile o (k)
as the unique solution to C°%(t, 7, k) = Cps(7, k,04-(k)). A second type of forward-start option exists [44]
and corresponds to a European option with payoff (eXt+~ — ek+Xt)+. In the BSM model (IT) the values of
Type-1 and Type-II forward-start options coincide. Again, for a given market price C°*!(7 ¢ k) of such an
option, we define the Type-II forward implied volatility smile &; , (k) as the unique solution to C°**(r ¢ k) =

Cps(7,k,0¢,-(k)). Both definitions of the forward smile are generalisations of the spot implied volatility smile
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since they reduce to the spot smile when ¢ = 0. Note that both types are quoted on the market, Type-I being
more liquid, in particular through cliquet options.

The literature on implied volatility asymptotics is extensive and has drawn upon a wide range of mathematical
techniques. In particular, small-maturity asymptotics have historically received wide attention due to earlier
results from the 1980s on expansions of the heat kernel [G]. PDE methods for continuous-time diffusions [9, 32,
57, large deviations [, I¥], saddlepoint methods [20], Malliavin calculus [[@, 1] and differential geometry [28,
33] are among the main methods used to tackle the small-maturity case. Extreme strike asymptotics arose
with the seminal paper by Roger Lee [&3] and have been further extended by Benaim and Friz [4, 6] and
in [IH, 23, B0, B1]. Comparatively, large-maturity asymptotics have only been studied in [T9, 21, B5, B6, b6)
using large deviations and saddlepoint methods. Fouque et al. [22] have also successfully introduced perturbation
techniques in order to study slow and fast mean-reverting stochastic volatility models. Models with jumps
(including Lévy processes), studied in the above references for large maturities and extreme strikes, ‘explode’
in small time, in a precise sense investigated in [1, P, "7, AR, 50, 55)].

A collection of implied volatility smiles over a time horizon (0, T is also known to be equivalent to the marginal
distributions of the asset price process over (0,7]. Implied volatility asymptotics have therefore provided a set
of tools to analytically understand the marginal distributions of a model and their relationships to market
observable quantities such as volatility smiles. However many models can calibrate to implied volatility smiles
(static information) with the same degree of precision and produce radically different prices and risk sensitivities
for exotic securities. This can usually be traced back to a complex and often non-transparent dependence on
transitional probabilities or equivalently on model-generated dynamics of the smile. The dynamics of the smile
is therefore a key model risk associated with these products and any model used for pricing and risk management
should produce realistic dynamics that are in line with trader expectations and historical dynamics. One metric
that can be used to understand the dynamics of implied volatility smiles ([iT] calls it a ’global measure’ of
the dynamics of implied volatilities) is to use the forward smile defined above. The forward smile is also a
market-defined quantity and naturally extends the notion of the spot implied volatility smile. Forward-start
options also serve as natural hedging instruments for several exotic securities (such as Cliquets, Ratchets and
Napoleons; see [25, Chapter 10]) and are therefore worth investigating.

Despite significant research on implied volatility asymptotics, there are virtually no results on the asymptotics
of the forward smile: Glasserman and Wu [28] introduced different notions of forward volatilities to assess their
predictive values in determining future option prices and future implied volatility, Keller-Ressel [A0] studies a
very specific type of asymptotic (large forward-start date, fixed remaining maturity), and empirical results have
been carried out by practitioners in [I0, 02, 25]. Recently, in [37] the authors proved that for fixed ¢ > 0 the
Heston forward smile (corresponding to Xﬁt)) explodes (except at-the-money) as 7 tends to zero.

We consider here a continuous-time stochastic process (Yz)e~o and prove—under some assumptions on its

characteristic function—an expansion for European option prices on Y, of the form
+ * .
B (est(e) _ eme)) = T(k, ¢, ) +alk, c)e N B)/HRSE) (cﬁ]l{c>0} + 6‘3/21“(6)1{0:0}) [+ (ke + O (£2)]

as € | 0, for some (explicit) functions a, a; and a residue term Z (Theorem B4 and Corollary 25). Here f is a
continuous function satisfying ef(e) = ¢+ O(e) as ¢ tends to zero, and A* is a large deviations rate function.

Setting Y, = Xg(it) and f(e)=lor Y, = EXit/)E and f(g) = ! yields ‘diagonal’ small-maturity (Corollary EZ8)
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and large-maturity (Corollary ET9) expansions of forward-start option prices. The diagonal small-maturity re-
scaling results in non-degenerate small-maturity asymptotics that are far more accurate than the small-maturity
asymptotic in [87]. This result also applies when ¢ = 0, and generalises the results in [[9], [21], [38]. We also
translate these results into closed-form asymptotic expansions for the forward implied volatility smile (Type I
and Type II). In Section B, we provide explicit examples for the Heston and time-changed exponential Lévy
processes. Section B provides numerical evidence supporting the practical relevance of these results and we leave
the proofs of the main results to Section B.

Notations: N(u,o?) shall represent the Gaussian distribution with mean g and variance o%. Furthermore E
and V shall always denote expectation and variance under a risk-neutral measure IP given a priori. We shall refer
to the standard (as opposed to the forward) implied volatility as the spot smile and denote it o-. The (Type-I)
forward implied volatility will be denoted oy, as above. In the remaining of this paper € will always denote a
strictly positive (small) quantity, and we let R* := R\ {0} and RY := (0, 00). For two functions g, h : Ry — R,
we use the notation g ~ h to mean lim. o g(¢)/h(¢) = 1 and we let sgn(p) =1 if p > 0 and —1 otherwise. For
a sequence of sets (De).>0 in R, we may, for convenience, use the notation lim. o D,, by which we mean the
following (whenever both sides are equal): liminfe o De := U5 ¢(Ny<c Ps = ongUs<e Ds =: limsup, o D..
Finally, for a given set A C R, we let A° denote its interior (in R) and R(z) and %(;) denote the real and

imaginary parts of a complex number z.

2. GENERAL RESULTS

This section gathers the main notations of the paper as well as the general results. The main result is
Theorem P4, which provides an asymptotic expansion—up to virtually any arbitrary order—of option prices
on a given process (Yz), as ¢ tends to zero. This general formulation allows us, by suitable scaling, to obtain

both small-time (Section Z21) and large-time (Section EZ24) expansions.
2.1. Notations and main theorem.

2.1.1. Notations and preliminary results. Let (Y:) be a stochastic process with re-normalised logarithmic mo-

ment generating function (lmgf)

Y.

(2.1) Ac(u) :==clogE [exp (u E)] ) for all uw € D, := {u € R: |A(u)| < oo}
€

We further define Dy := lim. o D, and now introduce the main assumptions of the paper.

Assumption 2.1.

(i) Expansion property: For each u € D§ the following Taylor expansion holds as ¢ tends to zero™

(2.2) Ac(u) = Z Ai(u)e' + O(e3);

(ii) Differentiability: There exists 9 > 0 such that the map (g,u) — A.(u) is of class C* on (0,e¢) x Dg;
(iii) Non-degenerate interior: 0 € Dg;

(iv) Essential smoothness: A is strictly convex and essentially smooth® on Dg;

IThe abuse of notation between A, and A; should not yield any confusion.
2[Izl7 Definition 2.3.5]. A convex function h : R D Dj — (—o00, 0] is essentially smooth if Df is non-empty, if h is differentiable

in Dy, and if h is steep, e.g. limppoo [B/(un)| = oo for every sequence (un)nen in Dy, that converges to a boundary point of Df.
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(v) Tail error control: For any fixed p, € Dg\{0},
(a) R (A: (ip; +pr)) = R (Ao (ipi +pr)) + O(e), for any p; € R;
(b) the function L : R > p; = R (A (ip; + pr)) has a unique maximum at zero, is bounded away from
L(0) as |p;| tends to infinity and is of class C!(R);
(c) there exist £1,p; > 0 such that for all |p;| > pf and € < &; there exists M (independent of p; and ¢)
such that R [A:(ip; + pr) — Ao(ip; +pr)] < Me.

Assumption 27(i) implies that the functions lim. o 9.A.(u) exist on D§ for i = 0,1,2. Assumption E(ii)
could be relaxed to C®((0,&0) x Dg), but this hardly makes any difference in practice and does, however, render
some formulations awkward. If the expansion (22) holds up to some higher order n > 3, one can in principle
show that both forward-start option prices and the forward implied volatility expansions below hold to order n
as well. However expressions for the coeficients of higher order are extremely cumbersome and scarcely useful
in practice. Assumption ETI(v) is a technical condition (readily satisfied by practical models) required to show
that the dependence of option prices on the tails of the characteristic function of the asset price is exponentially
small (see Appendix B and O for further details). We do not require this condition to be satisfied at p, = 0 since
this corresponds to an option strike at which our main result does not hold anyway (k = Ag 1(0) in Theorem 24
below). We note that this assumption is not required if one is only interested in the leading-order behaviour of
option prices and forward implied volatility. Strictly speaking, we have only defined the function A, on (part
of) the real line. It is however possible to extend it to a strip in the complex plane, and we refer the reader
to the proof of Lemma B on Page IR for more details. Assumption EJ(iv) is the key property that needs
to be checked in practical computations and can be violated by well-known models under certain parameter
configurations (see Section BT for an example).

Define now the function A* : R — R as the Fenchel-Legendre transform of Ay:

(2.3) A* (k) := sup {uk — Ap(u)}, for all k € R.
u€Dg

For ease of exposition in the paper we will use the notation

(2.4) Aig(u) == 0\ Ai(u) forl>1,i=0,1,2.

The following lemma gathers some immediate properties of the functions A* and A;; which will be needed later.
Lemma 2.2. Under Assumption B, the following properties hold:
(i) For any k € R, there exists a unique u*(k) € D§ such that
(2.5) Ao (u*(k)) =k,
(2.6) A" (k) = u"(k)k — Ao (u (k) ;

(i) A* is strictly conver and differentiable on R;
(i) if a € DY such that Ag(a) =0, then A*(k) > ak for all k € R\ {Ag1(a)} and A*(Ap1(a)) = alo1(a).

Proof.

(i) By Assumption E0I(iv), Ao 1 is a strictly increasing differentiable function from —co to co on Dy.

(ii) By (i), OxA* is the inverse of the function Ag; on R. In particular OyA* is strictly increasing on R.
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(iii) Since Ag. is strictly increasing, Ao 1(a) = k if and only if u*(k) = a and then A*(Agp1(a)) = alg1(a)
using (Z). Using the definition (Z33) with a € D§ and Ag(a) = 0 gives A*(k) > ak. Since A* is strictly
convex from (ii) it follows that A*(k) > ak for all k € R\ {Ag1(a)}.

0

Remark 2.3. The saddlepoint v* is not always available in closed-form, but can be computed via a simple root-

finding algorithm. Furthermore, a Taylor expansion around any point can be computed iteratively in terms of the

derivatives of Ag. For instance, around k = 0, we can write u* (k) = u*(0) + - 2(2*(0)) 1 14\0023((;* ((00)) k2 +O(k?).

A precise example can be found in the proof of Corollary B=2.
The last tool we need is a (continuous) function f : R, — Ry such that there exists ¢ > 0 for which
(2.7) fle)e=c+O(e), ase tends to zero.

This function will play the role of rescaling the strike of European options and will give us the flexibility
to deal with both small- and large-time behaviours. Finally, for any b > 0 we now define the functions
Ab,f_lb : R\ {A071(0),A071(b)} X Rj_ — R by

_ b\/g]l{b>0} + 53/2f(€)]l{b:0} u*(k)(ef(s) - b) €f(€)
Ay(k,e) = and  Ay(k,e) := 14T (b, k)et NI Z Pg 0 b S o

o(k.€) w (k) (u* (k) — b) /27 Ao 2 (u* (k) vk, ) (b, k) (w (k) —b)b 70T (k) =0
where T : Ry x R\{A(1(0),A¢,1(b)} — R is given by

5A35  AAiiAos+Aga AT+ Aie Ao3 Ao3

2.8 Y, k) :=Ay — . d ’ 2 _ o Ll ) _ )

(28) bRy =8 = opxa  + —RAz, 2Mon 2w (k)AZ,  2(u'(k)—b) A3,
A1’1 (b — QU*(]C)) +3 bQ

S (k) (wr(k) —b) Aoz wr(k)? (ur(k) — b)? Mg
For ease of notation we write A; and A;; in place of A; (u*(k)) and A;; (u*(k)). The domains of definition of A,
and A, exclude the set {Ag1(0),Ao1(b)} = {k € R : u*(k) € {0,b}}. For all k in this domain, Aga(u*(k)) > 0
by Assumption E(iv), so that A, and A, are both well-defined real-valued functions.

2.1.2. Main theorem and corollaries. The following theorem on asymptotics of option prices is the main result
of the paper. A quick glimpse at the proof of Theorem 4 in Section Bl shows that this result can be extended

to any arbitrary order.

Theorem 2.4. Let (Y:)eso satisfy Assumption B, and f : Ry — Ry be a function satisfying (B20) with
constant ¢ € D§NRy. Then the following expansion holds for all k € R\{Ag1(0),Ao1(c)} ase ] 0:

E (e¥f&) — kT ik > Aga(o),
e N /eI EOTM A (K, €) [Aclk,e) + O (€2)] = E (b —e¥=FE) T ifk < Ag1(0),
—E (Y1) Ak @) | if Ag 1 (0) < k< Aga(c).

