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Abstract

We study how the climate transition through a low-carbon economy, implemented by carbon pricing,
propagates in a credit portfolio and precisely describe how carbon price dynamics affects credit risk
measures such as probability of default, expected, and unexpected losses. We adapt a stochastic
multisectoral model to take into account the greenhouse gases (GHG) emissions costs of both sectoral
firms’ production and consumption, as well as sectoral household’s consumption. GHG emissions costs
are the product of carbon prices, provided by the NGFS transition scenarios, and of GHG emissions.
For each sector, our model yields the sensitivity of firms’ production and households’ consumption
to carbon price and the relationships between sectors. It also allows us to analyze the short-term
effects of the introduction of a carbon price as opposed to standard Integrated Assessment Models
(such as REMIND), which are not only deterministic but also only capture long-term trends of climate
transition policy. Finally, we use a Discounted Cash Flows methodology to compute firms’ values
which we then combine with a structural credit risk model to describe how the introduction of a
carbon price impacts credit risk measures. We obtain that the introduction of a carbon price distorts
the distribution of the firm’s value, increases banking fees charged to clients (materialized by the level of
provisions computed from the expected loss), and reduces banks’ profitability (translated by the value
of the economic capital calculated from the unexpected loss). In addition, the randomness introduced
in our model provides extra flexibility to take into account uncertainties on productivity by sector
and on the different transition scenarios. We also compute the sensitivities of the credit risk measures
with respect to changes in the carbon price, yielding further criteria for a more accurate assessment of
climate transition risk in a credit portfolio. This work provides a preliminary methodology to calculate
the evolution of credit risk measures of a multisectoral credit portfolio, starting from a given climate
transition scenario described by a carbon price.
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Introduction

Climate change has a deep impact on human societies and their environments. In order
to assess and mitigate the associated risks, many summits have been organized in recent
decades, resulting in agreements signed by a large majority of countries around the globe.
These include the Kyoto Protocol in 1997, the Copenhagen Accord in 2009 and the Paris
Agreement in 2015, all of them setting rules to make a transition to a low-carbon economy.

Climate risk has two components. The first one is physical risk and relates to the potential
economic and financial losses arising from climate-related hazards, both acute (e.g., droughts,
flood, and storms) and chronic (e.g., temperature increase, sea-level rise, changes in precipi-
tation). The second one is transition risk and relates to the potential economic and financial
losses associated with the process of adjusting towards a low-carbon economy. The financial
sector usually considers three main types of transition risk: changes in consumer preferences,
changes in technology, and changes in policy. Climate risk thus has a clear impact (nega-
tive or positive) on firms, industrial sectors and ultimately on state finances and household
savings. This is the reason why assessing transition risk is becoming increasingly impor-
tant in all parts of the economy. In the financial industry whose role will be to finance this
low-carbon transition while ensuring the stability of the system, it is particularly important.
There is thus a fundamental need for studying the link between transition risk and credit risk.

In this work, we study how the introduction of a carbon price in the economy could
propagate in a bank credit portfolio. Since the Paris climate agreement in 2015, a few pa-
pers studying climate-related financial aspects of transition risk have emerged. Battiston and
Monasterolo [6] deal with transition risk assessment in sovereign bonds’ portfolio, while the
white paper [I] authored by Banque de France in 2020 focuses on corporate credit assessment.
In particular, the latter was used by several French banks during the 2020-2021 climate stress
test organized by the French Prudential Supervision and Resolution Authority. This paper
provides a general methodology to build credit metrics from transition scenarios. For a given
transition scenario (e.g., less than 2°C in 2050), the authors obtain both a carbon price and
a gross domestic product trajectories, which are then used in static general equilibrium mod-
els for the generation of macroeconomic variables and of added values by sector. All the
macroeconomic trajectories obtained are then used to stress credit portfolios. The method-
ology presented in this paper is extended in our work to a dynamic stochastic framework.
Furthermore, as our aim is to develop an end-by-end methodology starting from climate tran-
sition scenarios to the credit portfolio loss, we replace their dividend discount model for firm
valuation by a discounted cash flows one, their statistical approach for modelling default by
structural risk model. All these adaptations allow us to link more smoothly the different
steps. Cartellier [10] discusses methodologies and approaches used by banks and scholars in
climate stress testing. Garnier, Gaudemet and Gruz [19] as well as Gaudemet, Deshamps,
and Vinciguerra [20] propose two models. The first one called CERM (Climate Extended Risk
Model) is a model based on the Merton one with a multidimensional Gaussian systemic factor,
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where the transition risk is diffused to the credit risk by the factor loadings defined as the
correlations between the systematic risk factors and the assets. The second one introduces a
climate-economic model to calibrate the model of the former. Other works, such as [9] or [§],
take the economic and capital structure of the firm into account in measuring carbon risk.
In particular, [9] derives the firm value by using the Discounted Cash Flows methodology
on cash flows that are affected by the firm’s transition policy, while [§] directly affects the
firm value by a shock depending on the ratio between carbon cost and EBITDA. Moreover,
Le Guenedal and Tankov [30] use a structural model for pricing bonds issued by a company
subject to climate transition risk and, in particular, take into account the transition scenario
uncertainty. Finally, Livieri, Radi and Smaniotto [31] use a Jump-Diffusion credit risk model
where the downward jumps describe green policies taken by firms, to price defaultable coupon
bonds and Credit Default Swaps.

The goal of the present work is to study how a carbon price spreads in a credit portfolio.
In a first step, we build a stochastic and multisectoral model where we introduce greenhouse
gases (GHG) emissions costs which are the product of carbon prices, provided by the NGFS
transition scenarios, and of GHG emissions from sectoral households’ consumption or firms’
production/consumption. This model helps us analyze the impact of a carbon price on sectoral
production by firms and on sectoral consumption by households. We obtain that at the market
equilibrium, the macroeconomic problem is reduced to a non-linear system of output and
consumption. Moreover, when the households’ utility function is logarithmic in consumption,
output and consumption are uniquely defined and precisely described by productivity, the
carbon price and the model parameters. Then, for each sector, we can determine labor and
intermediary inputs using the relationship of the latter with output and consumption. The
sectoral structure also allows us to quantify the interactions between sectors both in terms
of productivity and carbon price. The model we build in this first step is close to the one
developed by Golosov and co-authors in [21]. However, there are two main differences. Firstly,
they obtain an optimal path for their endogenous carbon taxes while, in our case, the carbon
price is exogenous. Secondly, the sectors in their model are allocated between sectors related
to energy and a single sector representing the rest of the economy, while our model allows for
any type of sectoral organization provided that a proper calibration of the involved parameters
can be performed. In addition, our model is also close to the multisectoral model proposed
by Devulder and Lisack in [14], with the difference that ours is dynamic and stochastic, and
that we appeal to a Cobb Douglas production function instead of a Constant Elasticity of
Substitution (CES) one. Finally, the model developed in this first step also differs from the
REMIND model described in [39] as (1) it is a stochastic multisectoral model and (2) the
productivity is exogenous.

In a second step, we define the firm value by using the discounted cash flows methodology
[29]. We assume, as mentioned/admitted in the literature, that the cash flow growth is a
linear function of the (sectoral) consumption growth. This allows us to describe the firm’s
cash flows and firm value as functions of productivity and carbon price. Then, by assuming
that the noise term in the productivity is small, we obtain a closed-form formula of the firm
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value. The results show that the distribution of the firm value is distorted and shifts to the
left when the carbon price increases.

In a third step, we use the firm value in structural credit risk model. For different climate
transition scenarios, we then calculate the evolution of the annual default probability, the
expected loss, and the unexpected loss of a credit portfolio. This is close to the analyses
in [19] and [9]. However, [19] relies on the Vasicek-Merton model with a centered Gaussian
systemic factor, while we appeal to a microeconomic definition of the firm value as in [9].
Contrary to [9], (1) we emphasize how firms are affected by macroeconomic factors (e.g.,
productivity and taxes processes) but do not allow them to optimize their transition strategy,
and (2) besides discussing the impacts of a carbon price on the probability of default, we
also investigate their impacts on losses. We finally introduce an indicator to describe the
sensitivity of the (un)expected loss of a portfolio to a carbon price. This allows us to see how
the above-mentioned risk measures would vary, should we deviate from a carbon price given
by our supposedly deterministic scenarios.

The paper is organized as follows. In Section [2| we build a stochastic multisectoral model
and analyze how the sectors, grouped in level of GHG emissions, change when one introduces
a carbon price. In Section [3] we define the firm’s cash flows and firm value as functions of
consumption growth. In Section [d] we compute and project risk measures such as probabil-
ity of default, expected and unexpected losses appealing to the structural credit risk model.
Finally, Section [fis devoted to the calibration of different parameters while Section [6] focuses
on presenting and analyzing the numerical results.

Notations.

N is the set of non-negative integers, N* := N\ {0}, and Z is the set of integers.
o+ R? is the d-dimensional Euclidean space, R, := [0,00) and R* := (0, c0).
e 1:=(1,...,1) e R,

o R™¥? is the set of real-valued n x d matrices (R"*! = R"), I, is the identity n x n

matrix.

o 2! denotes the i-th component of the vector z € RY. For all A := (A¥);; j<, € R™",
we denote by AT := (A);<; j<p, € R™" the transpose matrix.

e & is the Kronecker product.
e For a given finite set S, we define #S as its cardinal.

o For any z,y € R? we denote the scalar product z 'y, the Euclidean norm |z| := vz Tz

Rdxd

and for a matrix M € , we denote [M| := sup,cpa |q<1 |Mal.
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(%] 0 0
v
! 0 v ... 0
e Ifv=|:| €R! then Diag(v) =
v 0 0 ... v

o (,H,P) is a complete probability space.

o For p € [1,¢], E is a finite dimensional Euclidean vector space and for a o-field H,
LP(H, E), denotes the set of H-measurable random variable X with values in F such that
1
| X, := (E[|X[P])? < oo for p < oo and for p = 00, || X ||ec := esssup,cq|X (w)] < co.

o For a filtration G, p € [1,+o00] and I € N*, ZP(G, (0,00)") is the set of discrete-time
processes that are G-adapted valued in (0, 00)! and which satisfy

| X¢|lp, < oo for all t € N.

e If X and Y are two random variables R%valued, for z € R? we note Y|X = z the
conditional distribution of Y given X = z, and Y'|F the conditional distribution of ¥’
given the filtration F.

1. The problem

We consider a bank credit portfolio composed of N € N* firms in a closed economy (in
other words no import and no export). We could cluster all the firms in terms of industry,
GHG emissions, carbon intensities, geography, size, and credit rating, for example. However,
as we are dealing with climate transition risk, we would like to classify firms by carbon
intensity: firms with similar carbon intensities belong to a same homogeneous sector/group.

We thus assume I € N* (I < N) homogeneous carbon emission sectors in the economy.
Nevertheless, as we rarely have the individual carbon emissions/intensities, we assume that
each company has the carbon intensity of its industry sector. This amounts to grouping
“industry sectors” into I “carbon emission sectors”. From now on, sectors are to be interpreted
as carbon emission sectors.

Definition 1.1. We divide our portfolio into I disjunct sub-portfolios g1, ..., gr so that each
sub-portfolio represents a single risk class and the firms in each sub-portfolio belong to a
single carbon emission sectors. From now on, we denote Z the set of sectors with cardinal
I € N*. We also fix n; :== min{n € {1,..., N} such that n € ¢;} for each i € Z. Therefore,
firm n; is a representative of the group <.

We would like to know how the whole portfolio loss and sub-portfolios losses would be
affected should the regulator introduce a carbon price in the economy, in order to mitigate
the effects of climate change. This precisely amounts to quantifying the distortion over time
of credit risk measures created by the introduction of a carbon price. For example, if the
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government decides to charge firms and households GHG emissions between 2024 and 2030,
a bank would like to estimate today how the probability of a company to default in 2025 is
impacted.

We thus build a dynamic, stochastic, and multisectoral economic model in which direct
and indirect GHG emissions from companies as well as direct GHG emissions from households
are charged. We choose a representative firm in each sector and a representative households
for the whole economy. By observing that each firm belongs to a sector and its cash flows
are a proportion of its sales. The latter are themselves a proportion of the sectoral output,
we obtain the cash flows dynamics that we use to model the value of firms in an environment
where GHG emissions are charged. Finally, starting from a default model in which a company
defaults if its value falls below its debt, we calculate the default probability of each firm as
well as the loss (and associated statistics) of the portfolio distorted by the introduction of a
carbon price.

2. A multisectoral model with GHG emissions costs

We consider a closed economy with various sectors subject to GHG emissions. In this
section, our main goal is to derive the dynamics of output and consumption per sector.
The setting is strongly inspired by basic classical monetary models presented in the seminal
textbook by Gali [I§], and also by Devulder and Lisack [I4], and in Miranda-Pinto and Young’s
sectoral model [33]. We thus consider a discrete-time model with infinite time horizon. The
main point here is that firms provoke GHG emissions when they consume intermediary inputs
from other sectors and emit GHG when they produce the output. Likewise, households emit
GHG when they consume. All these emissions are charged using a carbon price dynamics.
This will allow us in particular to describe the transition process towards a decarbonized
economy.

We first consider two optimization problems: one for the representative firms and one for
a representative household. We obtain first-order conditions, namely the optimal behavior
of the firm and the consumer as a response to the various variables at hand. Then, relying
on market clearing conditions, we derive the equations that the sectoral consumption and
output processes must satisfy. Finally, in the last section, we solve these equations by making
assumptions on the values taken by the set of involved parameters.

Each sector ¢ € Z has a representative firm which produces a single good, so that we can
associate sector, firm and good. The (log-)productivity process has stationary dynamics as
stated in the following standing assumption.

Standing Assumption 2.1. We define the R!-valued processes © and A which evolve ac-
cording to

{ A = A + 6y, for all t € N*,

O =p+104 1 +¢e&,

with the constants p, Ag € R! and where the matrix I' € R/*! has eigenvalues all strictly

less than 1 in absolute value, 0 < € < 1 is an intensity of noise parameter that is fixed: it
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will be used in Section [3|to obtain a tractable proxy of the firm value. Moreover, (&)icz are
independent and identically distributed (iid) with for ¢t € Z, & ~ N(0,%) with ¥ € RI*7,
We also have ©g ~ N (71,£2Y) with 77 := (I; — ') "'y, and vec(X) := (I;x; — T QT) tvec(T),
where, for M € R4 vec(M) := [M", ... M M2 .. M2 . MY ... M. The
processes (& )ten and the random variable g are independent.

Let G := (Gt)ien with Gy := 0(0g) and for t > 1, G; := 0 ({Og, & : s € (0,¢] N N*}).

The processes © and A’ play a major role in our factor productivity model since, for any
i € T, the total factor productivity of sector i is defined as

Aj = exp (A)),

so that ©° is the log-productivity growth and A’ is the cumulative log-productivity growth.
In the rest of the paper, the terminology "productivity” will be used within a context that
will allow the reader to understand if the term refers to ©%, A’ or A*. To summarize, the
log-productivity growth is a Vector Autoregressive (VAR) Process. The literature on VAR
is rich, with detailed results and proofs in Hamilton [25], or Kilian and Liutkepohl [28]. We

provide in additional results that will be useful.

Remark 2.2.

1. Obviously, for any t € N, A4; = Ay + 23:1 ©,,. For later use, we define
A7 = A — Ao,
and observe that (A7, ©);>0 is a Markov process.

2. Since the eigenvalues of T" are all strictly less than 1 in absolute value, (©;)cn is wide-
sense stationary i.e. for ¢,u € N, the first and the second orders moments (E[©;] and
E[©:0;14]) do not depend on ¢. Then, given the law of Oy, we have for any ¢ € N,
@t ~ N(ﬁ7 EQi).

3. For later use, we also observe the following: let Zy ~ N(0,X) s.t. ©g = i+ eZy and for
t>1, 2, =TZ_1+&:. Then

@t = ﬂ—i- EZt and Zt ~ N(O,i) (21)

For the whole economy, we introduce a deterministic and exogenous carbon price in euro
per ton. It allows us to model the impact of the transition pathways on the whole economy.
We note § the carbon price process and we shall then assume the following setting.

Standing Assumption 2.3. We introduce the carbon price and the carbon intensities (de-
fined as the quantities of GHG in tons emitted for each euro of production/consumption)

processes:
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1. Let 0 < t, < t, be given. The sequence J satisfies

o fort € [0;t5], 0y = dp € Ry, namely the carbon price is constant;
o fort € (to,ty), 0; € Ry, the carbon price may evolve;

o fort>t,, 0 =4, € Ry, namely the carbon price is constant.

2. We also introduce carbon intensities as the sequences 7, (, and x being respectively Rfr,
Riﬂ , and Ri—deterministic processes, and representing respectively carbon intensities
on firm’s output, on firm’s intermediary consumption, and on household’s consumption
(expressed in ton of COg-equivalent per euro), and satisfying for all
pe{rt,. .., 7L ¢ 2 I R L kT and t €N,

noexp (g0 =2HE0) if e <,

= 2.2
" o exp gn,oil_exl)@(n_e“t*) ) else, (2:2)

with 9o, gy,0,0y > 0. For each ¢ € N, we call 1;0; the emissions cost rate at time ¢.

3. For each ¢ € Z and for each t € N,

5 < 1. 2.
£ MAxX 7)< (2.3)

In the first item of the assumption above, we interpret ¢, as the start of the transition
and t, as its end. Before the transition, the carbon price is constant (possibly zero). Then,
at the beginning of the transition, which lasts over (to,t,), the carbon price can be dynamic
depending on the objectives we want to reach. After t¢,, the price becomes constant again.
The second item, inspired by the DICE model [36], [43], means that the carbon intensity 1
is exogenous and decreases by a rate (gy.) which also decreasesﬂ Moreover, g represents
emissions per unit of output/consumption in the beginning, g, o the initial decarbonization
rate, and ¢, the growth rate of the decarbonization rate. In the following, we will note for all
teN,

0y := (70, (40t, Kt Oy). (2.4)

We now describe the firm and household programs that will allow us to derive the nec-
essary equations that must be satisfied by the output and consumption in each sector. The
proposed framework assumes a representative firm in each sector which maximizes its profits

n fact, carbon intensities decrease in developed countries like France or the US while increase in develop-
ing/emerging countries such as India or Nigeria.
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by choosing, at each time and for a given productivity, the quantities of labor and inter-
mediary inputs. This corresponds to a sequence of static problems. Then, a representative
household solves a dynamic optimization problem to decide how to allocate its consumption
expenditures among the different goods and hours worked and among the different sectors.

2.1. The firm’s point of view

Aiming to work with a simple model, we follow Gali [I8, Chapter 2]. It then appears
that the firm’s problem corresponds to an optimization performed at each period, depending
on the state of the world. This problem will depend, in particular, on the productivity and
the carbon price process introduced above. Moreover, it will also depend on P’ and W*,
two G-adapted positive stochastic processes representing respectively the price of good ¢ and
the wage paid in sector ¢ € Z. We start by considering the associated deterministic problem
below, when time and randomness are fixed.