Using Put-Call parity, the theorem can also be read as an expansion for European Call options (or for Put

options) for all strikes, except at the two points Ag 1(0) and Ag 1 (c):
Corollary 2.5. Under the assumptions of Theorem B4, we have, for k € R\{Ao.1(0),Ao,1(c)}, as e | 0:

+ * _
E (eYaf(e) B ekf(E)) = eAE(f(E)E)/E]l{k?<1\r),1(C)}_ekf(g)]l{k<1\0,1(0)}_‘_6_A (k)/s+kf(s)+AlAc(k7 5) [Ac(k’ 5) +0 (62)] :
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2.2. Forward-start option asymptotics. We now specialise Theorem P4 to forward-start option asymp-

totics. For a stochastic process (X;);>0, we define (pathwise), for any ¢ > 0, the process (X‘I(‘t))TZO by
(29) X7(_t) = Xt+7- - Xt.

2.2.1. Diagonal small-maturity asymptotics. We first consider asymptotics when both ¢ and 7 are small, which
we term diagonal small-maturity asymptotics. Set (Yz) := (Xs(it)) and f = 1. Then ¢ = 0 and the following

corollary follows from Theorem 2
Corollary 2.6. If ( E(it))Do satisfies Assumption 2, then the following holds for k # Ao.1(0), as e | 0:

* xen 2\ T .
om A (B) /4 Ay 232 E(e £ e ) . ifk > Aga(0),

1 2 _
R (1 (Y00 )+ 0) - B )" k< A0)

In the Black-Scholes model, all the quantities above can be computed explicitly and we obtain:

Corollary 2.7. In the BSM model () the following expansion holds for all k # 0, as € | 0:

et +

ok/2—k? /(257 re) (12,2 3/2 3 1 E (X5 — ek , if k>0,
: (Fre) {1 - ( - ) »2re + 0(62)} = ( (Et))+

k2271 E (ek _ X ) . ifk<0.

k2 8

Proof. For the rescaled (forward) process (Xs(it))g>0 in the BSM model (IT) we have A.(u) = Ag(u) + eAq(u)
for u € R, where Ag(u) = u?0?7/2 and A;(u) = —uo?7/2. It follows that Ag1(u) = uo?r, Ag2(u) = o7 and
Ay 1(u) = —0%7/2. For any k € R, u*(k) := k/(0?7) is the unique solution to the equation Ag 1(u*(k)) = k and
A*(k) = k?/(2027). Ao is essentially smooth and strictly convex on R and the BSM model satisfies the other
conditions in Assumption E. Since Ag1(0) = 0, the result follows from Corollary P@. O

It is natural to wonder why we considered diagonal small-maturity asymptotics and not the small-maturity
asymptotic of o, for fixed ¢ > 0. In this case it turns out that in many cases of interest (stochastic volatility
models, time-changed exponential Lévy models), the forward smile blows up to infinity (except at-the-money)
as 7 tends to zero. However under the assumptions given above, this degenerate behaviour does not occur
in the diagonal small-maturity regime (Corollary Z8). In the Heston case, this explosive behaviour has been
studied in [37]. More generally, we can provide a preliminary conjecture explaining the origin of this behaviour.
Consider a two-state Markov-chain dX; = —%th +VV dW;, starting at Xg = 0, where W is a standard
Brownian motion and where V is independent of W and takes value Vi with probability p € (0,1) and value

V2 € (0,V1) with probability 1 — p. Conditioning on V' and by the independence assumption, we have
E (e“(X”**Xt)) = peVrur(u=1)/2 4 (1- p)evzq”(“*l)m, for all u € R.

Consider now the small-maturity regime where e = 7, f(¢) =1 and Y. := Xs(t) for a fixed t > 0. In this case an

expansion for the re-scaled lmgf in (222) as 7 tends to zero is given by
%
Ac(u) =T1logE (e“(X”T’Xt)/T) = éuQ + 7log (pefvlu/Z) +70 (e*“2(V1*V2)/(27)) , for all u € R.
Since V7 > V5 the remainder tends to zero exponentially fast as 7 | 0. The assumptions of Theorem 4 are
clearly satisfied and a simple calculation shows that lim; o oy (k) = v/V1. This example naturally extends to

n-state Markov chains, and a natural conjecture is that the small-maturity forward smile does not blow up if and
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only if the quadratic variation of the process is bounded. In practice, most models have unbounded quadratic

variation (see examples in Section B), and hence the diagonal small-maturity asymptotic is a natural scaling.

2.2.2. Large-maturity asymptotics. We now consider large-maturity asymptotics, when 7 is large and ¢ is fixed.
Consider (Y;) := (EXY/)E)7 ¢:=1/7 and f(e) = 1/e (so that ¢ = 1). Theorem P2 then applies and we obtain
the following expansion for forward-start options:

Corollary 2.8. If (TﬁlX.ﬁt))T>o satisfies Assumption 23 withe = 7% and 1 € D, then the following expansion

holds for all k # {Ao,1(0),Ao1(1)} as 71 oco:

+
E (eXi“ - e’”) . if k> Aga(1),

e—T(A*(k)—k)+A17——1/2 T(l k) 1 N
14+ ! +0 | = = kT _ X,(rt) :
w (k) (ur(k) — 1) \/2mho2 ( T (72>) E (e (t)e ) ik < 80,(0),
E (X AT) L if 8oa(0) < k< Ao (1),

In the Black-Scholes model, all the quantities above can be computed in closed form, and we obtain:
Corollary 2.9. In the BSM model () the following expansion holds for all k ¢ {—22/2, 22/2} as T 1 oo:
E (eXE” . e’W)+ o ifk > ix?
E(b — X)) k< Ly,

® kT ; 1 1
E (X AST), if — 31X <k < iXR

(4k2 — X4) V277 (4k2 — %)% 7 2

e77—<(k+22/2)2/(222),k) 433 4572 (24 n 12k2) 1
- o(5)) -

Proof. Consider the process (X-,(—t)/T)T>0 and set ¢ = 71, In the BSM model (I0), A.(u) := 7~ !log ]E(exp(uXﬁt))) =

Ao(u) = 132u(u — 1). Thus Agy(u) = X2 (u—1/2) and Aga(u) = X2. For any k € R, Ao (u*(k)) = k has

a unique solution u*(k) = 1/2 4+ k/X? and hence A*(k) = (k+ 22/2)2 /(2%2). Ay is essentially smooth and

strictly convex on R and Assumption P is satisfied. Since {0,1} C D§ the result follows from Corollary 8. O

2.3. Forward smile asymptotics. We now translate the forward-start option expansions above into asymp-

totics of the forward implied volatility smile k — oy ,(k), which was defined in the introduction.

2.3.1. Diagonal small-maturity forward smile. We first focus on the diagonal small-maturity case. Fori =0,1,2

we define the functions v; : R* x Ry x R} — R by

k2
/Uo(k,t77—) = m7
k,t,7)2 2 k21 (u” (k)
Ul(k’t77—) = UO( : ’T) u 1+10g< c 3/2>‘|3
K B\ (k)2 \/Ro o (w* (R)) (reo (k, £, 7))
(2.10)
27203 (k,t,7) (31 2703 (k,t,7) 1
k,t =00 (D4 0 Y0,k
oa(l,,7) D (S g) ST (v + s )

vi(k,t,T) 3T

et RN

vo(k,t,7) k2
where A*, u*, A;;, T are defined in (233), (23), (24), (28). The diagonal small-maturity forward smile

asymptotic is now given in the following proposition, proved in Section Bl.

(ka t? T)Ul(kv ta T)7

Proposition 2.10. Suppose that (Xs(it))8>0 satisfies Assumption B2 and that Ag1(0) = 0 (defined in (E4)).

The following expansion then holds for the corresponding forward smile for all k € R* as € tends to zero:

(2.11) 02 or(k) = vo(k,t,7) + vi(k,t, 7)e + va(k,t, 7)e* + O (€°) .
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Remark 2.11.

(i) When Ag1(0) =0 then A*(k) > 0 for k € R* and A*(0) = 0 from Assumption Z(iii) and Lemma PZA(iii)
(with a = 0 € DY) so that vy is always strictly positive, and all the v; (i = 0,1,2) are well-defined on R*.

(ii) The condition Ag 1(0) = 0 is equivalent to lim, o E(Xg(it)) = 0, which imposes some regularity on the paths
of the process at ¢ = 0. Diffusion processes usually satisfy this condition, under which the zeroth-order
term vg(+,¢,7) in (Z10) has a well-defined limit at the origin. In the case of exponential Lévy models,
weak convergence of (X;/t*);>¢ (for some a > 0) has been proved [564]. However, this also implies that Ag
will be null on some interval containing the origin. Clearly then Ag1(0) = 0, but the function then lacks
the essential smoothness property required in Assumption E(iv).

(iii) Using Taylor expansions in a neighbourhood of & = 0 it can be shown that vy (-, ¢, 7) has a well-defined limit
at 0 if and only if Ag1(0) = 2A;11(0) +Ag2(0) = 0 and vz (-, ¢, 7) has a well-defined limit at 0 if and only if
limy, 0 vo(k, t, 7) and limy_,o v1(k, t, 7) are well-defined and 6A 1(0)+3A1,2(0)+Ag 3(0) = 0. Interestingly,
these conditions can be written in similar ways to (ii). For example, the condition 2A; 1(0)+Ag2(0) = 0 is
equivalent to lim, o ]E(Xe(it)) /e = —lim. o V(Xg(it)) /(2¢), imposing a constraint on the mean and variance
of Xe(it) at ¢ = 0. Most models used in practice (and in particular those in Section B) satisfy these
properties and we leave the precise study of this phenomenon for future work.

(iv) In Lévy models, the forward smile does not depend on the forward date (because the increments are

stationary), and hence this diagonal regime does not apply.

2.3.2. Large-maturity forward smile. In the large-maturity case, define for ¢ = 0,1,2, the functions v{°
R\{A0,1(0), Ao,1(1)} x Ry — R by

iy | 2NE k2 EBERE=F), it ke R\[Bos(0) Aoa(D)].

U 2(2A (k) — k+ 2NN (R) —R)), if k€ (Aoa(0), Aga(1)),

-  8uge(k,t)? o 4k? — vg° (k,t)?

okt — 050 (k, t)2 <A1 )) +log (4 u*(k u*(k)vge (k, t)3/2 Aoyg(u*(k))>>7
(2.12)

00 — 4 4’000 v° 2 v>° _ G,Uoo 2

e TP S TE (K205 (I, 107 (O, 1% (5%, 1) + 6) — 16605 (I, 1)

2
— 2T (L, kv (ks ) (ng(k, £)2 - 4k2) k20 (k, 1) (96 (k)2 + 805 (k, t))
— 0 (kD) (05 (k1) + 8) |.
The quantities A*, u*, A;;, T are defined in (233), (E3), (22), (Z8). The large-maturity forward smile asymptotic
is given in the following proposition, proved in Section B. When ¢ = 0 in (22) and (EI3) below, we recover—
and improve—the asymptotics in [16G], [IR], [19], [20], [21]. It is interesting to note that the (strict) martingale

property (Ag(1) = 0) is only required in Proposition ET2 below and not in Proposition 10 and Theorem P72.

Proposition 2.12. Suppose that (771X7(—t))—,->0 satisfies Assumption 23, with e = 7! and that 1 € D and
Ao(1) =0 (all defined in Assumption Z). The following then holds as T tends to infinity:

(2.13) o2 (kr) = v (k, t) + vtk v (k 2

T 7'

+0 ( 1 ) , for all k € R\{Ay1(0),Ao,1(1)}.

Since {0,1} € D§ and Ag(1) = Aog(0) = 0, we always have A*(k) > max(0, k) from Lemma PA(iii). One can
also check that 0 < v§°(k,t) < 2|k| for k € R\ [Ag,1(0), Ap1(1)] and v§°(k,t) > 2|k| for k € (Ag1(0), Ao1(1)).
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This implies that the functions v{® (i = 0,1,2) are always well-defined. By Assumption B and Lemma 2Z72(iii)
we have A*(Ag1(0)) = 0. Again from Lemma PZA(iii) this implies that A*(Ag,1(1)) = Ag1(1). Hence v§°(-,t)
is continuous on R with v§®(Ag,1(1),t) = 2A0,1(1) and vg°(Ag1(0),t) = —2A0,1(0). The functions v°(-,t)
and v5°(,t) are undefined on {Ag1(0),Ap1(1)}. However, it can be shown that since Ag is strictly convex
(Assumption Pl) and Ag(1l) = 0 all limits are well-defined and hence both functions can be extended by

continuity to R. For example, using Taylor expansions in neighbourhoods of these points yields:

oo o vg° (P, ) on Aos(u™(p)) e -
tim o500 = 2= 2| LT PO (1) (G020 4w 0)) s or € (0a(0) Ao (D)

which, for ¢ = 0, agrees with [21, Equation (3.2)] for the specific case of the Heston model (Section B).

2.3.3. Type-II forward smile. As mentioned in the introduction, another type of forward-start option has been
considered in the literature. We show here that the forward implied volatility expansions proved above carry
over in this case with some minor modifications. For the (F,)-martingale price (eX*),>o (under P) define the

stopped process )~(Z := Xiay for any ¢ > 0. Following [44] define a new measure P by

(2.14) P(A) :=E (e)}erTlA) =K (eX‘lA) , for every A € Fiyr.

The stopped process (efq)uzo is an (Fiau)u-martingale and (E04) defines the stopped-share-price measure P.

The following proposition shows how the Type-1I forward smile o; » can be incorporated into our framework.

Proposition 2.13. If (eXt)t>0 is an (Fi)-martingale under P, then Propositions and 212 hold for the
Type-1I forward smile oy » with the Imgf (Z) calculated under P.

Proof. We can write the value of our Type-II forward-start call option as
E {(eX”T — ek+Xf)+} =K [eXﬁ (eXHT*Xt — ek)j =K {ef{fw (eXHT*Xt — ek)j -E [(eX”T*Xt — ek)w .