Solution for the deterministic problem. We denote @ € (0,+00)! the level of technology in
each sector, p € (0,00)! the price of the goods produced by each sector, w € (0,00)! the
nominal wage in each sector, T € Rfr and ¢ € Rf[ the carbon intensities of firms’ production
and consumption of goods, and § the carbon price. For i € Z, we consider a representative
firm of sector i, with technology described by the production function

Ry xRL 2 (n,2) = Fi(n,z) = an?' H(zj))‘ﬂ eRy,
JET

where n represents the number of hours of work in the sector, and 2/ the firm’s consumption
of the intermediary input produced by sector j. The coefficients 1 € (R*)! and A € (R* )I*!
are elasticities with respect to the corresponding inputs. Overall, we assume a constant return
to scale, namely

W'+ Z N =1, for each i € 7. (2.5)
JET

The management of firm ¢ then solves the classical problem of profit maximization

I = sup  IT%(n, 2), (2.6)

IT'(n, 2) := Fi(n, 2)p' — 7' Fi(n, 2)p'd —w'n — Z 2P+ zjzjiﬁjg.
JET

Note that F(n,z)p’ represents the firm’s gross revenues and 7' F(n, z)p’0 represents the
firm’s GHG emissions cos so that Fi(n,z)(1 — 7'5)p’ stands for the firm’s revenues after

2Fi(n, z) represents the output in volume, Fi(n, z)p’ the output in value (euro), and 7' Fi(n, 2)p* the GHG
emissions, in tons, generated to produce the output.
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emissions cost. Moreover, observe that w'n characterizes the firm’s total compensations and
that > 7 27(1 4+ ¢""0)p/ is the firm’s total expenses in intermediary inputs whose emissions
are also charged. Condition in Standing Assumption implies that 7/ < 1, therefore
assures that firms do not spend all the revenues from their production into GHG emissions
costs. Now, we would like to solve the optimization problem for the firms, namely determine
the optimal demands n and 3 as functions of (@, w, p,7, (,§). Because we will lift these optimal
quantities in a dynamical stochastic setting, we impose that they are expressed as measurable

functions. We thus introduce:

Definition 2.4. An admissible solution to problem ([2.6]) is a pair of measurable functions

(n,3) 1 (0,+00) x (0,4+00)" x (0,4+00)" x RL x R x Ry — [0, +00)! x [0, +00)"*1,

B
3
Il
o
&
o
=
Q.
]
I
('Y

such that, for each sector 4, denoting 7 := n(a

Fi(m2)(1 - 795 —wn - Y F 1+ p =1

and F(m,%z) > 0 (non-zero production), according to (2.6).

Remark 2.5.

1. The solution obviously depends also on the coefficients ¥ and A. These are however
fixed and we will not study the dependence of the solution with respect to them.

2. For each sector i € Z, we assume a unique representative firm. Therefore, if the latter
decide not to produce, then the whole sector will not produce either. In this case,
as a fraction of its output is used as inputs for other sectors (goods market clearing
conditions in Definition , those sectors will not be able to produce either. Hence the
non-zero production hypothesis.

Proposition 2.6. There exist admissible solutions in the sense of Definition [2.4. Any ad-
missible solution is given by, for alli € T, n* > 0 and for all (i,j) € I?,

S VL i )
ﬂzgrggﬁfw>0 (2.7)
V(14 C"o)p
Moreover, it holds that H(a@,ﬁ,?f,g) =0 (according to (2.6))) and
. (1 =TFpt
N:WﬂWﬁMJﬂp, (2.8)
g (1 =F
5]1 — )\]ZFEZ(nfL’ﬁ'l)(%ﬂ)p,' (28b)
(I+¢ o)
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Proof. We study the optimization problem for the representative firm i € Z. Since ¢ > 0
and A* > 0, for all j € Z, as soon as n = 0 or 2/ = 0, for some j € Z, the production is equal
to 0. From problem , we obtain that necessarily n # 0 and 2/ # 0 for all j in this case.
So an admissible solution, which has non-zero production, has positive components.

Setting 7 = n'(a,w, p,7,(,8) > 0 and Z = 3%(a,w, p, 7, (,6) > 0, the optimality of (72, Z) yields

8nHi<ﬁ; Z) =0 and for any j € Z, 8ZjHi(ﬁ’ z)=0.
We then compute

Fi(m.z . ) L Fi(m. 7 . i
p 0D (o wi—gand forany je 7, MR G_mig 11 P =,

n A

which leads to (2.7)), (2.8a]), and (2.8b)). O

Dynamic setting. In Section below, we characterize the dynamics of the output and con-
sumption processes using market equilibrium arguments. There, the optimal demand by the
firm for intermediary inputs and labor is lifted to the stochastic setting where the admissible
solutions then write as functions of the productivity, carbon price, goods/services prices, and
wage processes, see Definition [2.8]

2.2. The household’s point of view

Let (r)ien be the (exogenous) deterministic interest rate, valued in R;. At each time
t € N and for each sector i € Z, in addition to the price P} of the goods produced in sector i
and the wage W} paid in sector 4, introduced at the beginning of Section we denote

 C! the quantity consumed of the single good in the sector 4, valued in R%;
e Hj the number of hours of work in sector i, valued in R.

We also introduce a time preference parameter 8 € [0,1) and a utility function U :
xlfo' 1+

(0,00)*> — R given, for ¢ > 0, by U(z,y) = 2— — 75 if o €[0,1) U (1,+00) and by

—0

U(z,y) = log(z) — %, if o = 1. We also suppose that

P\t
Wi

For any C, H € fi(@, (0,00)7), we introduce the wealth process

P:= sup E
teNieT

< +oo0. (2.9)

Qt = (1 +71-1)Qt—1 + Z W} H{ — ZPfo - Z k1P Ciér, for any ¢ > 0,
i€ i€ i€

with the convention ?_1 := 0 and r_; := 0. Note that we do not indicate the dependence
of @ upon C and H to alleviate the notations.
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For t € N and i € Z, P{C} represents the household’s consumption in the sector i and
ki PC}6; is the cost paid by households due to their emissions when they consume goods i,
80 Yie7 PEC(1 + Ki6;) is the household’s total expenses. Moreover, Wi H} is the household’s
labor income in the sector 4, (1+7;—1)@Q¢—1 the household’s capital income, and (1+7:—1)Q¢—1+
S ez WiH} the household’s total revenue.

We define o/ as the set of all couples (C, H) with C, H € Z1(G, (0, 00)") such that

E (> 810(CE HY)
i€ t=0
lim7yoo E[Q7|Gt] > 0, for all t > 0.

The second condition is a solvency constraint that prevents it from engaging in Ponzi-type
schemes. The representative household consumes the I goods of the economy and provides
labor to all the sectors. For any (C,H) € &7, let

J(C,H):=> Fi(C' H),  with  JF(C' H'):= lzy Ct,Ht], for all i € Z.

€T
The representative household seeks to maximize its objective function by solving

max  J(C,H). (2.10)
(C,H)edt
We choose above a separable utility function as Miranda-Pinto and Young [33] does, meaning
that the representative household optimizes its consumption and hours of work for each sector
independently but under a global budget constraint. The following proposition provides first
order conditions to ([2.10)).

Proposition 2.7. Assume that (2.10) has a solution (C,H) € <. Then, for alli,j € I, the
household’s optimality condition reads, for any t € N,

P} 1

. ciye, 2.11
e e 2.112)
B leme (G (2.11b)
P 1t kio \ O

Note that the discrete-time processes C' and H cannot hit zero by definition of <7, so that
the quantities above are well defined.

Proof. Suppose that ¢ = 1. We first check that o/ is non empty. Assume that, for all t € N

andi € Z,C{ =1and H} = Rfi(l%?%), then
; ; 1+
> ~ P (1 )
E > pHU(Cy, HY)) <ZZﬁt 1+ —F ( t( +ft t)> .
i€T t=0 i€T t=0 T Wi

SZZﬁt <1+W> < oo,

i€ t=0
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using (2.9). We also observe that @ built from H.C satisfies Q; = 0, for t € N. Thus

(H,C) € «. Let now (C,H) € & be such that J(C,H) = (Cnlll%xdj(C,H). We fix
H)E.

s€Nandi€Z Letn==%1,0<h<1 A € G, A = (1 o py)rezren and

glis) .— 1 (1 A m)cﬂ A HZ A1 >0. Set

Pi(1 + K'55)
oW
We observe that for (j,t) # (i, s), 6{ = 7 and Fi = H} and we compute

C.=C + nhﬂ(i’s)lAsA(ivs) and H = H 4 nhH(i’s)lAsA(i7s)

i~ . 1~
C. >0l —gis) > 5Ci>0.
Similarly, we obtain F; > 0. We also observe that C' < §é and H < 2H. Finally, we have
SSWIH] - ST P+ k)6)CT =Y WEH] - S PI(1+ K16,)C.
JET JET JET JET

This allows us to conclude that (C, H) € .

We have, by optimality of (6’ JH ),
J(C.H) = J(C.H) =Y J;(C?, 1) = 3 Ji(C . H') = 0.
jeT jeT

However, for all (t,j) # (s,1), U{ = CA’tJ and Fi = ﬁtj, then
~ P’ 1 O
E [3°U(C, B - [,BSU (cz Fph80) 1 e, Hi 4 o)1, H’”)] > 0,

i.e.
1 s ~ . . 4 Pi(1 i
SE lU(C;, 2)y-U (c; + 091 4o, HE 4 nho91 A(”)ﬂ > 0.
Letting h tend to 0, we obtain
ou , P14+ kids) OU
E 9091 g6 =—(CL, H?) + nf»9)1 4o =221 2= (C" H')| > 0.
[77 A o (C )+77 A WSZ Ay (Csa s) >0
Since the above holds for all A®* € G5, n = +1 and since 0(is) > 0, then
ou P14+ kLds) OU |
1 H’L S _ S 1 HZ S
5o (OB + S E B SOy ) =0,
leading to (2.11al).

For j € T\ {i} and §(»7%) .= 1 <1 A M) (1A CA’; A C*g) > 0, setting now

P'(1 4 K'55)
Pi(1+4 K/és)

and using similar arguments as above, we obtain (2.11b)).
When o # 1, we carry out an analogous proof. O

6 = 6’ + nh].ASe(Z’]’s) (A(Z9s) A(] s) ) and F = ﬁ7
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2.8. Market equilibrium

We now consider that firms and households interact on the labor and goods markets.

Definition 2.8. A market equilibrium is a G-adapted positive random process (W, P) such
that

1. Condition (2.9 holds true for (W, P).

2. The goods’ and labor’s market clearing conditions are met, namely, for each sector i € Z,
and for all t € N,

Y/ =Ci+Y 2z’ and Hj =N},
JET
where Nt = ﬁ(AbWtha Kt, Ct7 5t)7 Zt = z(AbWhPtu Kt, Cta 5t)7 Y = FA(N7 Z) with
(m,%z) an admissible solution (2.8a])-(2.8b)) to (2.6)), from Proposition while C' and H
satisfy (2.11a))-(2.11D) for (W, P).

In the case of the existence of a market equilibrium, we can derive equations that must
be satisfied by the output process Y and the consumption process C.

Proposition 2.9. Assume that there exists a market equilibrium as in Definition |2.8. Then,
fort € N, i €T, it must hold that

, . g o AN
Vi —cie Saieo (&)
; t
et | N (2.12)
v

i = A [0 Y| T T

JET

where 0y is defined in (2.4) and where U and A are given, for (7,(,%,6) € RL XRiXI xRﬂ_ xR,
by

) o\ 7.
A]l(at) <C£> Y;l
t

_ 175
V() = (W ) , (2.13)
14+ 7Y icT
51475
AQ) = (Aﬂ LTl +“15> , (2.14)
1+ oL1+RY ) r

with ¥ := (76, (0, R6).

Proof. Let i,j € Z and t € N. Combining Proposition [2.6] and Proposition 2.7, we obtain

i o al—Tie 14 kle (CH\ T
AN i L Ly S IS (2.15)
l—i-Ctj Ot 1+’it5t Ctj
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From Propositions and again, we also have

1-— Tti(st

—— L (H])P(C)) 7Y
1+m§5t( 1) (G,

Ni =y
The labor market clearing condition in Definition [2.§] yields

1
< N e
N} = [¢'—L2(C) ™Y} : 2.16
t (G 1+ ri 5t( )Y, (2.16)
By inserting the expression of N} given in (2.16)and th ‘ given in (2.15)) into the production
function F', we obtain the second equation in (2.12f). The first equation in (2.12)) is obtained
by combining the market clearing condition with (2.15) (at index (i, j) instead of (j,4)). O

2.4. Output and consumption dynamics and associated growth

For each time ¢t € N and noise realization, the system is nonlinear with 27 equations
and 21 variables, and its well-posedness is hence relatively involved. Moreover, it is computa-
tionally heavy to solve this system for each carbon price trajectory and productivity scenario.
We thus consider a special value for the parameter o which allows to derive a unique solution
in closed form. From now on, and following [21, page 63], we assume that o = 1, namely

1+
U(z,y) := log(x) — 4= on (0,00)

Theorem 2.10. Assume that
1. o=1,
2. Iy — X is not singular,

3. Ir — A(d;) " is not singular for all t > 0.

Then for all t € N, there exists an unique (Cy,Yy) satisfying (2.12). Moreover, with ¢! := g
t
fori €I, we have

ep = e(;) := (I — A(d,) ") 11, (2.17)

and using By = (B})iez := [A} + v'(01)] ;o7 with

, . : , 2 y N
vi(dy) = log | (e])T¥¢ (v'00) ™ IT (A%0) " ). (2.18)
JE€T
and 0, defined in. We obtain
Cv=exp (I = N)7'B,). (2.19)
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Proof. Let t € N. When o = 1, the system (2.12]) becomes for all i € Z,

i =Gl 3 AT (C) vy,
JET . Cy Ny (2.20)
Yio= A7 [ 0e] T I A (00O
JET

For any i € Z, dividing the first equation in (2.20) by C}, we get
el =1+ ZAij(at)e{,
JEL
which corresponds to (2.17), thanks to (2.5). Using 3,7 N =1—1" and Y} = ¢iC} in the
second equation in (2.20]), we compute

Cti _ Ai(ei)—%’; [\If’(at)} 1?—10 H [Aji(at)])\ji H(C,f')’\ﬁ.

JET JET

Applying log and writing in matrix form, we obtain (I; —X)log(Cy) = By, implying (2.19)). O

Remark 2.11. The matrix A is generally not diagonal, and therefore, from (2.19)), the sectors
(in output and in consumption) are linked to each other through their respective productivity
process. Similarly, charging carbon emissions of one sector affects all the other ones.

Remark 2.12. For any t € N, ¢ € Z, we observe that
B = A} +'(0), (2.21)

where v'(-) is defined using (2.18). Namely, B; is the sum of the (random) productivity
term and a term involving the carbon intensities as well as the carbon price. The economy
is therefore subject to fluctuations of two different natures: the first one comes from the
productivity process while the second one comes from the carbon price process.

We now look at the dynamics of production and consumption growth.

Theorem 2.13. For any t € N*, let AF := log (w;) — log (w;i—1), for w € {Y,C}. Then,
with the same assumptions as in Theorem [2.10,

A7 ~ N (mf,i) , for @ e {Y,C},

with
S =21 - A7 I - AN
mf = (I =X [m+v(0) — v(d-1)],
m{ ==X [m+0(0) —0(0-1)],
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and
U(Ot) = U(at) + (I[ — )\) log(e(bt)), (222)

and where Ti and 2% are the mean and the variance of the stationary process © (Remark,
v is defined in (2.18]) and ¢ in (2.17)).

Proof. Let t € N*, from , we have,
B — Bi—1 = O +v(d:) — v(04—1).
Combining the previous equality with , we get
AS = (1 = A7 O + 1) — v(ei-1)].
Applying Remark leads to Atc ~N (mto , i) Using , we observe that, for i € Z,
(AY) = (AF) + log(s(21)) — log(e(21-1)
= (I = X) 7 B¢ +v(0r) = v(d¢-1)] + log(e(dr)) — log(e(de-1)),

(AY) = (I = )71 [0+ v(d0) — v(d-1) + (I — A)(log(e(dy)) — log(e@-1)))],  (2.23)

which, using the previous characterization of the law of AY', allows to conclude. O

From the previous result, we observe that output and consumption growth processes have
a stationary variance but a time-dependent mean. Moreover, output growth and consumption
growth have the same variance because ¢ is deterministic , the latter being a consequence
of the goods market clearing conditions. In the context of our standing assumption [2.3] we
can also make the following observation:

Corollary 2.14. Let t € N*. Ift < t, (before the transition scenario), the carbon price is

zero or t > t, (after the transition), the carbon price is constant, with the same assumptions
as in Theorem [2.10, we have

AY =AY = (1; - N)te,. (2.24)

Standing Assumption Theorem [2.13] and Corollary show that our economy follows
three regimes:

o Before the climate transition, if the carbon price is zero, the economy is a stationary
state led by productivity.

e During the transition, the economy is in a transitory state led by productivity and
carbon price.

o After the transition, we reach constant carbon price and carbon intensities, therefore
the economy returns in a stationary state ruled by productivity.
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3. A firm valuation model

When an economy is in good health, the probabilities of default are relatively low, but
when it enters a recession, the number of failed firms increases significantly. The same phe-
nomenon is observed on the loss given default. This relationship between default rate and
business cycle has been extensively studied in the literature: Nickell [35] quantifies the de-
pendency between business cycles and rating transition probabilities while Bangia [3] shows
that the loss distribution of credit portfolios varies highly with the health of the economy, and
Castro [II] uses an econometric model to show the link between macroeconomic conditions
and the banking credit risk in Kuropean countries.

Following these works, Pesaran [38] uses an econometric model to empirically characterize
the time series behaviour of probabilities of default and of recovery rates. The goal of that
work is ”to show how global macroeconometric models can be linked to firm-specific return
processes which are an integral part of Merton-type credit risk models so that quantitative
answers to such questions can be obtained”. This simply implies that macroeconomic variables
are used as systemic factors introduced in the Merton model. The endogenous variables
typically include real GDP, inflation, interest rate, real equity prices, exchange rate and real
money balances. One way to choose the macroeconomic variables is to run a LASSO regression
between the logit function (p — log (ﬁ) on (0,1)) of observed default rates of firms and
a set of macroeconomic variables. We perform such an analysis on a segment of S&P’s data
in

In addition to these statistical works, Baker, Delong and Krugman [2] show through three
different models that, in a steady state economy, economic growth and asset returns are
linearly related. On the one hand, economic growth is equivalent to productivity growth. On
the other hand, the physical capital rate of gross profit, the net rate of return on a balanced
financial portfolio and the net rate of return on equities are supposed to behave similarly. In
particular, in the Solow model [42], the physical capital rate of gross profit is proportional
to the return-to-capital parameter, to the productivity growth, and inversely proportional to
the gross saving. In the Diamond model [15], the net rate of return on a balanced financial
portfolio is proportional to the labor productivity growth. In the Ramsey model [40] with a
log utility function, the net rate of return on equities is proportional to the reduction in labor
productivity growth.

Inspired by the aforementioned works, we introduce the following assumption describing
the cash flows dynamics. Consider a portfolio of N € N* firms.

Assumption 3.1. For each n € {1,..., N}, the R¥-valued process on the cash flows growth
of firm n denoted by (w}')ien+ is linear in the economic factors (the output growth of the
sector introduced in ([2.23))), specifically we set for all ¢t € N,

wl = av Al + b7, (3.1)

for @ € R!, where the idiosyncratic noise (b;);en = (b7 )teni<n<n is iid. with law
N(0,Diag(02,)) with opn > 0 for n € {1,...,N}. Moreover, (A} )ien+ and (by)en are
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independent.

Remark 3.2. For each n € {1,..., N}, the definition (3.1)) can be rewritten, with a™ :=
av (I — )7L, as
wi' =a" (O 4+ 0(0¢) —0(0-1)) + b}, (3.2)

using . We call a™ and a™ factor loadings, quantifying the extent to which w™ is related
to AY. Moreover, the economic motivation behind comes from the fact that if firm n
belongs to sector i, then its production is proportional to the sectoral output and its cash
flows are proportional to its production (as in the DKW model [5] [12]). Thus, we obtain a
relation between the cash flows of firm n and the total output of sector i. The assumption

a™

€ R’ stems from the fact that a company is not restricted to one activity sector only
in general. However, since we are considering the emission sector here, we expect that each
firm n only belongs to one sector (i for example). Therefore a™ = 0 for all i # j and hence

la™| = max;ecz la™].