Proposition 24 and Corollaries 8, 28 hold in this case with all expectations (and the Imgf in (2711)) calculated
under the stopped measure P. An easy calculation shows that under ﬁ, the forward BSM Imgf remains the

same as under P. Thus all the previous results carry over and the proposition follows. O

3. APPLICATIONS

3.1. Heston. In this section, we apply our general results to the Heston model, in which the (log) stock price

process is the unique strong solution to the following SDEs:

1
dX, =-—;Vidt+ VVidW, X0 =0,
(3.1) AV, =k(0—-V)dt +&VVidB,,  Vo=v>0,
d(W,B), = pdt,

with K > 0, £ >0, 0 > 0 and |p| < 1 and (Wy)i>0 and (By)i>o are two standard Brownian motions. We shall
also define p := M . The Feller SDE for the variance process has a unique strong solution by the Yamada-
Watanabe conditions [88, Proposition 2.13, page 291]). The X process is a stochastic integral of the V process
and is therefore well-defined. The Feller condition, 2k0 > £2, ensures that the origin is unattainable. Otherwise
the origin is regular (hence attainable) and strongly reflecting (see [39, Chapter 15]). We do not require the

Feller condition in our analysis since we work with the forward lmgf of X which is always well-defined.
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3.1.1. Diagonal Small-Maturity Heston Forward Smile. The objective of this section is to apply Proposition 2210

to the Heston forward smile, namely
Proposition 3.1. In Heston, Corollary 228 and Proposition 21D hold with Dy = K¢ -, Ao =Z, Ay = L

This proposition is proved in Section B2, and all the functions therein are defined as follows:
uv

& (peot (3¢pTu) — p) — 2€2tu’

and the functions L, Lo, L1 : K¢ - x Ry X R} — R are defined as

(3.2) E(u,t,7) = for all u € K. := {u €R:E(w0m) < 5221;} ,

3.3
| L)<u,t,r> = Lo, ) + B, t.7)? (S — 250 ) — S tr)st - 2 log (1 - SRR,
Lo(u,m) =42 ((1§p do)itu — 2log (%»7
Lau,7) =% (30— dojadyrut (dy = ) (1 - o) SO st
with
do:=Ep, di = W =L amdgm S
7 ip+p £p(p+ip)

For any t > 0,7 > 0 the functions Ly and L; are well-defined real-valued functions for all v € Ky, (see
Remark B0 for technical details). Also since =(0,¢,7)/2(0,0,7) = 1, L is well-defined at v = 0. In order to
gain some intuition on the role of the Heston parameters on the forward smile we expand (EZI) around the

at-the-money point in terms of the log strike k:

Corollary 3.2. The following expansion holds for the Heston forward smile as € and k tend to zero:

4 - 702)52 62

o2, .. (k) = v+ evolt, ) + (pf e, r>)k+(< i L et )>k2+(’)(l~c3)+0(52).

The corollary is proved in Section B2, and the functions appearing in it are defined as follows:

wo(t7) = o= (2460 + € (57— 4) + 120(Ep — 20) — | (€ + 4n (0~ ),
3
nitr) = L€ (1= p?) = 26 (v+0) + gpv] + 21,
(3.4) 24v 8v ey
volt,7) = {80&9 (1307 — 6) + €2 (521" — T12p% + 176) + 40p%v (£p — 2@] s
2
1952t2 [466 (16 = 7p?) + (7% — 4) (9% + 4kw) | + 352 5 (4 (v = 30) + 9¢%).

Remark 3.3. The following remarks should convey some practical intuition about the results above:
(i) For t = 0 this expansion perfectly lines up with Corollary 4.3 in [20].
(ii) Corollary B2 implies o¢te-(0) = 00,.-(0) — 8% (2 4+ 4k(v —0)) + O(g?), as € | 0. For small enough ¢,
the spot at-the-money volatility is higher than the forward if and only if £2 + 4x(v — 0) > 0. In particular,

when v > 6, the difference between the forward at-the-money volatility and the spot one is increasing
in the forward-start dates and volatility of variance £. In Figure B we plot this effect using § = v and
0 > v+ £2/(4r). The relative values of v and 6 impact the level of the forward smile vs spot smile.

(iii) For practical purposes, we can deduce some information on the forward skew by loosely differentiating
Corollary B2 with respect to k:

&, (nlt,r)—Eon(t, 7))

44/v 8u3/2

akast,sr(o) = e+ 0(52).
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(iv) Likewise an expansion for the Heston forward convexity as € tends to zero is given by
~E3((2—5p*)T + 6t) ol T)E2(3t + (1 — 4p)7) + 67v(plrr (t, 7) — 4 (t, T)V)
B 247103/2 2471572

and in particular 070.; ., (0) = 9700, (0) + &%t/ (47v3/2) 4 O(e). For fixed maturity the forward convexity

is always greater than the spot implied volatility convexity (see Figure B) and this difference is increasing

Ofo-1 -+ (0) e+ O(e?),

in the forward-start dates and volatility of variance. At zeroth order in € the wings of the forward
smile increase to arbitrarily high levels with decreasing maturity (see Figure M(a)). This effect has been
mentioned qualitatively by practitioners [T2]. As it turns out for fixed ¢t > 0 the Heston forward smile

blows up to infinity (except at-the-money) as the maturity tends to zero, see [87] for details.

In the Heston model, (eXt);>o is a true martingale [8, Proposition 2.5]. Applying Proposition I3 with
Lemma B, giving the Heston forward Ilmgf under the stopped-share-price measure, we derive the following

asymptotic for the Type-II Heston forward smile o ;:

Corollary 3.4. The diagonal small-maturity expansion of the Heston Type-II forward smile as € and k tend to

zero is the same as the one in Corollary B3 with vy, v1 and vy replaced by vy, V1 and v, where

vo(t, 7) = wo(t, 7) + Eput vt 1) == v1(t,7) ﬁ(tT)':y(t7')—|—£3t(7/)2—4)—'053152
O 1) PORh ’ B PRn B 48v 8ur

Its proof is analogous to the proofs of Proposition Bl and Corollary B3, and is therefore omitted. Note that
when p=0ort=0,v; =7; (i =1,2,3), and the Heston forward smiles Type-I and Type-II are the same.

FwdSmile

050 FwdSmile

L L L L Strike L L L L Strike
0.8 09 10 11 12 0.9 10 11 12

(a) Small-maturity forward smile explosion. (b) Type I vs Type II forward smile.

FIGURE 1. (a): Forward smiles with forward-start date ¢ = 1/2 and maturities 7 =
1/6,1/12,1/16,1/32 given by circles, squares, diamonds and triangles respectively using the He-
ston parameters (v, 0, &, p,&) = (0.07,0.07,1,—0.6,0.5) and the asymptotic in Proposition B.
(b): Type I (circles) vs Type 2 (squares) forward smile with ¢t = 1/2, 7 = 1/12 and the Heston
parameters (v, 0, k, p,&) = (0.07,0.07, 1, —0.2,0.34) using Corollaries B2 and B4.

3.1.2. Large-maturity Heston forward smile. Our main result here is Proposition B3, which is an application of
Proposition 212 to the Heston forward smile. We shall always assume here that £ > p£. When this condition
fails, moments of the stock price process (Bl) strictly greater than one cease to exist for large enough time,
and consequently the limiting lmgf is not essentially smooth on its effective domain and Assumption 2Z(iv) is

violated. This a standard assumption in the large-maturity implied volatility asymptotics literature [I9, 21, B6],
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FwdSmile

Strike

L L L L
09 10 11 12

FIGURE 2. Forward smile vs spot smile with v = 6 and 8 > v + £2/(4x). Circles (t = 0,7 =
1/12) and squares (t = 1/2, 7 = 1/12) use the Heston parameters v = § = 0.07,x = 1, p = —0.6,
& =0.3. Diamonds (¢t = 0,7 = 1/12) and triangles (¢t = 1/2, 7 = 1/12) use the same parameters
but with 8 = 0.1. Plots use the asymptotic in Proposition Bl

but bears no consequences in markets where the implied volatility skew is downward sloping, such as equity
markets, where the correlation is negative. Define the quantities
§—2rpEn .. _YFEV
26(1—p%) T e -1y
(3.5) 0= VE(1 - p?) + (25 — p)?, v i= /% — 16K%er,
o—2nt (f(eQ'“ — 1) & (eft 4+ 1)\/I6x2e2F + £2(1 — ent)2>

Pt = 3 ;b= — 1) — dkpe™,

U4 =

as well as the interval £y C R by

[u,7u*+), if —1<p<p_andt>0,
(3.6) Ku:=1q (u',uy], if pr < p <min(1,k/§),t >0 and Kk > p4&,
[u_,u+] s if p—-<p< min(p+,ﬁ/§),

Details about each case are given in Lemma BT1. We define the functions V and H from Ky to R by

Kb o — ofu— dlu an u) e V(wve ™™ 2xf kO — 25;V (u)
N Vg ssd) ) = e - e (R,

o 1/2 Kk — péu — d(u) ¢ ot
(3.8) d(u) = ((/ﬁ: — pgu)2 + ugz(]_ — u)) 5 ’y(u) = m, and ﬁt = ﬂ (1 — € ) .

From the proof of Proposition BT32, one can see that V and H are always well-defined real-valued functions

on Ky. Finally we define the functions ¢* : R — [u_,u4] and V*: R — Ry by

&= 2rp+ (kOp+ &) n (2%€% + 22K0pE + ,%262)_1/2
a 26 (1= p?)

The following proposition gives the large-maturity forward Heston smile in Case (iii) in (8H), and its proof is

(3.9) ¢*(x): and V*(x) :=q" () — V (¢"(x)) .

postponed to Section B2

Proposition 3.5. If p_ < p < min(p4,k/E), then Corollary 28 and Proposition ZI2 hold with Ay = V,
AN =V* uw" =¢", Ay =H, Ay =0 and Dy = Kyg = [u_,uy].
Remark 3.6.

(i) Note that V* is nothing else than the Fenchel-Legendre transform of V, and ¢* the corresponding saddle-

point (see [[9] for computational details).
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(ii) In the Heston model there is no t-dependence for v5° in (E13) since V* does not depend on ¢. Therefore
under the conditions of the proposition, the limiting (zeroth order) smile is exactly of SVI form (see [Z7]).

(iii) For Cases (i) and (ii) in (BM) the essential smoothness property in Assumption EZ(iv) is not satisfied
and a different strategy needs to be employed to derive a sharp large deviations result for large-maturity
forward-start options. We leave this analysis for future research.

(iv) t = 0 implies that p; = £1 and Proposition B3 extends the large-maturity asymptotics in [T9] and [Z1].

(v) For practical purposes, note that p € [0,min(1/2,x/€)] is always satisfied under the assumptions of the
proposition.

(vi) Even though the function V* does not depend on ¢, py and the function H do (see the at-the-money
example below). That said, to zeroth order and correlation close to zero, the large-maturity forward smile
is the same as the large-maturity spot smile. This is a very different result compared to the Heston small-
maturity forward smile (see Remark BZ3(iv)), where large differences emerge between the forward smile

and the spot smile at zeroth order.

We now give an example illustrating some of the differences between the Heston large-maturity forward smile
and the large-maturity spot smile due to first-order differences in the asymptotic (ZT3). This ties in with
Remark BE(vi). Specifically we look at the forward at-the-money volatility which, when using Proposition B3
with p_ < p < min (py, £/€), satisfies 07, (0) = v5°(0) + v§°(0,t) /7 + O (1/72), as 7 tends to infinity, with

40k (n — 2K + £p)

O Ten s
- _ 16kv (p€ — 2K +1n) | 16k6 Ae " (26 — Ep+ (1 —2p%) 1)
R ( 8 (L— )7

_ 8o £(1= ") V/n(2€p— 4r + 20) ,
S\ =202 —pin—20) (pn—20) ) )’

n is defined in (B3) and A := 2k (1 4 e (1 — 2p?)) — (1 — e"*) (p€ + ). To get an idea of the t-dependence of

the at-the-money forward volatility we set p = 0 (since Proposition B3 is valid for correlations near zero) and

: oo — (). 00 __ 1,00 20 2
perform a Taylor expansion of v§°(0, t) around ¢ = 0: v$°(0,t) = v§°(0,0)+ <1+ vy v) t+0 (¢*) . When
v > 6 then at this order the large T-maturity forward at-the-money volatility is lower than the corresponding
large 7-maturity at-the-money implied volatility and this difference is increasing in ¢ and in the ratio £/k. This

is similar in spirit to Remark BZ33(ii) for the small-maturity Heston forward smile.

3.2. Time-changed exponential Lévy. It is well known [I3, Proposition 11.2] that the forward smile in
exponential Lévy models is time-homogeneous in the sense that o, does not depend on ¢, (by stationarity of
the increments). This is not necessarily true in time-changed exponential Lévy models as we shall now see.
Let N be a Lévy process with Imgf given by logE (e“Nf) =to(u) fort >0and u € Ky :={u € R: |¢p(u)| < oo}
We consider models where X := (Ny,);>0 pathwise and the time-change is given by V; := fot vsds with v being

a strictly positive process independent of N. We shall consider the two following examples:

(310) d”Ut = I‘E(H*’Ut) dt+£\/adBt,
(311) d’Ut = *)\"Utdt + th,
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with vg = v > 0 and k,£,6,A > 0. Here B is a standard Brownian motion and J is a compound Poisson
subordinator with exponential jump size distribution and Lévy exponent I(u) := Au/(a — u) for all u < «
with § > 0 and « > 0. In (BdW), v is a Feller diffusion and in (8), it is a I'-OU process. We now define the
functions V and H from IEOO to R, and the functions V and H from IEOO to R by

S KO s yyon v Flw) V (u)yve+t _ 2k0 K0 — 23,V (u)
(3.12) Vi) = ( WE). A= e s (wu —w(@b(u)))) |

~ o p(u)Ad ) e Aad o 9w d(u)ve At o d(u) — areM
(3.13) V(u):= A= ()’ H(u) := 70»\_(;5(“)1 g(l ) >+ \ +dl g(etk(QS(U)—a)\))’
where we set
(3.14) Koo :={u:o(u) <r2/(261)}, and  Ku = {u: ¢(u) < a};

¢ is the Lévy exponent of N and f; and « are defined in (6537). The following proposition—proved in Sec-

tion B23——1is the main result of the section.