We define the filtration F = (Fi)ien by Ft = 0 (G:Uo {bs:s € [0,t]NN}) for t € N, de-
note E;[-] := E[-|F] and, for all 1 <n < N,

W =) b (3.3)

In addition to the empirical results on the dependency between default indicators and
business cycles, firm valuation models provide additional explanatory arguments. On the
one hand, the structural credit risk model models says that default metrics (such as default
probability) depend on the firm value; on the other hand, valuation models help express the
firm value as a function of economic cycles. Reis and Augusto [39] organize valuations models
in five groups: ”models based on the discount of cash flows, models of dividends, models
related to the firm value, models based on accounting elements creation, and sustaining models
in real options”.

Definition 3.3. Considering the Discounted Cash Flows method and following Kruschwitz
and Loffer [29], the firm value is the sum of the present value of all future cash flows. For any
time t > 0 and firm n € {1,..., N}, we note F" the free cash ﬂowslﬂof n at t, and r > 0 the
discount rateﬂ Then, the value V;* of the firm n, at time ¢, is

+o0o
Vi i=E, lz e—rsmsl : (3.4)
s=0

3Which is defined as cash flow beyond what is necessary to maintain assets in place and to finance expected
new investments.

4Here, to simplify, we take r constant, deterministic, and independent of the companies. However, in a
more general setting, it should be a stochastic process depending on the firm.
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From Definition above and from Assumption we can write
Fl = F{" exp{wi’,1 }, for t € N, (3.5)

with F{' and &= both belonging to £%°(Fy).
The followmg propos1t10n proved in [Appendix B.I} studies the well-posedness of the firm

value.

Proposition 3.4. Assume that [I'| < 1 and that

.
gt St

1 g2

S0+ Sl PIVEPA - TN} < (3.6)
Then, for anyt € N and 1 <n < N, V/" is well defined and for some p > 1, which does not
depend on t nor on n but on p and r, ||V;"||, < Cp||F*||q < 400, for some g > 1 that depends
onp,p and .

Remark 3.5. The inequality guarantees the non-explosion of the expected discounted
future cash flows of the firm. Moreover, we could remove the condition |I'| < 1. Indeed, we
know that, by Assumption [2.T] I has eigenvalues with absolute value strictly lower than one.
However, we would need to alter condition by using a matrix norm | - |5 (subordinated)
such that |T'|s < 1. The condition would then involve equivalence of norm constants between
[ and |-,

We now derive a more explicit expression for V;*. Describing it as a function of the
underlying processes driving the economy does not lead to an easily tractable formula, but
allows us to write it as a fixed-point problem which can be solved by numerical methods such
as Picard iteration [7] or by deep learning methods [26]. To facilitate the forthcoming credit

v
risk analysis, we approximate ﬁ by the first term of an expansion in terms of the noise
intensity € appearing in © (Assumptlon n An expanded expression of the firm value is

th = Ftn (1 + —ife*rsEt [exp (Cln' (U(DH_S) - U(at) + i @t—i-u) + i b?+u>‘|> .

s=1 u=1 u=1

Let us introduce, for a firm n and t € N, the quantity

00 s
Vi = F (1 + Z e "R, [exp (an' (0(0¢45) — 0(0¢) + s@) + Z b?_,_u)]) . (3.7)
s=1 u=1

We recall that © depends on ¢ according to the Standing Assumption therefore w and F™
also depend on ¢ according to Assumption [3.1] respectively. This gives the dependence of V"
on €. From , %: almost corresponds to the definition of % but with the noise term
coming from the economic factor in the definition of © set to zero, for the dates after ¢,
according to , , and . We first make the following observation.
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Lemma 3.6. For any n € {1,...,N}, assume that o, := %O'gn +a"m—r <0. Then V[ is
well defined for allt € N and

Vit = FyRi'(d) exp (a™ (A7 — 0(9))) exp (W), (3.8)
where W is defined in (3.3) and

RI(0) = Zeé’"s exp (™ 0(0p4s))- (3.9)
s=0

Moreover, with to and t, defined in Standing Assumption [2.3, we obtain the explicit form

ea"'n(ét*)

1o if t > ty,

te—t 0" 0(8e, ) +on (ta—t+1)

ny={ D et exp (aho(drss)) + s , if to <t <ty

s=0
_ on(to—t+1 ty—t " 0(6, )+0n (b —t+1

eanh(éto)l ol 0 | Z s 00ts) 4 e Qg( ), otherwise.

1—eon sttt 1—eon
Proof. Let t € N and introduce, for K > t,
K s
th,K = Fl (1 + Z e "R, lexp (san'u +a™ (0(Dp4s) —0(0)) + Z b;ﬂru)]) . (3.10)

s=1 u=1

Similar computations as (in fact easier than) the ones performed in the proof of Proposition
show that V' = limg 100 V' K is well defined in LY(H,E) for any ¢ > 1. Furthermore,

K K
th’K = K (1 + Z e?*exp (a” (0(pys) — U@O))) = I <1 + e ) Z e exp (a”'n(aHS))) ;

s=1 s=1

where o, is defined in the lemma, and from Assumptions and

t
FJ' = F§ exp (Z wZ) = et @) =000) axpy (a™ A + WP

u=1

We then have

K K
' (1 +em o) Z e exp (an'°(0t+s))> = Fgle ) exp (a™ A7 + W) Z e exp (a"'0(0¢45)).

s=1 s=0

(1) If t < to, then

K
%?’K(D) = Z e? % exp (a"'0(44s))

s=0
to—t te—t K
= 3 et exp (@ 0(p)) - Y. €T exp (@00 + Y. €2 exp (A 0(dirs))
s=0 s=to—t+1 s=ty—t+1
1 — e@nlto—t+1) ty—t 1 — eon(K—tutt)
— o) 2 €27 exp (a™ 0(d e 0(0t, ) +on (t—t+1)
1 —eon T S:tZ_:HI p (a"0(0145)) + 1= con
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(2) If to <t < ty, then

te—t
Z e exp (a"'0(Vg45)) Z e exp (" 0(04s)) + Z e?% exp (a" 0(0¢45))
s=0 s=ty—t+1
ti—t _ on(K—te+t
— Z €% exp (a™ 0(0e4s)) + e 00t ) Fon (t—t+1) 1 — eenl )
— 1 — eon
s=0
(3) If t > ty, then
K K wogs, 1 — e2n(B+D)
Z e exp (a"'0(0p4s)) = Z e?Sexp (a'v(d,)) = €° o( t*)w

s=0 s=0

Finally, e2»(K+1) and een(K—t+) converge to 0 for g, < 0 as K tends to infinity and the
result follows. O

It follows from Lemma that at time ¢ € N, the (proxy of the) firm value V}' is a
function of the productivity processes A;, the carbon price process &, the carbon intensities
processes T,(, K, the parameters F{', a™, agn,e and the different parameters introduced in

Section [2| In addition, by applying the log function to (3.8)), we get
log V[' = log FJR}(0) — a™v(dg) + a™ A7 + W}

It appears that our model is close to the Vasicek one [44] (which assumes that the asset
value depends on a common risk factor and an idiosyncratic one, both being two independent
standard Gaussian random variables). However, the main differences are that (1) our systemic
factor A, standing for the cumulative log-productivity growth, is not a standard Gaussian
random variable but a non-stationary and non-centered Gaussian one, (2) our idiosyncratic
factor W, representing the noise of cumulative cash flows growth, is a Gaussian random
variable but a non-stationary and centered one, and (3) we introduce an additional term
depending on climate transition risk through the carbon price process.
Moreover, we can identify the law of V[*|G;.

Corollary 3.7. For allt € N,
(log V" )1<n<n1G: ~ N (log(Fy') +m(3,t, A7), Ding(to7,))
with forn € {1,...,N},
m" (2,1, A7) := a™ (A7 — 0(20)) + log(R} (2)).

Proof. Let t > 1 and n € {1,..., N}, we have from (3.8)

t
Vit = FyR{ (0) exp (a™ (A7 — 0(00))) exp (Z bZ) ;

u=1
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then t
log(V}") = log(F") + log(R(9)) + a™ (A7 — v(d0)) + > _ by
u=1
Therefore log(V}*)|G ~ N (log(FFRE (D)) + a™ (A7 — v(d)), toz.) and the conclusion follows.

O]

The following remark, whose proof is in gives the law of the firm value at
time t + T conditionally on G;, with ¢,7T € N.

Remark 3.8. Let (T, :=> 5_gI")uen. For t,7 € Nand 1 <n < N, denote

R (D T
KM0,1,T, A2, 0,) = m™ (0, ¢, A%) +log (“T()> +a" T Y10, +a™ (Z Tu1> p, (3.11)

R (0) —
and
T
LMt T) = agn (t+T)+ 2 Z(a"'TT,u)E(a”'TT,u)T. (3.12)
u=1
We have

log(Vir)|Ge ~ N (log(Fg') + K™ (0,, T, A7, ©1), L(t, T)) -

In the following, we will work directly with V}* instead of V", as it appears to be a tractable
proxy (its law can be easily identified). Indeed, this is justified when the noise term in the
productivity process is small as shown in the following result [2]. The following proposition,
Vi
Fr

whose proof is given in [Appendix B.3, shows that and % become closer as ¢ gets to 0.
t

Proposition 3.9. Assume that |I'| < 1 and that (3.6|) is satisfied, then

d

for some positive constant C (depending on t,p).

vii_w

Fr FP

]ng,

4. A credit risk model

4.1. General information on credit risk

In credit risk assessment, Internal Rating Based (IRB) [37] introduces four parameters:
the probability of default (PD) measures the default risk associated with each borrower, the
exposure at default (EAD) measures the outstanding debt at the time of default, the loss given
default (LGD) denotes the expected percentage of EAD that is lost if the debtor defaults, and
the effective maturity 7' represents the duration of the credit. With these four parameters,
we can compute the portfolio loss L, with a few assumptions:

Assumption 4.1. Consider a portfolio of N € N* credits. For 1 <n < N,

(1) Firm n has issued two classes of securities: equity and debt;
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(2) (EAD})en+ is a R -valued deterministic process;
(3) (LGD})ien- is a (0, 1]-valued deterministic process;

(4) the default barrier 8" € R is a deterministic scalar that we will use to define the
conditiong under which a borrower is considered to be in default. We will also denote
B™ .= Vo as debt on cash flow ratio,

0

(5) the value of the firm n at time ¢ is assumed to be a tradable asset given by V;* defined

in .

Even if the LGD and the EAD are assumed here to be deterministic, we could take them to
be stochastic. In particular, they could (or should) depend on the climate transition scenario:
(1) the LGD could be impacted by the premature write down of assets - that is stranded
assets - due to the climate transition, while (2) the EAD could depend on the bank’s balance
sheet, which can be modified according to the bank’s policy or to the credit conversion factor
of the obligor (if related to climate transition). This will be the object of future research.

According to [29], there are two ways to handle the default of a company: for a given
financing policy, a levered firm is

1. in danger of illiquidity if the cash flows do not suffice to fulfill the creditors’ payment
claims (interest and net redemption) as contracted,

2. over-indebted if the market value of debt exceeds the firm’s market value.

We recall that for all n € {1,..., N}, we consider V}*, defined in , to be the proxy value
of firm n at time ¢ and its conditional law given in Corollary [3.7 We consider the second
definition proposed by [29]: a firm default when it is over-indebted, that is in fact the same
approach used in the structural credit risk models. Therefore, the default of entity n occurs
when V] falls below a given barrier 8", related to the net debt, given in Assumption [4.1f(3).

Definition 4.2. For ¢ > 1, the potential loss of the portfolio at time ¢ is defined as

N
LY := > EAD} - LGD} - 1{yp<pn)- (4.1)

n=1
We take the point of view of the bank managing its credit portfolio and which has to
compute various risk measures impacting its daily /monthly/quarterly /yearly routine, some of
which may be required by regulators. We are also interested in understanding and visualizing
how these risk measures evolve in time and particularly how they change due to carbon price
paths, i.e. due to transition scenarios. This explains why all these measures are defined below

with respect to the information available at ¢, namely the F-filtration.

We now study statistics of the process (L1 )¢>0, typically its mean, variance, and quantiles,
under various transition scenarios. This could be achieved through (intensive) numerical
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simulations, however we shall assume that the portfolio is fine grained so that the idiosyncratic
risks can be averaged out. The above quantities can then be approximated by only taking
into account the common risk factors. We thus make the following assumption:

Assumption 4.3. For all ¢ € N*, the family (EAD}),—; .~ is a sequence of positive
constants such that

1. Z EAD} = +o0;
n>1
. EAD? ~(L4v) .
2. there exists v > 0 such that =x—t— = O(N~'27") as N tends to infinity.
>, EADY

The following proposition, similar to the one introduced in [22, Propositions 1, 2] and used
when a portfolio is perfectly fine grained, shows that we can approximate the portfolio loss
by the conditional expectation of losses given the systemic factor. For all t € N, define

LPN =B [LY|6)] = ivj EAD? - LGD? - & (

n=1

log(B") — m" (0, t%?))
TVt ’

where m" (0, ¢, A7) is defined in Corollary

Proposition 4.4. Under Assumptions and L,{V—LF’N converges to zero almost surely
as N tends to infinity, for each t € N.

This implies that, at each time ¢ € N, in the limit, we only require the knowledge of L(E’ A
to approximate the distribution of L{¥. In the following, we will use L;G N as a proxy for LY.

Proof. Let t € N. We have

LN =B [1Y|G]

N
E lz EAD} - LGD} - 1y <ony

n=1

gt‘| from "

-

EAD} - LGD} - E 11y <asr

Qt} from (1) and (3) in Assumption [4.1]

3
Il
—

=

EAD! - LGD} - P[V!' < B"}|G]

i
I

log(B") — log(Fy') —m" (0,1, A7)
oVt

The rest of the proof requires a version of the strong law of large numbers (Appendix of [22]

=

EAD} -LGD} - ® ( > from Corollary

I
—

n

Propositions 1, 2]), where the systematic risk factor is Ay. O
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For stress testing, it is fundamental to estimate through some statistics of loss, bank’s
capital evolution. In particular, some key measures for the bank to understand the (dynamics
of the) risk in its portfolios of loans are the loss and the probability of default conditionally
to the information generated by the risk factors. We would like to understand how these key
measures are distorted when GHG emissions of firms and of households are charged. To this
aim, we rely on the results derived in Section [2] and Section [3] Precisely, given a portfolio
of N € N* counterparts, each of which belonging to any sector, for a date ¢ € N and a
time horizon T' € N, we would like to know these risk measures at ¢ of the portfolio at time
horizon T'.

Definition 4.5. Let ¢t > 0 be the time at which the risk measures are computed over a period
T > 1. As classically done (and shown in Figure , the potential loss is divided into three
components [45]:

o The conditional Expected Loss (EL) is the amount that an institution expects to lose
on a credit exposure seen at ¢t and over a given time horizon T. It has to be quanti-
fied/included into the products and charged to the clients, and reads

BLYT = E[L3 6]

In the normal course of business, a financial institution should set aside an amount equal
to the EL as a provision or reserves, even if it should be covered from the portfolio’s
earnings.

o The conditional Unexpected Loss (UL) is the amount by which potential credit losses
might exceed the EL. The UL should be covered by capital requirements. For a € (0,1),

ULiYO’[T = VaR?’N’T - EL;V’T, where 1—-—a=P {Lﬁg < VaRta’N’T‘Qt} . (4.2)

o The Stressed Loss (or Expected Shortfall or ES) is the amount by which potential credit
losses might exceed the capital requirement VaR&(LY):

ST =B [LEYLEY > VaRPYT 6] forae (0,1).

This loss is mitigated through economic capital.

In the following sections, we write the expression of the portfolio EL. and UL as functions of
the parameters and of the processes introduced above, and introduce the entity’s probability
of default.

4.2. Expected loss

The following proposition computes the default probability of each firm and the portfolio
expected loss.
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Normal cost of Potential unexpected
doing business loss for wich capital
covered by should be held.
provisioning

and pricing policies

Frequency of loss

Potential unexpected loss
against which it is judged to be
too expensive to hold capital
against, Unexpected losses of
this extent lead to insolvency.

Expected loss Unexpected loss Stress loss
Potential credit losses

Figure 1: An example of loss distribution. Source: Page 8 in [45].

Proposition 4.6. Let (Y,)uen and (RL(0))uen (withn € {1,...,N}) be as in
and (3.9) respectively. For (a,0) € RI xR, t € N, T € N*, and n € {1,...,N}, define

(0.0 T o0 6) = @ <log(B )—K (07t,T,a,6)>7

(. T)

where K"(0,t,T,a,0) and L"(t,T) are defined in Remark[3.8 Then, the (conditional) proba-
bility of default of the entity n at time t over the time horizon T is

PD}7, =P (Viiy < B"|G) = £7(0,1,T, A7, 04), (4.3)

and the (conditional) EL of the portfolio at time t over the time horizon T reads

N
EL;" :==EL"" = Y EAD}, - LGDJ, 1 - £"(0,t, T, A, ©;). (4.4)

n=1

Proof. Let t € Nand T € N*. For 1 < n < N, Remark gives the law of log(V}, 1)|Gt,
and (4.3) follows. Moreover,

BLY" = E [L7)]6]

N log(B") — log(FJ) —m™(0,t + T, A7, 1)
—F EAD” - LGD?, . - ® ’ T g
[Zl e ( oo /E+T ) t
gt‘| 9

n—

N
log(B") — m" (0, t + T, A°
— S EAD,; - LGD}, 1 -E |® 0g(B") — m™( i+7)
n=1 opnVt+T
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where the last equality comes from Assumption [4.1(1)-(3). However,
m* (0,6 + T, A 1) = o (Afyr — 0(20)) + log(R7, (2))

t+T
_an (A; £ Y e, u<a0>> + log(%f,7(2))

u=t+1

T
=m" (2,1, A7) +log(R7} 1 (0)) — log(R7 () + 0™ ) Oy

u=1

For all § € R?, according to (A1),

T T T
(Z @t+u Gt = 0) ~ N <FTT—19 + <Z Tu—l) s 62 Z TT—uZ(TT—u)T> )
u=1

= u=1

Let n € {1,..., N}, therefore,

T T T
(a”' > Ortu Qt> ~N (a”TTT_l@t +a™ (Z Tu—l) € Z(a"'TT_u)E(a”'TT_u)T> :
u=1 u=1 u=1
Then
log(B™) —m™(0,t+ T, A§+T) g S™(T) P log(B™) — K™(0,t,T,A7,0,) (4.5)
an\/t+T K O'bn\/t-'-T O'bnm ’ .

where (X™)1<n<n ~ N (0,Iy), and where K™ (0,t,T, A7, ©;) is defined in (3.11) and where

SY(T) = €J ZT:(a"‘TT_u)E(a"‘TT_u)T.

u=1
We then have
S™(T) log(B") — K"(2,¢, T, «4?,(90) }
E|® X"
|: <O'[,n\/t+T + Ubn\/t+T gt
S™(T) log(B™) — K™(2,t,T, A, ©,) )}
=Eyn |P X"
& |: (Uhn\/t+T + O'hn\/t—l—T

/+oo < S"(T) $+log(B”)_ICn(a,LT,Af,@t))¢<x>dx

+T) O'bn\/(t‘i‘T)

% log(B™) — K™(0,t,T,.A7,0,)
B Ln(t,T) ’

where £"(t,T) is defined in (3.12), and the conclusion follows.
The last equality comes from the following result found in [41, Page 1063]: if ® and ¢ are
the Gaussian cumulative distribution and density functions, then for a,b € R,

/;OO ®(a+bx)p(r)de = P <\/1(:—7b2) :
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4.3. Unexpected loss

At time t € N and over a given time horizon T" € N*| it follows from the definition of UL
in that we need to compute the quantile of the (proxy of the) loss distribution Lﬁ]:\p[.
For a € (0,1), we obtain from Theorem 4.4

0]

1-a =P L7} < Vary ™|,

N
=P lz EAD}, - LGD}\ 1 -

n=1

log(B™) —m"™(0,t + T, AS o
o og(B") —m"(0,t + o) < VaR N, T
OpnyV t+T

However, it follows from (4.5]),

_ N S™(T) log(B™)—K" (0,t,T,47 ,0¢) o,N,T
170{_PX1 ,,,,, xN [Zn:l EAD?vLT'LGD?vLT.(I)(Ubn mme opn VI+T ‘ SvaRi ) (46)

Since the quantile function is not linear, one cannot find an analytical solution. Therefore, a
numerical solution is needed. Recall that we must simulate (X, ..., XV) to find VaR®™T
which will also be a function of the random variables (A7, ©;), of dimension 2/. This can be

solved for example by Monte Carlo [24] or by deep learning techniques [4].