Proposition 3.7. Suppose that ¢ is essentially smooth (Assumption B(iv)), strictly convex and of class C*
on Kg with {0,1} C K3 and ¢(1) = 0. Then Corollary Z=8 and Proposition ZZI2 hold:

(i) when v follows (BIMO), with Ag = V, A =H, Ay =0 and Dy = Koo;

(ii) when v follows (BIM), with Ag = XN/, A = fI, Ay =0 and Dy = /%oo;
(i11) when v, =1, with Ag = ¢, Ay =0, Ay =0 and Dy = Ky.

Remark 3.8.

(i) The uncorrelated Heston model (B) can be represented as N; := —t/24 B, time-changed by an integrated
Feller diffusion (810). With ¢(u) = u(u—1)/2 and Ky = R, Proposition BZ4(i) agrees with Proposition B33.

(ii) The zeroth order large-maturity forward smile is the same as its corresponding zeroth order large-maturity
spot smile and differences only emerge at first order. It seems plausible that this will always hold if there
exists a stationary distribution for v and if v is independent of the Lévy process IV;

(iii) Case (iii) in the proposition corresponds to the standard exponential Lévy case (without time-change).

We now use Proposition B2 to highlight the first-order differences in the large-maturity forward smile (2ZI3)

and the corresponding spot smile. If v follows (81I0) then a Taylor expansion of v{° in (EI2) around ¢ = 0 gives

8ug (k) )2\7(u*(k)) <§21)I7(u*(k)) +1-— v

v{° (t, k)= ’lﬁo(o7 k)+m 20222 0

) t+0O(?), for all k € R\{V'(0),V'(1)}.
Using simple properties of v5° and V we see that the large-maturity forward smile is lower than the corresponding
spot smile for k € (‘7’ (0), % (1)) (which always include the at-the-money) if v > 6. The forward smile is higher
than the corresponding spot smile for & € R\(V’(0), V'(1)) (OTM options) if v < 6, and these differences are
increasing in £/k and . This effect is illustrated in Figure 8 and k € (V'(0),V’(1)) corresponds to strikes in
the region (0.98,1.02) in the figure.

If v follows (BIM) then a simple Taylor expansion of v°(-, k) in (EE12) around t = 0 gives

8uge(k)?  ¢(u” (k) (A6 — aw) + v (u” (k)]

42 — g (k)2 aX — o(u (k) t+O(t?), forall k e R\ {V'(0),V'(1)}.

v (t, k) = vi°(0,k) +
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Similarly we deduce that the large-maturity forward smile is lower than the corresponding spot smile for k €
(V'(0),V’(1)) if v > 6 /cv. The forward smile is higher than the corresponding spot smile for k& € R\(V’(0), V'(1))
(OTM options) if v < 6/, and these differences are increasing in ¢.

If v follows (BM) (respectively (B)) then the stationary distribution is a gamma distribution with mean
0 (resp. §/a), see [I3, page 475 and page 487]. The above results seem to indicate that the differences in level
between the large-maturity forward smile and the corresponding spot smile depend on the relative values of vy
and the mean of the stationary distribution of the process v. This is also similar to Remark B33(ii) and the
analysis below Remark B8 for the Heston forward smile. These observations are also independent of the choice
of ¢ indicating that the fundamental quantity driving the non-stationarity of the large-maturity forward smile
over the corresponding spot implied volatility smile is the choice of time-change.

In the Variance-Gamma model [46], ¢(u) = pu + C'log ((M_%%), for u € (-G, M), with C >0, G > 0,

M > 1 and p := —Clog ((M—(l;)%) ensures that (eXt);>¢ is a true martingale (¢(1) = 0). Clearly ¢ is
essentially smooth, strictly convex and infinitely differentiable on (-G, M) with {0,1} C (=G, M); therefore

Proposition B applies. For Proposition BZa(iii), the solution to ¢'(u*(k)) = k is u* () = (M — G)/2 and

=20 — (G — M)(k — p) £ /4C? + (G + M)?(k — p)?
2(k — )

The sign condition (M — u) (G + u) > 0 imposes —2C +/4C? + (G + M)?(k — p)? > 0 for all k # p. Hence u’}

(continuous on the whole real line) is the only valid solution and the rate function is then given in closed-form
as A*(k) = ku’ (k) — ¢(u’(k)) for all real k.

ul (k) for all k # p.

FwdSmile FwdSmile
0.1708 0.185
[
e,
0165 01801
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(a) Feller time-change: forward smile vs spot (b) Feller time-change: forward smile vs spot

smile v > 6. smile v < 6.

FIGURE 3. Circles represent ¢ = 0 and 7 = 2 and squares represent t = 1/2 and 7 = 2 using
a Variance-Gamma model time-changed by a Feller diffusion and the asymptotic in Proposi-
tion B. In (a) the parameters are C' = 58.12, G = 50.5, M = 69.37, k = 1.23, 0 = 0.9, £ = 1.6,

v =1 and (b) uses the same parameters but with § = 1.1.

4. NUMERICS

We compare here the true forward smile in various models and the asymptotics developed in Propositions 2710
and ZT2. We calculate forward-start option prices using the inverse Fourier transform representation in [42,
Theorem 5.1] and a global adaptive Gauss-Kronrod quadrature scheme. We then compute the forward smile oy ,

and compare it to the zeroth, first and second order asymptotics given in Propositions P10 and EI2 for various
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models. In Figure Bl we compare the Heston diagonal small-maturity asymptotic in Proposition Bl with the
true forward smile. Figure B tests the accuracy of the Heston large-maturity asymptotic from Proposition B33.
In order to use this proposition we require p_ < p < min (p4, /&) with py defined in (833). For the parameter
choice in the figure we have p_ = —0.65 and the condition is satisfied. Finally in Figure B we consider the
Variance Gamma model time-changed by a I'-OU process using Proposition BZ0. Results are in line with
expectations and the higher the order of the asymptotic the closer we match the true forward smile.
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(a) Heston diagonal small-maturity vs Fourier in- (b) Errors

version.

FIGURE 4. In (a) circles, squares and diamonds represent the zeroth, first and second order
asymptotics respectively in Proposition Bl and triangles represent the true forward smile us-
ing Fourier inversion. In (b) we plot the differences between the true forward smile and the
asymptotic. Here, t =1/2, 7 =1/12, v =0.07, § = 0.07, k =1, £ = 0.34, p = —0.8.
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(a) Heston Large-Maturity vs Fourier Inversion. (b) Errors

FIGURE 5. In (a) circles, squares and diamonds represent the zeroth, first and second order
asymptotics respectively in Proposition B3 and triangles represent the true forward smile us-
ing Fourier inversion. In (b) we plot the differences between the true forward smile and the

asymptotic. Here, t =1, 7 =5, v =0.07, § = 0.07, Kk = 1.5, £ = 0.34, p = —0.25.
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FIGURE 6. In (a) circles, squares and diamonds represent the zeroth, first and second order
asymptotics respectively in Proposition B and triangles represent the true forward smile using
Fourier inversion for a variance gamma model time-changed by a I'-OU process. In (b) we plot
the differences between the true forward smile and the asymptotic. We use t = 1 and 7 = 3
with the parameters C = 6.5, G=11.1, M =334, v=1, a=0.6,d =0.6, A = 1.8.

5. PROOFS

5.1. Proofs of Section B.

5.1.1. Proof of Theorem . Our proof relies on several steps and is based on so-called sharp large deviations
tools. We first —as in classical large deviations theory—define an asymptotic measure-change allowing for
weak convergence of a rescaled version of (Y:).s0. In Lemma B we derive the asymptotics of the characteristic
function of this rescaled process under this new measure. The limit is a Gaussian characteristic function making
all forthcoming computations analytically tractable. We then write the option price as an expectation of the
rescaled process under the new measure (see (627)), and prove an inverse Fourier transform representation
(Lemma B33) for sufficiently small €. Splitting the integration domain (Equation (513)) of this inverse Fourier
transform in two (compact interval and tails), (a) we integrate term by term the compact part, and (b) we
show that Assumption EZI(v) implies that the tail part is exponentially small (Lemma BT). We now start the
analysis and define such a change of measure by

Qs _ oy (U _ )Y,

dP B

(5.1) - -

with u*(k) defined in (E33). By Lemma E22(i), u*(k) € D§ for all k € R and so |A. (u*(k)) | is finite for € small
enough since Dy = lim.jo{u € R : |[A; (u)| < co}. Also dQy /dP is almost surely strictly positive and hence
E (dQx,./dP) = 1. Therefore (61) is a valid measure change for all k£ € R. We define the random variable

(5.2) e = (Yo —k)/\VeE
and set the characteristic function @z, . : R — C of Zj . in the Qi .-measure as follows
(5.3) By, (u) = B (et47re)

Recall from Section B that A; := A;(u*(k)) and A;; = O,A;(u)]

important technical lemma.

vy we first start with the following
u=u*(k)
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Lemma 5.1. The following expansion holds as € | 0:

_foge? U i (u) 3/2
Oz (w) =2 {(Thmu)Vet+ | 5= +ma(u) e+ | == Fmwna(u) +ms(u) | €77 + Rlu,e) |,
with the functions n;, i = 1,2,3 defined in (E8) and R(u,e) = O(e?). Furthermore, for |u| < ¢/, the

remainder can be written R(u,e) = max(1, |u|*?)O(e?) where O(g?) is uniform in u.

Remark 5.2. By Lévy’s Convergence Theorem [57, Page 185, Theorem 18.1], Z . defined in (B22) converges

weakly to a normal random variable with mean 0 and variance Ag 2 in the Qj .-measure as € tends to zero.

Proof. Using the measure change in (B) we write

log Bz, .(u) = log EF (d%’gfeiuzkvs> = log EP [exp (“*U;)YE - AE(“;”“”) exp (iu\/g (i) - 1\2‘)}

= A () - % +log EF [exp ((i) (uvE+ U*Uf))ﬂ
iuk

(5.4) = —% + é (A6 (iu\/g—f— u*(k)) e\ (u*(k;))) .

Since A is analytic [@5, Theorem 7.1.1] on the set {z € C : R(z) € D§} for € small enough, we have the

=

Taylor expansion

iu > iun/e)" iun/e)8
oz, (1) = - 2% + 2 3 A () P 4 ENEE LA 0 1) 414,

with A € (—|u|v/e,|ulv/€) and where we have used the Lagrange form of the remainder in Taylor’s theorem.

n!
n=1

By [61, Theorem 1.8.5] the asymptotic for A, in B2 can be differentiated with respect to u due to Assump-

tion Z(ii) and therefore we write

5 5
iuk 1 iuy/e)™ 1 iuy/e)"  (iuye)b1
logq)zkyg(u):—\ﬁ—ksZ(Ao’n—&—ALns—kAg}nsQ)(n!)+€Z(’)(€3)( w ril o ) -
n=1 n=1

We now set |uly/e < 1 and note that A € [—1,1]. Since A. is analytic, the function U : R > z —

A® (u* (k)+1A).

\Agﬁ) (u*(k) + iz)| is continuous on the compact set [—1,1] and attains its maximum at some point on this

set. Hence (1“3{5)6 %Ags)(u*(k) + iA) = |u[0(e?) where the remainder O(¢?) is uniform in w. Further

%22:1 (9(53)% = O(e?). We therefore write for |u|\/¢ < 1 (and using (Z3)):

W 1L (iu/2)™ & (iu\/e)™ 3
U A Luve)” [luve)” . /2 6 2
log®z, . (u) = —Ag,2 5 + 6 g Ao p + E Ay p + iAgjue”* + max(1, Ju|®)O(e?)

n=3 n=1

1
(5-5) = — Mot +m(u)VE + ma(u)e + ns(w)e®’? + max(1, [ul”) O(?),

where the remainder O(¢?) is uniform in u and where we define the functions
iu? u? ut iud iud
5.6 = iul;; — —A =——A —A = iulg; — —A — Ao 5.
( ) m (U) 1ui1 6 0,35 772(“) 9 1,2+ Y1 0,45 773(U) 1uiig 1 6 1,3+ 120 0,5
Note that the O(g?) terms in the sum can be absorbed into the remainder since the powers of u are smaller than

the v in the remainder term. The Lagrange form of the remainder in Taylor’s theorem yields e® = 1+ + e %2

for any x and some ¢ € [—|z|, |z|]; since that all terms in (633) but the first one are bounded for |u| < e=1/6,
Ag gu? 2 3
B, () =« 5 (1 m@vE+ (B 4m()) e+ (Y + mm) +m()) /2 + max(t, 0.

0
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With these preliminary results, we can now move on to the actual proof of Theorem P4. For j = 1,2, 3, let

us define the functions g; : RT — R by
(xfy)+7 lszla
gi(z,y) =4 (y—o)*, ifj=2,
min(z,y), if j =3.

Using the definition of the Qj .-measure in (B0 the option prices in Theorem P can be written as
(5.7) E [gj (est(E)’ekf(s)ﬂ — R (R) Q. [e—“*ﬁ’“Yagj (est(e)’ekf(s))}

o HlRut ()= Ac(u” ()] gQ%. - {e—“*;’”m—m 0 (est(s))ekf(e))} .

By the expansion in Assumption ET(i) and Equality (28) we immediately have
1 1
(5.8) exp <{5 (ku*(k) — A¢ (u*(k)))) = exp <5A*(k) +A+Ae4+ 0O (52)> .

From the definition of the random variable Zj . in (B4) we obtain

Q.- {e—“ (Ve g (est(E)’ekf(s))} = St EOEQs [5:(Z,)]

where for j = 1,2, 3, we define the modified payoff functions g; : R — Ry by g;(z) := e_"*(k)z/\/ggj (ezﬁf(‘f)7 1).
Assuming (for now) that g; € L'(R), we have for any u € R,

(]—'gj) (u) := /_DO gj(z)eiuzdz — / exp (_u(\/kg)z) g; (GZﬁf(s)’ 1) e dz,  for j=1,2,3.

For ease of notation define the function C, j, : R — C by

oo

— 0o

_ 321 (e)
) Cor) = )~ Lu/B) ( (F) — 20) — 1)’
For j = 1 we can write
~ exp (z(ﬁf(a) —ur(k)/VE + iu)) * Texp (z(—u*(k:)/\@—i— iu))
I A e oy BRI = Ceslu)
0 0
which is valid for u*(k) > ef(e). For e sufficiently small and by the definition of f in (EZ2) this holds® for

u*(k) > c. For j = 2 we can write

<[ wnE )] e (A —wmvEr )]
[ pee= | NG RO = Ceslu)
which is valid for u*(k) < 0 as € tends to zero. Finally, for j = 3 we have
/°° g3(2)e*"*dz = /0 e uig)zgg (ez\/gf(s), 1) e*dz + /00 e u*g)zgg (ezﬁf(s), 1) et%*dz
o0 —oo 0
exp (= (VEF(E) —w()/vE +1u) )] e (wwierm)]™ "
Vel () —ur(k)/VE + iu . ECINCEE TR R “

3if u* (k) > c4 O(e), there exists €9, a > 0 such that u* (k) > c+ae for all £ < g9, hence u* (k) > c. Suppose now that u* (k) > c.
There exists d > 0 such that u*(k) = ¢+ d = ¢ + ae + d., where d. := d — ae, and therefore d- > 0 and u*(k) > c + ae for all
¢ < min(d/a, o).
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which is valid for 0 < u*(k) < ef(e). For ¢ sufficiently small and by the assumption on f in (E22) this is true for
0 < u*(k) < c. In this context u*(k) comes out naturally in the analysis as a classical dampening factor. Note
that in order for these strips of regularity to exist we require that {0, c} C D§, as assumed in the theorem. By

the strict convexity and essential smoothness property in Assumption E(iv) we have

0<u*(k)<c if and only if  Ag1(0) <k < Ag,1(c),
(5.10) u*(k) <0 if and only if k< Aoq1(0),
u*(k) > ¢ if and only if k> Ag1(c).

The following technical lemma (proved in Appendix B) allows us to write the transformed option price as an

inverse Fourier transform.

Lemma 5.3. There exists €7 > 0 such that for alle < e} and all k € R\{A¢1(0), Ao ,1(c)}, we have (@ denoting
the complez conjugate of a € C)

1 S .

g (I)Zk,g (u)ce,k(u)duv Zf.] = 17““* (k) > ¢,

R
- 1 oIy o X
(5.11) E= [g,(Zkc)] = o R(I)Zk's (w)Ce k(uw)du,  if j=2,u*(k) <0,
1 -
5 @z, . (u)Cep(u)du, ifj=3,0<u*(k)<c
R

We note in passing that

B 2 f(e)
(5.12) CerlW) = Ty ¥ 1uvE) (@ (k) — (@) + 1uv)"

We now consider the integral appearing in Lemma B33. For € > 0 small enough, we can split the integral as

e[ es =

|u|<e—1/6

By, (u)Cor(a)du + / By, ()T p(@)du

|u|>e—1/6
A 2
= / exp (—0’22u) H(e,u)du+ O (6_6/61/3) ,
|u|<e—1/6

for some 8 > 0 by Lemma BT, and using also Lemma B for the first integral. The function H : R x R — C
is defined as H(e,u) := exp(Ag2u®/2)®z,  (u)Ce (u). As e tends to zero, the function C; i satisfies

fle)e’?
'Ll,*(]i))2

ef(e) 3iu

w (k) ur(k)?

Cor(u) = (1 + hi(u,0)v/E + ha(u, 0)e + hs(u, 0)e3/2 + 32 f(e) + (9(52)) ,

with h; defined in (62I4), so that Lemma 51 and a Taylor expansion of H around € = 0 for ¢ = 0 and |u| < e=1/6
yield

fle)e??
u* (k)Z

+ max(L, [u]2)0(?).

H(z,u) = [1 oy (11, 0)/Z + oot 02 + T, 0)e3/2 1 EL(E) ("1(“) _ ddu ) 324 (e)

w(k) -~ \w(k)  w(k)?
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where O(g?) is uniform in u and where we define the following functions:

i u? (2 — 3cu* w* (k)2
hi(u,¢) = e C( ¢ —2)7 ha(u,c) := — ( eu” (k) +3 U‘:))’

*(k) “(k) u (k)2 (wr (k) — c)°
dw? (4wt (k) — ¢+ 4Put (k) — 6eu* (k)?)
hs(u,c) = = ,
(5.14) u*(k)? (u*(k) —c)

7%w+mw+MWd+mUMW@

hi(u,¢) =m(u)+ hi(u,c),  ha(u,c) =
(

~ 2’U, 3
Fa(u, ) :=h2<u,c>m(u>+h1<u,c>( ) n2<u>)+”1“ et () + 13 () + (),

6

with the n; for ¢ = 1,2, 3, defined in (68). Analogously a Taylor expansion around ¢ = 0 for ¢ > 0 gives

e e OVE+ (e (e 4 LT =0
Ol = gy = 1+ 1l VE + (s + e 4 T =
2w (BVEESE) ~ ) | O(Ez)},
c(u*(k) —¢)
from which we deduce an expansion for H, whenever |u| < e~1/6:
H(e,u) w5 (- (F) =0 {1+h1( ,OVE + ha(u, c)e + hg(u,c)e®? + c(ur (k) — )

u*(k)e(ef(e) —c) 24w (1. /12 5
c(u*(k‘)—c) <771(u) u*(k‘)—c) + (1a| | )0(8 )}a

where O(g?) is uniform in u. We will shortly be integrating H against a zero-mean Gaussian characteristic

function over R and as such all odd powers of u will have a null contribution. In particular note that the

polynomials

S (m s N wEVEERE -0 (2w
C (u*(k) <u*<k>>2>5 o me O (- )

are odd functions of v and hence have zero contribution. The major quantity is E27 which we can rewrite as
ha(u,c) = 712,1( yu? + h2 2(c)u* — 5 AF 3ub, where

~ A2 +A ~
Fan(c) = Chi(u, o)Ay ATy 12 h(1,¢) and  Taa(c) =

hi(u,e)Aoz Aoz Aoa
i 2 + 24

61 6 24

Let /
 evEleo + 22 F(E sy
?() = = e d) — o)

Using simple properties of moments of a Gaussian random variable we finally compute the following

/ exp <— AO’QU2) H(e,u)du

|u|<e—1/6 2

= ¢¢(c) [/u|<51/6 efél\opuz (1 _|_E2(u, c) + e (k) — o) ]l{c>0} + Z{((Z;I{C_O}) du + 0(52)
)—¢©)

e [/R o (1 +hal o)+ <()((§€)1{c>0} + Ef((liil{c o}> du + 0(62)}
2m <1 N E2,1(c) 3%272((:) 5A073 u*(k)(ef(e) — C)]l ef(e)

ur(k)(ef(e) = ¢)

— il _ 2
= 9:(9) Ao,z Ag2 - A(2),2 24A%,2 c(u*(k) —c) (e>0) U*(k)]l{czo} o )> .
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[e'e] —e—1/6
The third line follows from the Laplace method, applied to the two integrals | *o Je(-++)duand [~7 ’ (- )du,

g
where the concentration is at the boundary points of the domains (see [29, Chapter 2, Section 3.3] for details

of the Laplace method when the saddlepoint is at the boundary), so that the tail estimate |u| > ¢~1/6 is
exponentially small, and hence is absorbed in the O(g?) term. Combining this with (13), Lemma 53 and (63)

with the property (B2M), the theorem follows.

5.1.2. Proof of the forward implied volatility expansions (Propositions 210, Z12). Gao and Lee [24] have ob-
tained representations for asymptotic implied volatility for small and large-maturity regimes in terms of the
assumed asymptotic behaviour of certain option prices, outlining the general procedure for transforming option
price asymptotics into implied volatility asymptotics. The same methodology can be followed to transform our
forward-start option asymptotics (Corollary B8 and Corollary E8) into forward smile asymptotics. In the proofs
of Proposition 210 and Proposition -T2 we hence assume for brevity the existence of an ansatz for the forward

smile asymptotic and solve for the coefficients. We refer the reader to [4] for the complete methodology.

Proof of Proposition ZI0. Using Ao 1(0) = 0 and substituting the ansatz o2, .. (k) = vo(k,t,7) + v1(k,t,7)e +

eteT

vo(k,t,T)e2 + O (53) into Corollary P70, we get that forward-start option prices have the asymptotics

(ct) + o\t
E (eX” — ek) 1{k>0} +E <ek - eX” ) ]l{k<0}

. 2 Ko (k,t,7) kN (vo(k,t,m)er)®?
= ex — _

P 27vg(k,t,T)e  27vo(k,t,T)2 2 k221

for all k& # 0, where we set

(1+~v(k,t,T)e + O (7)),

1

k2va(k,t k2vy (K, t,7)? k,t
y(k, t,7) = —Tvo(k, t,7) (;’2+8>  Foaktbr) Kok bT) | Sulk )

27vo(k, t, )2 B 27vg(k,t,7)3 + 2vg(k, t,7)"

The result follows after equating orders with the general formula in Corollary E8. d
Proof of Proposition ZI3. Substituting the ansatz
(5.15) o7 (k) = v5°(k,t) + v (k1) /7 + v5° (k1) /72 + O (1/7%),
into Corollary 29 we obtain the following asymptotic expansions for forward-start options:
E (eXg) — e’”)+ 1p — E (exy) A e’”) 1zg + E (e’” — eXy))+ 1c

k’2 k ’Uo(k’,t) ’Ul(k,t)kQ Ul(k7t)
=P <_T <2v0(k7t) T3ty ) M TN PR >

ke (o (3))

for all £ € R\ {AoJ(O),AO,l(l)}, where

(5.16) A= {k > 10377(19)}, B:= {;Gfﬁ(k) <k< ;afﬁ(k)}, C:= {k < ;UiT(k)},

2

12k% + v3(k, 1)) (4k%v1 (k,t) — vd(k,t) (vi(k, t) + 8)) ik )k ok, R va(k,t)
200 (k, 1) (v (K, t) — 4k2)° 205(k,t)  205(k,t) 8
We obtain the expressions for v{° and v§°® by equating orders with the formula in Corollary 8. Choosing the

’Yoo(k’ t) = (

correct root for the zeroth order term v§° is now classical in this literature (this is an argument by contradiction),

and we refer the reader to [2] for details. O
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5.2. Proofs of Section Bl. We now let (X;);>o be the Heston process satisfying the SDE (B). The tower
property for expectations yields the forward lmgf:

(5.17) log E (euxi“) = Au,7) + %vem - 25%9 log (1 — 28:B(u, 7)),
defined for all u such that the rhs exists and where

A7) = ’%f <(m — pEu— d(u)) T — 2log <1 - V(Z)ixi’(z)d("m» :
(5.18) Blar) o R 01— d(w) 1 e (d(wr)

£ 1 —y(u)exp (=d(u)7)’
and d, v and 8 were introduced in (BR). In the next two subsections we develop the tools needed to apply
Propositions 210 and 12 to the Heston model.

5.2.1. Proofs of Section BI. We consider here the Heston diagonal small-maturity process (Xe(it))oo with X
defined in (B) and (Xg))r>0 in (Z9). The forward rescaled lmgf A, in () is easily determined from (5T2).

In this subsection, we prove Proposition Bl. For clarity, the proof is divided into the following steps:

(i) In Lemma B4 we show that Dy = K; > and 0 € Dg;
(ii) In Lemma BB we show that the Heston diagonal small-maturity process has an expansion of the form
given in Assumption B0 with Ag = Z and A; = L, where = and L are defined in (82) and (B33);
(iii) In Lemma B we show that Z is strictly convex and essentially smooth on Dg, i.e. Assumption EZ0(iv);
(iv) The map (e, u) — A-(u) is of class C* on R* x D§, A 1(0) = 0 and Assumption ETI(v) is also satisfied.

Lemma 5.4. For the Heston diagonal small-maturity process we have Dy = K: , and 0 € Df with K, defined
in (B2) and Dy defined in Assumption 2.

Proof. For any t > 0, the random variable V; in (B) is distributed as /3; times a non-central chi-square random
variable with ¢ = 4k0/£2 > 0 degrees of freedom and non-centrality parameter A = ve™"*t/3; > 0. It follows
that the corresponding Imgf is given by

ABru
1—2B8u

) (1—2B8,u)" "2, for all u < =

(5.19) AY (u) :=E (e"V?) = exp < 55

The re-normalised Heston forward Imgf A, is then computed as
eAE(u)/E —F e%(th+aT*Xst)i| —E |:IE (e%(X6t+577XEt)|fst)} =FE (eA(%VET)JFB(%’ET)VEf) = eA(%VET)A;/t (B (u/g, 57’)) ,

which agrees with (5I4). This only makes sense in some effective domain Kz .- C R. The Imgf for V,; is well-
defined in KY, := {u € R: B (u/e,e7) < ﬁ}, and hence K¢ ., = KLNKH | where KX is the effective domain of
the (spot) Heston Imgf. Consider first K for small . From [8, Proposition 3.1] if £2(u/e —1)u/e > (k—&pu/e)?
then the explosion time 73 (u) := sup{t > 0 : E(e*Xt) < 0o} of the Heston lmgf is

VE(ujz = /e — (r — pEu/e)’ )) .