4.4. Projection of one-year risk measures of the sub-portfolios

At this stage, we use to compute, for each n € {1,..., N}, the probability of default
of a given firm n at maturity 7', stressed by the (deterministic) carbon price 6. We can also
calculate EL using and UL using . We first need the parameters, especially a”, agn,
E, and B". We can distinguish two ways to determine them:

1. Firm’s view: a", ogn and F{}' are calibrated on the firm’s historical free cash flows,
while B" relates to the principal of its loans.

2. Portfolio’s view: if we assume that there is just one risk class in the portfolio so
that all the firms have the same a", o2,, and B" (and not B"), then knowing the
historical default of the portfolio, we can use a log-likelihood maximization as in Gordy
and Heitfield [23] to determine them.

Let us introduce the following assumption related to the portfolio view.
Assumption 4.7. For each 1 < i < I, since there is only one risk class in the sub-portfolio g;,
we have for any n € g;, a" = a™, Ugn = Ugni, and B" = B™.

In our setting, since each firm of the sub-portfolio ¢ belongs to the sector i, the risk factor
of the sub-portfolio i is (AY)? after calling . In practice, banks need to compute the one-
year probability of default. For clarity, we thus simplify the expressions for the risk measures
by setting 7" = 1 from now on.

Corollary 4.8. Under Assumption[{.7, fort € N and 1 < i < I and for each n € g;, the
one-year (conditional) probability of default of firm n at time t is

log(an) — K™ (av t? 17 -A?, ®t)>

(4.7)
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4.4.1. FExpected loss
The following corollary, whose proof follows from Corollary [£.8] gives a simplified formula
for EL.

Proposition 4.9. Under Assumptz'on the one-year (conditional) EL of the sub-portfolio g;
with i € {1,...,1} at time t is (with PD}} ; defined in Corollary

il i
EL{;" = | > EAD},, -LGD},, | - PD}i 5. (4.8)
neg;
4.4.2. Unexpected loss
We saw in (4.6 that determining the UL is not possible analytically and is numerically
intensive (since quantiles depend on rare events and because of the dimension of the macroe-

conomic factors). However, Assumption allows to further simplify the formula for the
UL.

Corollary 4.10. Under Assumption the one-year (conditional) UL of the sub-portfolio g;
with i € {1,...,1} at time t is

, S"i(1)@1(1— log(B™) — K™ (0,t,1,A7,0 .
negi

opni\/ t+ 1
(4.9)

Proof. From (4.6)), we have

S"(1)X™ +log(B") — K"(2, 1,1, A7, ©1)
O'bn\/t + 1

N
1—a=Pyi o~ lz EAD?,, - LGDY,, - @ ( ) < VaR?,gi,ll 7
n=1

but with Assumption [4.7]

1 P P (Snl(l)an -|-log(Bni) — ]Cm(b,@l,A?,@Q) VaR?,gi,l
— = n; <
X opriv/t+ 1 > neg EAD}, 7 - LGDP, 1
Sni(l)Xni + log(Bni) — i (D;t, 17-/4?, 91&) . VaR?’gi’T
opni v/t + 1 n_1 EAD?, - LGD} 1

VaR?’gi‘l

— : 1 - ) )
=Pyn; |:X”z<$ni(1) (ani Vi+1e—! (Zneg- EADP, LGDY )—log(B”Z)-HC"z (D,t71,-/4§,9t)>] .
2

t+ t+1

By recalling that X™ ~ N(0, 1), we have

1 —1 VaRta7gi71 n; n; o
l-a=9o opni VE+ 10 —IOg(B 7)+IC "(O,t,l,At,@t) .

S (D > ey, BAD}, - LGDY,
Therefore,
A S™ (1)@~ (1 — ) +1og(B™) — K™ (2,t,1,.A7,Oy)
gl " n s Uy 19
VaR; = <7; EADY,, - LGDt+T> @ < opmVE+ 1 ’
the conclusion follows. -
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4.5. Sensitivity of losses to a carbon price

We would like to quantify the variation of losses for a given variation in the carbon price.

Definition 4.11. For our portfolio of N firms and for a € (0, 1), we introduce the sensitivity of

expected and unexpected losses to a carbon price, at time ¢ € N over the time horizon T" € N*,
and for a given sequence of carbon prices ¢, respectively denoted Fiv 5’T’EL (40) and Fiv (;I;UL (L),

as being,
ELN,T . EL%T ULN’T _ UL%Z;

N, T.EL . t,0/ N, T,UL . t, 0+«
=7 (U) = lim : and () = lim : ’
oW 90 9 too () 50 9

)

where for all t € N 0} := (7¢(6; + 94s), G (6 + 98), ke (6 + 944t)), and where 8 € (RN is
chosen so that there exists a neighbourhood v of the origin so that for all ¥ € v and ¢t € N,
Tt((st + 19L(t) < 1.

These sensitivities can be computed and understood in two different ways depending of
the direction il: either in relation to the entire carbon price trajectory or at a given date.
In the same way, we could introduce sensitivities to other variables (productivity or carbon
intensities) or parameters (elasticities, discount rate, standard deviation of cash flows, etc.).
We could also (and will so in a future note) give the results for a stochastic carbon price in the
transition period. In this case, if the productivity © and the carbon price § are independent,
it is enough to add in the previous results, the expectation conditionally to 4.

5. Estimation and calibration

Assume that the time unit is year. We will calibrate the model parameters on a set of data
ranging from year ty to t;. In practice, tg = 1978 and ¢; = t, = 2021. For each sector i € 7
and ty < t < t; = t,, we observe the output Y}, the labor N}, the aggregate price P}, the
intermediary inputs (Ztﬂ) jez, and the consumption C} (recall that the transition starts at
year t,). For the sake of clarity, we will omit the dependence of each estimated parameter
on ty and t;.

5.1. Definition of carbon price

We assume here that the carbon price is deterministic. The regulator fixes the transition
time horizon ¢, € N*, the carbon price at the beginning of the transition §;, > 0, at the end
of the transition J;, > &, and the annual evolution rate ns > 0. Then, for all £ € N,

Oty if t < to,
5t = 5t0(1+n5)t_to, lfte {to,...,t*},
S, = 0t (1 +n5)™ ", otherwise.

Time t = t, is the first year of the transition. Moreover, we assume that the carbon price
increases continuously between t, to t,. However, there are several scenarios that could be
considered, including a price that would increase until a certain year before leveling off or

even decreasing. The framework can be adapted to various sectors as well as scenarios.
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5.2. Calibration of carbon intensities

Note that GHG emissions is in tonnes of CO2-equivalent while output and consumption are
in euros. For each time ty < ¢t < t; and for all sector ¢« € Z, we compute the carbon intensities.

e If B/ is the GHG emissions (similar to Scope 1 emissions) by all the firms of the sector i
at t, then the carbon intensity on firm’s production is set such that
T
_ B
Y PP

i

(5.1)

o If EE’I is the GHG emitted by households through their consumption in sector i at t,
then the carbon intensity on households final consumption is set such that

K= 4 (5.2)

o If Egzz is the GHG emitted by firm in sector ¢ through their consumption in sector j
at t, then the carbon intensity on firms’ intermediary consumption, for each sector ¢
and 7, is set such that

o pIBE
a— ; - (5.3)
P Z;

To obtain ”intermediary emissions”, we first estimate the indirect emissions of each
sector by using the input-output analysis as [I3] and by assuming that the indirect
emissions are proportional to the contribution of j to .

For each vy € {r%,... 71,1t ¢'2, ... ¢ 11 ¢I k1 ... Kk}, we have the realized carbon in-

tensity from (5.1)), (5.2)), or (5.3). Therefore, the calibration of vg, gy0, and 6, will appeal
to (2.2) in Standing Assumption More precisely, by applying the log function to (2.2)),

we get
logy, = 9% 4 log y — 12
) j

exp (—byt).
If we then set g, := logt; — logn;—1 = %J—;O(exp 6y — 1) exp (—6yt) and recall that gy ,6, > 0,
we compute, after applying the log function,

9y,0
0‘)

log g = log (expfy — 1) — Oyt.

We can therefore obtain ¢ and g0 thanks to the ordinary least squares regression of log g; on

t —~ l—exp (75\;15)
ex —_——
Zt:to Yt exp |:g‘)70 N

t |: —~ l*@Xp(*Gt,t)i|

thanks to the least squares optimization on ([2.2]).
ik e 20 =
)

t, as well as 9o =
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5.3. Calibration of economic parameters

As in [18], we assume a unitary Frisch elasticity of labor supply so ¢ = 1 and the utility
of consumption is logarithmic so ¢ = 1. Similarly, for any ¢,7 € Z, the shares of inputs,
AY | are estimated as euro payments from sector j to sector i expressed as a fraction of
the value of production in sector j. The parameter 1’ is estimated as euro compensation in
sector ¢ expressed as a fraction of the value of production in sector . This gives us (X”)i,jel'
and (@’)Zez We can then compute the functions ¥ in and A in . We can also
compute the sectoral output growth (Af = (log(Y}") —log(Y{ 1)) jeI) . directly from

teto,...,t1—
data.