TH <g> B VE (u/e — L)ufe — (k — p€u/e)?

Recall the following Taylor series expansions, for = close to zero:

3 _
arctan (pfu/lx—n\/@ (g — 1) % — (H - fpg) ) = sgn(u) arctan (Z) + 0 (), if p#0,
arctan (—i\/@ (%—1) Z—ﬁ) :—g+(’)(:§)7 if p=0.

(Wl{pgu/a—n@} + arctan ( pEufe —x
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As ¢ tends to zero £2(u/e — 1)u/e > (k — pu/e)? is satisfied since £2 > £2p? and hence

€ 2 0 .
m (wl{p_o} + > (Wl{puéo} + sgn(u) arctan (Z)) Lipz0) + (’)(5)) , if w0,

00, if u=0.

Tp (u/e) =
Therefore, for ¢ small enough, we have 75, ( ) > et for all u € (u_,u), where

) ~ _
U_ = T arctan ( )1{p<0} r ]l{p oy + —— T <arctan <Z> - ﬂ') Lip>o03,

2 0 2
uy = — | arctan +7)1 + ]l + — arctan ( ) 1
T e ( <p) ) o= T om0 T Gy o

So as ¢ tends to zero, KL shrinks to (u_,uy). Regarding KY,, we have (see (5223) for details on the expansion
computation) S B(u/e,eT) = %E(U,O,T) + O(e) for any v € (u_,uy), with E defined in (82). Therefore
lime o KY, = {u € R : A(u,0,7) < %} and hence lim, g Kot oer = {u € R : E(u,0,7) < €2t} N (u_,uy). It
is easily checked that Z(u,0,7) is strictly positive except at u = 0 where it is zero, ='(u,0,7) > 0 for u > 0,
= (u,0,7) < 0 for u < 0 and that Z(u,0,7) tends to infinity as u approaches uy. Since v and ¢ are strictly
positive and ¢ > 0 it follows that {u € R : Z(u,0,7) < 2v/(£%t)} C (u_,uy) with equality only if ¢ = 0. So Dy

is an open interval around zero and the lemma follows with Dy = Ky ;. O

Remark 5.5. For u € R* the inequality 0 < Z(u,0,7) < 2v/(£%t) is equivalent to Z(u,t,7) € (0,00). In
Lemma Bd below we show that = is the limiting lmgf of the rescaled Heston forward Imgf and so the condition
for the limiting forward domain is equivalent to ensuring that the limiting forward lmgf does not blow up and

is strictly positive except at u = 0 where it is zero.

Lemma 5.6. For anyt > 0, 7 > 0, u € K, the expansion A (u) = E(u,t,7) + L(u,t,7)e + O (52) holds
as € tends to zero, where Ky ., 2 and L are defined in (B2), (B2) and (BR) and A, is the rescaled Imgf in

Assumption for the Heston diagonal small-maturity process (Xéit))€>o.

Remark 5.7. For any v € K;,, Lemma B2 implies that A.(u) is a real number for any £ > 0. Therefore L

defined in (B3) and used in Lemma B8 is a real-valued function on K, ..
Proof. All expansions below for d, v and f; defined in (838) hold for any u € Iy ;-

d(uje) = % (k262 + ue (& — 2np) — u2€2(1 — p?)) /% = i?“do +dy + O(e),

re — p&u — iudy — die + O (€?)
)

v (ufe) = ke — p€u + iudy + dre + O (€2

ie
=go— —aq +0O(?),
U
1.5 L 2,0 9 3
(520) ,Bgtzzg t€—§/€§ te +O(E ),

where

i(26p — &) sgn(u) go = P psgn(u) . (26 — &p) sgn(u)
2p © T ip ot psen(u) " &p(p+ ipsen(u)’

(5.21) dp := p€sgn(u), dy =
and where sgn(u) =1 if u > 0, —1 otherwise. From the definition of A in (EIR) we obtain

(5.22) A (g,&"]’) = g—f <(/€ — p€ufe — d(u/e))eT — 2log (1 — V(U/f)e?;lzi/—;;(u/E)ST)>) = Lo(u,7)+ O(e),
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where Lg is defined in (B33). Substituting the asymptotics for d and v above we further obtain

1 —exp(—d(u/e)er) 1 —exp (—iudyr — edi7 + O(e?))
1 —y(u/e)exp (—d(u/e)et) 1 — (go — iegi/u + O(e2)) exp (—iudyT — edyT + O(£2))’

and therefore using the definition of B in (BI8) we obtain

(523) B (g,af) _ropbuje—duwfe)  1-eplodlwe)er)  Ew0r) ;oo oL o),

& 1— v (u/e)exp(—d(u/e)eT) we
with L; defined in (8B3) and Z in (82). Combining (620) and (B223) we deduce

2= (u,0,7) N (Ll(u,T)£2t Z(u, 0, 7)kEt?

(5.24) BetB (u/e,eT) = g 1 — S > e+ 0(e?),

and therefore as ¢ tends to zero,

B(u/e,eT)ve "t [E(u,0,7) + le(u T)e+ O (e2)] (1 — tr€ + O(e?))
1—2B4B(uje,eT) 1 —E2t2(u,0,7)/2v + (E(u, 0, 7)kE2t2 /4v — Ly (u, 7)€2t/2) € + O (£2)
(5.25) =Z(u,t,7)+ ( (u,t,7) (vl; :: - Hi)t ) - fitE(mt,T)) e+ 0O(e%).

Again using (B24) we have

o} 2
(5.26) 2k0e 2k0 < ~ E(u,0,7)€%

e log (1 — 25 B (u/e,eT)) = —? log 7 ) e+ O(e%).

Recalling that

B eB (u/e,eT) et 2K0e
Ac(u) =eA(ufe,eT) + 1258 (u/e,er)v e log (1 —2B.B (u/e,eT)),
the lemma follows by combining (5222), (6224) and (5=28). O

Lemma 5.8. For allt >0, 7 > 0, E (given in (B2)) is convexr and essentially smooth on K r, defined in (B2).

Proof. The first derivative of = is given, after simplification, by

0= (u, t,T) _ E(u,t,7) [1 N E(u;)t,q-) (52 € 7 ese? (;pru>>:| |

ou U

Any sequence tending to the boundary satisfies Z(u, 0, 7) — 2v/£2t which implies Z(u, t,7) 1 oo from Remark 53

and hence |0Z(u, t,7)/0u| 1 0o. Therefore Z(-, t,7) is essentially smooth. Now,

P(utr) _ € (t Presci W)’ | vt Pro (L= g cot(,)) o)

‘—‘( ) t7 T) 2 2 9
Ou? 2 (b + 3&tu — peot(vu)) (b + 3&tu — peot(vu))
where 9, := péTu/2. For u € K, \ {0}, we have E(u,t,7) > 0 and Z(0,¢,7) = 0 from Remark BH. Also we
have the inequality that 1 — 6/2cot (6/2) > 0 for 0 € (—2m,27), so that = is strictly convex on Ky . O

As detailed in the beginning of this subsection, this concludes the proof of Proposition BJl. We now prove

the forward implied volatility expansions, namely Corollaries B2 and B4.

Proof of Corollary B3. We first look for a Taylor expansion of u*(k) around k = 0 using ='(u*(k),t,7) = k.
Differentiating this equation iteratively and setting k¥ = 0 (and using u*(0) = 0) gives an expansion for u* in
terms of the derivatives of Z. In particular, (0, ¢,7)u* (0) = 1 and Z”(0,t,7)(u* (0))2+Z"(0,¢,7)u*" (0) = 0,
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which implies that u* (0) = 1/2"(0,¢,7) and u*" (0) = —2"(0,¢,7)/Z"(0,¢,7)3. From the explicit expression
of E in (BX), we then obtain

ko3 0 &2 ((190% — 4) 7 — 12t) . 5¢3p (48t + (16 — 37p%) 7) A

k)= T e 247207 192720
4 (10806 + (2437p* — 16040 + 112) 72 — 180 (27p> — 4) 7t
19207305

Using this series expansion and the fact that A*(k) = u*(k)k — Z(u*(k), t, 7), the corollary follows from tedious
but straightforward Taylor expansions of vy and vy defined in (E10). O

Corollary B3 on the Type-II diagonal small-maturity Heston forward smile follows from the following lemma:

Lemma 5.9. Under the stopped-share-price measure (214) the forward Heston Imgf reads

(X ) _ Blur) a0 (s
log E (e ) = A(u,7) + - QEtB(u,T) ve e log (1 QBtB(u,T)> ,

for all u such that the rhs exists, where A and B are defined in (613), Et = %(1 —e R and K == K — Ep.

Proof. Under the stopped-share-price measure (214) the Heston dynamics are given by

dX, = (—3Vu+ Vilu<y) du+ VV,dW,, Xp €R,
dv, = (’16 —kVy + pfvu]l-ugt) du + &V, dB,, Vo=v>0,
d(W,B), = pdu.

Using the tower property for expectations, it is now straightforward to compute

E (c005tsr=X0) 2 (B (00XerrX0| 7)) = B (eAGAHBOnIV) _ eA@nRY (B(u, ),
where AY (u) = exp <%§{f”) (1 —2Bu)~9/2, for all u < 1/(28,), with q := 4k6/€2. a
5.2.2. Proofs of Section @13. In this section, we prove the large-maturity asymptotics for the Heston model,

! and consider the Heston process (7~ X ), ¢

and we shall use the standing assumption x > p€. Let ¢ = 7~
with (X¢)¢>o defined in (Bd) and (Xg))f>0 defined in (E9). Specifically A, defined in (E0) is then given by

Ac(u) = T_lE(e“XS)), and for ease of notation we set
(5.27) A (u) = Ac(u) for all u € D..

We prove here Proposition B3 in several steps:

(i) In Proposition B2 we show that Dy = Ky and that {0,1} C Kg;
(ii) Lemma B3 proves the expansion of Assumption B0 with Ag =V, Ay = H, A = 0;
(iii) By Proposition 512 and Lemma B0, V is strictly convex and essentially smooth on K¢ if p_ < p <
min (py, £/&); see also Remark BA(ii);
(iv) The map (e,u) — A (u) is of class C*° on R* x Kf; , Assumption ZI(v) is also satisfied and V(1) = 0
from Lemma B0,
(v) u* can be computed in closed-form and is given by ¢* in (89).
(vi) A direct application of Proposition EZI2 completes the proof.
The following lemma recalls some elementary facts about the function V' in (824), which will be used through-

out the section. We then proceed with a technical result needed in the proof of Proposition BET2.
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Lemma 5.10. The function V in (BZ) is C*°, strictly convex and essentially smooth on (u_,uy) (defined
in (B3)). Also, u_ <0, uy >1, V(0) = V(1) =0 and lim,,,_ V(u) and lim4,, V(u) are both finite.

Lemma 5.11. Let py be defined as in (B3H), B; in (BR), and recall the standing assumption p < k/€. Assume
further that t > 0 and define the functions g+ and g_ by

01(0) = (20— p€) £ 82 (1= )+ (2 — 0 — £ 20D
(i) The inequalities p— € (—1,0) and p4 > 1/2 always hold; if K/ > pi and t # 0, then py < 1; finally
pyr =1 (and p— = —1) if and only if t = 0;
(i) the inequality g4 (p) > 0 holds if and only if p1 <1 and p € (p+,1);
(i) the inequality g—(p) > 0 holds if and only if p € (—1,p_);
(iv) let ul be as in (BH) and t > 0. Then u’ > 1 if p<p_, and u* <0 if p> py.

Proof. We first prove Lemma BT1(i). The double inequality —1 < p_ < 0 is equivalent to
¢ — 8k +§)e*r

et +1
The upper bound clearly holds, and the lower bound follows from the identity

V165225t 1 €2 (1 — ext)? = (€ = (8 )e2)” 1602 (ert — 1) (5 + & + et + Brert)
(efit + 1)2 (emt I )

< —\/16&%2’“ +2(1—emt) <¢ (1—e).

We now prove that p4 > 1/2. From (B3) this is equivalent to \/165262"ﬂt +E2(1—eft) > %. The

result follows by rearranging the left-hand side as

_ 2kt)2 2kt 2kt __ Kt 2kt
Lozt 4 g2 (1 grty? — [+ (5 = OGP et (86 (2 = 1)+ (5126 4 25502 + 256))
16 (e"* + 1) 16 (e5t + 1)

2kt
< £+ (8k—8&)e

Assume now /€ > py. The inequality p; < 1 is equivalent to \/16&2632’“ +&2(1- e”t) )

, or

(5.28) ¢ (€4 (85— Gert)” | 16met (e — 1) (s — € (e +1) +3re) _ €+ (86— e
(ert + 1) (ent + 1) ent + 1
This statement is true if K — £ (6" + 1) + 3ke™ > 0 and if the rhs is positive, which follow from the obvious
inequalities ;emfrll <1/2 < Kg/E.
We now prove Lemma BTT(ii). The equation g4 (p) = 0 implies (by squaring and rearranging the terms):

45([)2 _ 1) (4H62nt 2 +§( 2nt) _ /Q(l 4 Qent _|_e2nt)) — 0

The roots of this equation are £1 and py defined in (BH). The two possible positive roots are {pi,1} and
the two possible negative ones are {p_,—1}. Clearly g;(—1) = 0. Straightforward computations show that
g (=1) < 0 and ¢/ (0) > 0. Since g4 is continuous on (—1,0) with g, (0) < 0, it cannot have a single root in
this interval, and p_ € (—1,0) (by Lemma BT1(i)) is hence not a valid root. Consider now p € (0,1]. From
Lemma BTT(i) the only possible roots are 1 and p1. Now g4 (1) = 26— &+ |2k —¢]|. If /€ > 1/2 then g4 (1) > 0
and hence p; is the unique root of g4 in (0,1). Assume now that x/§ < 1/2, which implies g4 (1) = 0. Either
g (1) > 0or ¢ (1) < 0. Since g4(0) < 0, the first case implies that g4 has zero or more than two roots in
(0,1). If it has zero roots, then clearly g1 (p) < 0 for p € (0,1). More than two roots yields a contradiction with
the fact that p, is the only possible root on (0,1). Now, Inequality (B=28) implies that p; < 1 if and only if
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k/€ > (e 41)/(3e"™ + 1), which is equivalent to ¢/ (1) < 0. Therefore in the case /€ < 1/2, the only possible

scenario is ¢/, (1) < 0, where g, has a unique root p; € (0,1). In summary, on the interval [-1,1], g (p) > 0 if

and only if p € (p4,1) and p1 < 1. The proof of (iii) is analogous to the proof of (ii) and we omit it for brevity.

We now prove Lemma BTI(iv). From (83) write v = 2(p)'/2, where z(p) := £ — 2e" (8x% — 4rlp + £2) +

e (& —4kp)?. The two numbers u* and % in (B3) are well-defined in R if and only if z(p) > 0 and ¢ > 0. The
1

two roots of this polynomial are given by y+ = 2= [e7"* (£(e"* — 1) + 4re"*/2)]. We now claim that p_ < x_

and p4 > x4. From the expression of p_ given in (B3), the inequality p_ < x_ can be rearranged as

£ — 256“ 4 EeQnt — 8e3rt/2

_ 2 1622nt_22nt 202kt <
V€2 + 16k2e27 — 26207t - 2021t < T

The claim then follows from the identity

ekt (erct _ 1)2 (é‘ + 2K«Jel€t/2)2 N (€ _ 2§ent + é‘eQHt _ SHGSKt/Q)Q

52 + 16&262’“ _ 2§2ent + 5262nt —
v (ent + 1) (ent + 1)

Analogous manipulations imply p; > x4, and hence z(p) is a well-defined real number for p € [—1, p_]U[p4, 1].
The claim u* < 0 is equivalent to —4/€2 — 2ert (8k2 — 4kép + £2) + 251 (£ — 4rp)2 < & (1 — et) + drpe”?,
which holds as soon as £ (1 — e"t) + 4kpet > 0, or p > ﬁ (1 —e™**). Therefore for any p > py, u* < 0 if and

Kt _1)2
only if p4 > ﬁ (1 —e™"*). This simplifies to /&2 + 16x2e25l — 2¢2ert 4 €225 > %, which also reads

Jert (4,%26'“5 (ent + 1)2 + &2 (ent _ 1)2) ¢ (e"”"t _ 1)4 y f(e"‘t _ 1)2
(ext +1)° (et + 1)° et 41

)

and this is clearly true. Now straightforward manipulations show that the inequality u*} > 1 is equivalent to

\/(5 (vt — 1) 4 drpert)® — 16kest (5 + Ep (et — 1)) > € (e — 1) + 4rpe"™,

1— —kKt
which is true if p < _f(Tﬁ—l) or p < —5(47:). And of course the claim (ui >1ifp< p_) holds if
K E(1—ent)
5.29 L .
(5:29) Prs Ty o S 4

The first inequality, which can be re-written as

16k2e3rt (52 (ent —1)% (ert +1) — 4/{26’“) . €2(1 — ent)(1 — e2nt) + 8p2e2nt 2 g €2(1 — &) (1 — e2t) + 8x2ent
£2 (e25t — 1)2 E(ert +1)(1 — ert) E(ert +1)(1 — ert) ’
rt_1)2 — Kt
holds if €2 (et — 1)% (e + 1) — 4k2e"t > 0, or % > ’g—j Quick manipulations turn the second

inequality in (6229) into

4ert (4&2e"‘t (eFt +1)% — €2 (ert — 1)% (20t + 1)) €2 (20t — 326t 4 1) _ € (2e" — 3e2rt 4+ 1)
(e"t + 1)2 (eKt + 1)2 ent + 1 .

Again this trivially holds if 4r2e"t (et + 1)* — €2 (e"t — 1)* (2"t 4 1) > 0, which is in turn equivalent to % >

&
rt_1)2 — Kt rt_1)2 —rt rt_ 12 — Kt
% (e 4(16)m(f$2 ) < Cad)) 4(1+e ) , is clearly true, it follows that for any valid choice of

parameters either inequality (or both) in (BE229) holds, and the claim follows. O

. Since
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We now use Lemma BT to compute the large-maturity lmgf effective limiting domain for the forward price
process (T’ng))wo. This is of fundamental importance since in the large-maturity case (unlike the diagonal
small-maturity case) we need to find conditions on the parameters of the model such that the limiting lmgf is

essentially smooth (Assumption E(iv)) on the interior of its effective domain.

Proposition 5.12. Let ¢ = 7! and consider the large-maturity Heston forward process (Tleit))Do. Then
Do = Ky and {0,1} C D§ with Ky and Dy defined in (BB) and in Assumption E1.

Proof. The tower property yields

E (eu(XH_T—Xt)) ) [E (eu(XH_T—X,,)‘]_—t)} ) (eA(u,T)+B(u,~r)Vt> — Alng (eB(u,T)w) ,
with A and B defined in (BR). For any fixed ¢ > 0 we require that
(5.30) E (eu(xm_xt)m) <oo forall 7> 0.
Andersen and Piterbarg [B, Proposition 3.1] proved that if the following conditions are satisfied
(5.31) k> p€u and (k — p&u)? + u(l —u)&? >0,

then the explosion time is infinite and (5=30) is satisfied. In [T9] the authors proved that these conditions are

equivalent to k > p€ and u € [u_,uy], with u_ < 0 and uy > 1 (ux defined in (B3)). Further we require that
(5.32) E (eB(“’T)Vt) < oo, forallT>0.

Now denote Ky := {u € R : E(eB™Vt) < oo, for all 7 > 0}. Then if x > p€, the domain of the limiting
forward lmgf is given by Ky = [u_,uy] N Ky. Condition (BZ32) is equivalent to B(u,7) < 1/(28;) for all
7 > 0. A simple calculation gives B(0,7) = B(1,7) = 0 for all 7 > 0 . Furthermore for u € (0,1), and given
Conditions (B=31), we have d(u) > k — p&u and y(u) < 0. This implies that B(u,7) < 0 for u € (0,1) and 7 > 0.
In particular [0,1] C Ky (martingale condition). For fixed u € R,

0B(u,7) 2u(u — 1)d(u)?e ™)™

or (k — red@T 4 pu (ed@T — 1) — d(u) (el 4 1))2,

so that for any u & [0,1], B (u,-) is strictly increasing. Therefore

1
5.33 Ky =qu€eR: lim B(u,7) < — ¢.
(5.33) v={uersim B < 5}

We have lim o0 B(u,7) = £ 2(k — péu—d(u)). So the condition is equivalent to r — pfu—d(u) < 2k/(1—e™*t).
If p<0(p>0)and u <0 (u>0)then k — pu —d(u) < kK —péu < K < %, and the condition in (BZ33)
is always satisfied. So if p = 0, Ky = [u—_,uy]. If p < 0 (p > 0), then R_ C Ky (Ry C Ky), and hence Ky
contains [u_,0] ([0,u+]). Now suppose that p < 0 and v > 0. The condition in (6833) (V given in (BZ7)) is
equivalent to V(u) < k6/(28;). From Lemma 510, on (0, u], the function V' attains its maximum at u. Using

the properties in Lemma B0, there exists u’ € (1,uy ) solving the equation

V(u%) 1
5.34 +
(5.34) pr TR
if and only if g_(p) > 0 (g— defined in Lemma BIT), which is equivalent (see Lemma BT1) to —1 < p < p_
and ¢t > 0. The solution to (6=34) has two roots u* and u’ defined in (83), and the correct solution here is

v’ by Lemma BTI(iv). So if p— < p <0 then Ky = [u_,uy]. If =1 < p < p_ and ¢t > 0 then Ky = [u_,u}).
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Analogous arguments show that for 0 < p < min (k/¢, p4), we have Ky = [u—,u4]. If p4 < p < min (x/&, 1),
t>0and k > pi& then Ky = (u*,uq], with u_ < u* <0. O

Lemma 5.13. The following expansion holds for the forward lmgf A(Tt) defined in (B220):
H
AP (u) = V(u) + ——= (w) (1 +0 ( —d( “)T>> ,  forallu e K, as T tends to infinity,
T
where the functions V, H, d and the interval Ky are defined in (B20), (BR) and (BH).

Proof of Lemma BZI3. From the definition of A in (62Z2) and the Heston forward lmgf given in (BI4) we
immediately obtain the following asymptotics as 7 tends to infinity:
_ 2r6 L —d(u)T _ V() —d(u)T
A(u,7) =7V (u) — e log (17(u))+(’)(e ), B(u,7) = 3 —I—O(e ),

where A and B are defined in (818), V in (B22) and d and ~y in (BR). In particular this implies that Bu.7)

1—28,;B(u, 'r) -

Or géiLV(u +0 ( _d(u)T) and log (1 — 26;B(u, 7)) = log (1 — Qﬁtv(“ ) +O ( _d(“)T), which are well-defined for

all u € Kf;. We therefore obtain

1 = g e (12 2 ) < e (= )

and the lemma follows from straightforward simplifications. Note in passing that d(u) > 0 for any v € K&. O

5.3. Proofs of Section B2. Let ¢ be the Lévy exponent of the Lévy process N. If v follows (BIW), a

straightforward application of the tower property for expectations yields the forward Imgf:

635 logB (=) = Alplu) 1) + gt - B

defined for all u such that the rhs exists and where

(536) A7) =20 <(,i )T — 2log (1—7(16)6‘0““”» I

log (1 =28, B(d(u), 7)),

& 1= (w) & 1—y(w)e A7
—d g —kKt
(5.37) d(w) = (k2 —2ue?)"?,  y(u) = M and = % (1—e ).
Similarly if (v);>0 follows (B) the forward lmgf is given by
ux{) - B(¢(u), 1) — ea
(5.38) logE (e X ) = A(¢(u), ) + B(d(u), T)ve ™ + dlog (e”‘(B(qS(u),T) — a)) ,

defined for all u such that the rhs exists and where

(5.39) Au, 1) := |:UT + alog (1 - (1- e_)‘T))} and B(u, ) := v (L—e7).

A
al—u a\ A
Proof of Proposition B-1. We show that Proposition 12 is applicable given the assumptions of Proposition BZ2.
Consider case (i). The expansion for AY defined in (B7Z1) is straightforward and analogous to Lemma 5T3. In

particular we establish that

- H
AP (u) =V (u) 7(—u) (1 +0 (e*d(‘z’(“))T)) , forall ueKk? 2., as 7 tends to infinity,

where the functions V, H, d and the domain K. are defined in (BI2), (6237) and (BId). Since ¢ is essentially
smooth and strictly convex on K4 and ﬁoo C K4, then the limiting Imgf Ag = V is essentially smooth and
strictly convex on Keo. The map (g,u) — Ac(u) (defined in (B227)) is of class C* on R% x Ke_ since ¢ is
of class C*® on K2 and Assumption EZI(v) is also satisfied. Since ¢(1) = 0 we have that V(1) = 0 and
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{0,1} C I/C\go It remains to be checked that the limiting domain is in fact given by Koo. We first note that
by conditioning on (V,,)i<u<t+- and using the independence of the time-change and the Lévy process we have
E (e“(X“rT*Xf)) =E <e¢(“) L ”Sds) and so any w in the limiting domain must satisfy ¢(u) < co. Using [I3,
page 476] and the tower property we compute

(5.40) E (eu(xmfxt)) -E [E (e¢<"> ST veds) ftﬂ ) (eA(¢(u)7T)+B(¢(U)7T)vt) _ AR (eBw(u),r)vt) )

with A and B given in (638). Further from (6T9) we have logE (e**t) = fﬁ;;; = i%alog (1 —2Bu), for all

u < 1/(2f;). Following a similar argument to the proof of Proposition T2 we can show that for any ¢ > 0,

B(¢(u),7) < 1/(28;) is always satisfied for each 7 > 0. This follows from the independence of the Lévy
process N and the time-change. We also require that for any ¢ > 0, E (e¢(“) e “Sds|}"t) < o0, for every 7 > 0.
Here we use [3, Corollary 3.3] with zero correlation to find that we require ¢(u) < x?/(2¢2). It follows that
Koo = {u: o(u) < v2/(262)}.

Regarding case (ii), arguments analogous to case (i) hold and we focus on showing that the limiting domain
is Koo. Using [I3, page 488] Equality (621) also holds with A and B defined in (639). Since we require that
for any t > 0, E (eftt“ vsds(u) |.7-'t) < 00, for every 7 > 0 we have ¢(u) < a\. Using [I3, page 482] we also have

et
logE (e"%t) = uve ™ 4 §log ((Z_Z;)‘t) , for all u < a.
But it is straightforward to show that ¢(u) < aX implies B(¢(u),7) < o for any 7 > 0 and it follows that
Koo = {u: ¢(u) < aX}. Case (iii) is straightforward and omitted. O

APPENDIX A. TAIL ESTIMATES

The purpose of this appendix is to prove that under Assumption E0(v) the tail integral ‘flubs_l/ﬁ Oz, (u)Ce p(u)du
is exponentially small, where ®z, _ is defined in (5=3) and C. y is given in (B¥). This is required in the proof of
Theorem Z4. Now recall (B12) that

— /2 f(e)
e+ (W) = TR T 1uvE) (0 (F) — (@) T 1uvE)’

and the simple bounds follow:

(A.1)

E—NEO 21 (e)
C@k(“)‘ = mm( u? (k) (u (k) —ef(s))l) '

Therefore the tail estimates (using the change of variable z = u./€)

< % /Z>1 @z, . (2/Ve)| ’W‘ dz < gf(g)/ dz _ .

2
\ |z|>1 #

(A.2) ’/|u|>1/ﬁ(I)Z’“’E(U)Cs’k(u)du

Conlz /\@)‘ dz

- 1
1 ﬁmw@wms—/l By, (2/V7)
/a_6<|u<8_2 2. § Ve 6§<|z|<1| 2 |

L -
= Jur(k)(ur (k) —ef(e))]
are finite for sufficiently small € since f(e)e = ¢ + O(e) and u*(k) € {0,c}. We now proceed to show that

< o0,

Assumption EZ(v) allows us to further conclude that these terms are in fact exponentially small:

Lemma A.1. There exists f > 0 such that the tail estimate
for all k & {Ao1(0), Ao 1(c)} as € tends to zero.

f|u\>a—1/6 (I)Zk,s (u)ngk(u)du = O(eiﬁ/al/s) holds
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Proof. We break the proof into two parts. We first show that ’flubg,l/g @z, . (u)Cep(u)du| = O(e=2/¢) for
5*1/6<|u|<6*1/2 Oz, (u)Ce, k(u)du‘ = O(e_ﬁ/gl/a) for some 3 > 0.

Using (6), 7, . (1) = exp [_% L (A, (iuy/z +u (k) — As (u*(k)))} . Let R(e,2) = Role, 2) + Ri(e),

with Ro(e,2) := L [R (A (iz + u*(k))) — R (Ao (iz +u*(k)))] and Rq(e) := L [Ag (u*(k)) — Ac (u*(k))], so that

some « > 0 and then that

92, (:/VE) = exp | £ (R (ho 1+ 0" (0)) = A (0" () + R(e.2)|.

Set F'(z) := R (Ao (iz +u*(k))) — Ao (u*(k)). Using (B) the tail estimate is then given by

/ 7, (u)Cop(a)du
|u|>1/+/€

Consider first the case z > 1:

dz Pi dz dz
/ F(z)/e4+R(e,z) 2~ _ ]l{p 1) / eF(z)/erR(E,z) — + / eF(z)/5+R(5,z) —
>1 >max(p;,1)

= */ @z, (2/VE)| ‘Csk (2/Ve) ‘dz<6f( )/ eF(z)/s%(s,z)CL;
|21>1 |

z|>1 Z

22 z z

(p _ 1)+ F(p;)/e+R(e,p:) +/ eF(z)/EJrR(a,z)%
p; >p 22

where the first integral on the rhs follows from the extreme value theorem which implies that the integrand
attains its maximum on [1,p}] at some point p; and the inequality for the second integral on the rhs follows
since the integrand is positive. Using Assumption EI(v)(c), for z > p} there exists 1 > 0 and M (independent
of z) such that Ro(e,2) < M for € < &1. In particular for ¢ < &1 we have

* _ 1\t oF(Pi)/e+R(e,p:
/ eF(z)/s+R(s,z)dj - (pr —1)te (Ps)/e+R(e,ps) +eM+R1(€)/ eF(z)/s%.
>1 >P;

22~ p? 22
From Assumption E7(i), both Ry (¢) and R(e, p;) are of order O(1). By a similar argument to (B=) the integral
on the rhs is finite and we now use the Laplace method. Since F' is continuous, has a unique maximum at z = 0
and is bounded away from zero as |z| tends to infinity (Assumption E3(v)(b)) there exists 25 > 0 such that

F(2%) > F(z) for z > 2% ; hence

F(z)/ed2 poyedz _ (2 —pp)tele/e F(z)/e 42
e 3 < € 2 < D) + € 2
z2>p;} z z>min(p} ’Zi) z L z>z% z

where again the final step follows from the extreme value theorem: if 2z} > pj the integrand attains its maximum

on [p;,z}] at zy. Since the contribution of the last integral is centered around z = 27} as € | 0, the Laplace
method with concentration at the boundary yields (see [29, Chapter 2, Section 3.3], and using the fact that F' €
CY(R) by Assumption Z(v)(b))

/ eF(z)/g% o EeQF(ZjF)/E .
e E Y T

flu\>8*1/2 @Zk’a(u)C&k(u)du‘ = O(e=/¢), for some a > 0.
We now consider the case e~ 1/6 < lu| < e~1/2. Using () this tail estimate is given by

/ 1 1 ¢Zlc,5(u)c5»k( u
e 6 <|ul<e” 2

A similar argument holds for z < —1 and therefore

<y R T

Ef( ) F(z)/e+R(e, z)d
= T (B)(w (k) — £ () |/1/3<| -
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Let us now estimate the last integral, and, for simplicity consider only the positive side (¢'/3,1). Since F is
continuous and has a maximum at the origin (Assumption 2Z(v)(b)), then it is strictly decreasing in an open
neighbourhood (0,7) C (0,1) of it. Take now ¢ > 0 small enough so that /% € (0,7). The extreme value
theorem and the fact that R(e, z) = O(1) implies that

/ FR)/AR(E2) 4, < 26F(E/)/e pax  oR(e:2) (77 _ €1/3)
(e'/3,m) z€(e1/3,m)

< 2eF () /e ax eR(€:2) < MeFE)/e — pra—Roz/(2e"/%)+0(1)

z€10,1] ’

for some M > 0. The final equality follows from the expansion F/('/3) = R (Ao (1e'/? +u*(k))) — Ao (u* (k) =
7A0,2€2/3/2 + O(e). Now, on (n,1), the function F' might not be decreasing but has a maximum, say at

2, € [n,1], and hence, similarly, there exists a constant m > 0 such that
/ FR/ARED 4, < oI FEnl/e,
(n,1)

Since F(z,) < 0 and does not depend on ¢, the result follows. O

APPENDIX B. PROOF oF LEMMA B3

The proof of Lemma B33 proceeds in two steps: we first prove that the integrand in the right-hand side of
Equality (B20) belongs to L!'(R) (and hence the integral is well-defined), and we then prove that this very

equality holds. The first step is contained in the following lemma.
Lemma B.1. There exists ef; > 0 such that [, |z, (u)C: x(u)|du < oo for alle < f and k € R\{Ag,1(0),Ag1(c)}.

Proof. Using the simple bounds in (BT) we compute

ez em@an= [ Jes woG]a [

, (u)ce,k(u)] du

lul>1/v/e
e3/2f(e) o dz
d bl
= lu* (k) (u* (k) — ef(e))] |u\§1/ﬁ’ 20 ()| du+ £ (e) /|z|>1 22
2ef(e) dz
< ety 7 O [,
The quantity on the rhs is finite for € small enough since € f(¢) = ¢+ O(e) and u*(k) ¢ {0, c}. O

We now move on to the proof of Lemma B33. We only look at the case j = 1, the other cases being completely

analogous. We denote the convolution of two functions f,h € L'(R) by (f * g fR )dy, and
recall that (f *g) € L*(R). For such functions, we denote the Fourier transform by (F f f_ el f(x
and the inverse Fourier transform by (F~'h)(z) := 5= [*° e "h(u)du.

With §; defined on page [, the Q .-measure in (6) and the random variable Z, . in (B32), we have

B [§,(Zk.c)] = /qu(k/\f —y)p(y)dy = (g; * p)(k/VE),

with ¢;(z) = gj(—z) and p denoting the density of Y./y/e. On the strips of regularity derived on page 9 we
know there exists 9 > 0 such that ¢; € L*(R) for € < £o. Since p is a density, p € L' (R), and therefore

(B.1) F(qj *p)(u) = Fqj(u)Fp(u).
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We note that Fg;(u) = Fg;(—u) = Fg;(u) and hence
(B.2) Faj(u)Fp(u) = " Ved 4, (u)Cop(u).

Thus by Lemma B there exists an £; > 0 such that Fq; Fp € L*(R) for € < £;. By the inversion theorem [53,
Theorem 9.11] this then implies from (BIl) and (B=) that for € < min(eg,e1):

B [3;(Zr2)] = (g5 *p)(k/VE) = F 1 (Faj(u) Fp(w)) (k/Ve)
1

- Re-i“’“/ﬁfqm - 57 [ . Tl

Remark B.2. There exists g > 0 such that for the strips of regularity derived on page [, the modified payoffs
g; are in L*(R) for € < e¢. If there further exists e > 0 such that ®, . € L*(R) for € < &; then we can directly
apply Parseval’s Theorem [29, Theorem 13E] for ¢ < min(eg, 1) and we obtain the same result as in Lemma B3.

This requires though a stronger tail assumption compared to EZJ(v)(c).

APPENDIX C. VERIFICATION OF ASSUMPTION EZI(V)

The tail assumption EJ(v) needs to be verified in order to apply Theorem E. It is readily satisfied by most
models used in practice. Its verification is tedious but straightforward, and we give here an outline for the
time-changed exponential Lévy case where the time-change is given by an integrated Feller process (BI0), i.e.
Proposition B7(i). Analogous arguments hold for all other models in the paper.

We recall that the forward Img is given in (638) and the limiting Imgf ((8I2),(Bd)) is given by V : Koo 3
U (/{ — /K% — 2¢(u)§2) with Koo := {u:¢(u) < K?/(26?)} and ¢ is the Lévy exponent. Straightforward
computations yield Assumption EI(v)(a). For fixed a € K, denote L, : R — R by Ly(z) := R(V(iz + a)) and
Li :R = R by Li(2) := $(V(iz 4+ a)). Then V(iz 4+ a) = L,(2) + iL;(z). Similarly we define ¢, and ¢; such
that ¢(iz 4+ a) = ¢r(2) + i¢i(2). From [(B, Lemma A.1, page 10] we know that ¢, has a unique maximum at
zero and is bounded way from zero as |z| tends to infinity. Now L.(z) := &% — —?R (\/Ii2 —2¢(iz + a)§2>

52
and R <\//$2 —2¢(iz+a 52) = \/2 —20,(2)€2) + 21/ (K2 — 2¢,.(2)€2)2 + 4€4¢;(2)2. Since ¢, (2) < ¢,(0) <
k2 /(2€%) we certainly have

V22 = 26,(0€2) + 2/ = 26, () < /202 = 20,(2)62) + 21/ (% — 20, (I + 4G,

with equality only if ¢;(z) = 0. Since ¢, has a unique maximum at zero we have ¢,(z) < ¢,.(0) < x?/(2£?)
and further 44/(k? — 2¢,.(0)£2) < \/2(1432 — 20, (u)€2) + 2/(k? — 26, (2)€2)2, with equality only if z = 0. Since
¢:(0) = 0 it follows that v = 0 is the unique minimum of (\/KJ2 —2¢(iz + a)fQ). Since ¢, is bounded
away from ¢,(0) as |z| tends to infinity there exists a ¢* > 0 and M > 0 such that for |z| > ¢* we have that
¢r(2) < M < ¢.(0). But then for |z| > ¢* we certainly have

(\/f# 52) = 4/(k2 — 26, (0)€2) < 41/(K2 — 2M€2) < R (\/n2 —2¢(iz + a)§2) .

This proves Assumption EZ(v)(b). The proof of Assumption EZ(v)(c) involves tedious but straightforward
computations and we only highlight the main steps. Let a € /Ego and define A(u,7) := A(u,7) — T‘7(u) with
A given in (B238). From the analysis above we know that the map z — Rd(¢(iz + a)) has a unique minimum

at z = 0. Also we recall that 0 < d(¢(a)) and straightforward calculations show that |y(¢(iz + a))| < 1 with d
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and v given in (B231). Using the triangle and reverse triangle inequality we have for all z € R and 7 > 0 that
2k0 1—v(é(iz +a)) 2k0 2
I ’ = (012 + a))e-delzrar | = gz 18 (1—d<¢<>>> '
Tedious computations also reveal that (B given in (B338)): RB(¢(iz +a),7) < B(¢(a),7), for all z € R and
7 > 0. Consider the second and third terms in (635). For all z € R and 7 > 0:
(C.2) Rlog ( L - ) = log‘ ! - <log < ! ) ,
1-26B(¢(iz +a),7) 1-26,B(¢(iz +a),7) 1—28,B(¢(a), 7)
where we note in the last inequality that 1 — 23, B(¢(a),7) > 0. We also compute
8‘2( B(¢(iz+a),T) ) _ RB(¢(iz +a),T) — 26| B(é(iz + a), 7)|?
1-28,B(¢(iz+a),7)) 1-4BRB(¢(iz +a),7) +457|B((iz + a), 7)*’
and hence using RB(¢(iz + a),7) < |B(¢(iz + a), )| we see that for all z € R and 7 > 0:
) R(Deeran ) o RBotsian o B
1-28B(¢(iz +a), 7)) = 1-2BRB(d(iz +a),7) = 1—26.B(s(a),7)
where the last inequality follows since the term in the second inequality is strictly increasing in RB(¢(iz+a), 7).
Combining (C), (C2) and (C33) we see that as 7 tends to infinity:

' R % —kt
§R |:7_—1 log]E (e(inra)X.(r )) _ V(lu _|_ a):| g % + @ log # 1-’-(9 (12) s for au z e R
1-26,V(a) & 1-28V(a) )| T T

(C.1) RA(p(iz + a),7) =

where the remainder does not depend on z. This proves Assumption EZI(v)(c).
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