When the carbon price is zero, the carbon emissions rate v; is zero for tg < ¢ < t;. It then
follows from in Corollary m that, for each ¢t € {tg,...,t; — 1}, the computed output
growth AY is equal to AY = (I;—=A)~10,; when I;— X is not singular. Hence,AC:)t = (I;=N)AY
and we can easily compute the estimations fi, f‘, and &, and then 7o and ¥ of the VAR(1)
parameters u, I', ¥, 71, and ¥ (all defined in Standing Assumption . We check by the
same token that © follows a VAR stationary process.

5.4. Calibration of firm and of the credit model parameters

Recall that we have a portfolio with N € N* firms (or credit) at time t,. For each
firm n € {1,..., N}, we have its historical cash flows (F}")ict,,....t;—1, hence its log-cash flow
growths. For any ¢t € {to,...,ty — 1} and 1 < m < I, we denote by r}" (resp. d}*) the
number of firms in g; rated at the beginning of the year ¢ (resp. defaulted during the year t).
In particular, ry, = #g;. Within each group g;, all the firms behave in the same way as
there is only one risk class. Since each sub-portfolio constitutes a single risk class, recall
Assumption [£.7] we have for each n € g¢;, a” = a™, opn = opni, and B™ = B". We then
proceed as follows:

1. Knowing the consumption growth (Atc )te{t 1)’ we calibrate the factor loading a,,,
0yl —

and the standard deviation &,,, according to Assumptions and (3.1)), appealing to
the regression

> wit = (#g:)a™ AY +\/#giogriwy where w ~N(0,1), forall te {ty,...,t;—1}.

neg;

2. We then estimate the barrier B™ by MLE as detailed in Gordy and Heitfield in [23]
Section 3|:

we compute
B"™ := argmax L(B™),
B™ieR*
where £(B™) is the log-likelihood function defined by

t1—1

£(B™) ==Y log (/ P[D" = d"|(a,0)] dP[( A}, 0;) < (a,H)]) :

t=to
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and where

i ey

P[D"i:dm(fti,@tﬂ:<dr>(PD“0> (1-PDEg)"

with D™ the Binomial random variable standing for the conditional number of defaults,
and PDZZ'L0 in Corollary depending on oyn; = gpns, @™ = a™, fort € {ty,...,t1 —1},
0; = 0 and on B™:.

5.5. Expected and unexpected losses

Suppose that we have chosen or estimated all the economic parameters (¢, 0,1, A, u, I', X)
and firm specific parameters ((B",a", Fj,opn)1<n<n), thanks to the previous equations.
Starting from a trajectory of the carbon price §, then, for all ¢t € {to,...,t.}, PD, EL and
UL are computed by Monte Carlo simulations following the formulas below. We simulate
M € N* paths of (©7,...,0}") indexed by m € {1,..., M}, as a VAR(1) process, and we

derive ((A7)™,...,(A7)™). For any t € {to,... t.}:

o for each 1 < ¢ < I and for each n € g;, from (4.7)), the estimated one-year probability of
default of firm n is

——n,M 1 M log(B™) — K™ (0,t,1, (AD)™, ©F"
PDtlD_PDtla :MZCI)( ) E(”i(t 1)< i) t)>, (5.4)

o the one-year expected loss is, from (4.8)),

N
—~ N,T ——n,M
EL,, =Y EAD},, LGD},;  PD,},, (5.5)

o the one-year unexpected loss is, from (4.9)),

—N,T N log(B™)—K"(2,t,1,(A9)™,07") ==N,T
UL ={a, { EAD?, ,-LGD? «1»( t t ) } —EL, , , 5.6
t, 8,00 =40, M ( anl t+1 t+1 N/ZIORY) L<meM t,0 ( )

where g, 2 ({Y?,...,YM}) denotes the empirical a-quantile of the distribution of Y.

If we want to compute the EL and UL of each sub-portfolio g; with 1 < i < I, we must sum
on g; instead of {1,..., N}.

5.6. Summary of the process

More concretely, the goal is to project, for a given portfolio, the T = 1 year probability of
default, as well as the expected and unexpected losses between year t, and year t,. To achieve
that, we use (1) the number of firms rated r; and defaulted d; between ty and t; — 1, (2) all
the firms’ cash flows (F}")1<,<n between ty and t; — 1, (3) the macroeconomic variables as
well as the carbon intensities by sector observed between typ and t; — 1, and (4) the carbon

price dynamics (¢)seft,,...1,} given by the regulator. We proceed as follows:
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1. From the macroeconomic historical data, we estimate the productivity parameters f, n
and X, as well as the elasticities ¢ and X as described in Subsection

2. Foreachi € {1,...,I}, we estimate the parameters B", oyn;, a™ using Subsections
yielding B™¢, Gyn;, 8™,

3. We compute the carbon price dynamics (0¢)s,<¢<¢, and the carbon intensities (73 )¢, <t<t, ,
(Ct)to<t<t,, and (K¢)r,<t<t, as defined in Subsection as well as the emissions cost
rate (0¢):,<t<t, defined in (2.4) and the output carbon cost function v defined in (2.22)).

4. We fix a large enough integer M, and simulate M paths of the productivity pro-
cess (OF) <i<t, 1<p<m, then we derive ((A?)P) <i<t, 1<p<m as defined in Assump-
tion For each n € {1,...,N}, we compute the one-year probability of default
1513:1]\;[, for each t, <t < t,, using .

— N,T —N,T
5. We compute the expected (resp. unexpected) losses EL; 5  (resp. UL, ,,), for each ¢, <

t < t,, using (53) (resp. (5:)).

6. We fix the direction & and a small step ¢, and repeat 3.-4.-5. replacing 0 by 0 + J4L.
Finally, we approach the sensitivity of the losses with respect to the carbon price ¢ by
finite differences, i.e. for each t, <t < t,,

1

~ 1 /—~=NT _—~NT ~
TP ) = < (ELW — EL,, ) and TNDVR(g) .= 5

—NT  —=N]T
T 9 t,0,a ULt,§’,a - ULt,D,a )
(5.7)
with 9’ defined in Definition In the sequel, we choose the direction 8l € (R )1

which is equal to 1 at ¢ and 0 everywhere else, for each time ¢, and a step ¢ = 1%.

6. Results

6.1. Data

We work on data related to the French economy:

1. Annual consumption, labor, output (displayed on Figure and Figure , and
intermediary inputs come from INSEEH from 1978 to 2021 (see [27] for details) and are
expressed in billion euros. We consider a time horizon of ten years with t, = 2021 as
starting point, a time step of one year and t, = 2030 as ending point. In addition,
we will be extending the curves to 2034 to see what happens after the transition, even
though the results will be calculated and analyzed during the transition.

2. The 38 INSEE sectors are grouped into four categories: Very High Emitting, Very Low
Emitting, Low Emitting, and High Emitting, based on their carbon intensities. We

5The French National Institute of Statistics and Economic Studies
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indeed compute the average carbon intensity of output for each sector from 2008 to
2021 in kilograms of CO2-equivalent per euro (as shown in Figure . Four groups then
emerge with intensities ranging over [0, 0.05], ]0.05, 0.3], ]0.3, 0.5] and 0.5, 1], leading
to I = 4. Each group’s composition is detailed in
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Manufacture of other non-metallic minera
Water supply; sewerage, waste management
Manufacture of basic metals
Manufacture of coke and refined petroleu
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Manufacturing
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Administrative and support service activ
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Manufacture of wood and of products of w
Manufacture of textiles, wearing apparel
Manufacture of rubber and plastic produc
Manufacture of basic pharmaceutical prod
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Residential care activities and social w
Construction
Accommodation and food service activitie
Public administration and defence; compu
Education
Printing and reproduction of recorded me
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Manufacture of fabricated metal products
Manufacture of computer, electronic and
Manufacture of machinery and equipment n
Manufacture of furniture; other manufact
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Architectural and engineering activities
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Telecommunications f

Real estate activities
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Figure 2: Average air emissions intensities (in kilograms of CO2-equivalent per euro) by NACE from 2008 to

2021

3. The carbon intensities are calibrated on the realized emissions [16] (expressed in tonnes
of CO2-equivalent) between 2008 and 2021.
Regarding the households GHG emissions, Eurostat only provides data for transport,
heating and cooking, as well as emissions that fall under the category ”other”. Following
our sectors classification, we put transport, heating and cooking in the High Emitting
sector. Then, we divide the Eurostat sectors falling under the category ”other” between
Very High Emitting, Very Low Emitting, and Low FEmitting, proportionally to their

contribution to the households consumption.

6.2. Calibration
6.2.1. Calibration of economics parameters

For the parameters o and ¢, we use the same values as in Gali [I8]:
utility 0 = 1 and a unitary Frisch elasticity of labor supply ¢ = 1. We have the parameters
of the multisectoral model ({/;i)iEI and (ij‘)i,jel in Table|l{ and in Table

According to Tables [1| and [2, the assumed identity 1 + djeT A" =1 would be expected

to hold in the case where other production factors such as capital stock are included in our
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Output | Very High | High | Low | Very Low
Elasticity of labor supply 0.183 | 0.215 | 0.161 0.331
Table 1: Elasticity of labor supply {b\
Input / Output | Very High | High | Low | Very Low
Very High 0.273 | 0.028 | 0.266 0.052
High 0.130 | 0.304 | 0.061 0.043
Low 0.064 | 0.129 | 0.242 0.033
Very Low 0.157 | 0.159 | 0.143 0.312

Table 2: Elasticity of intermediary inputs p)

Emissions Level | ¢ 9p.0 0,(%)
TVery High | 0.473 | -0.013 0.001

Taigh | 0.377 | -0.049 | 0. 001

Trow | 0.07 | -0.039 3.7

TVery Low | 0.024 | -0.028 0.001

Table 3: Carbon intensities parameters

setup. However, our setup avoids the inclusion of capital accumulation (as in the white
paper [14] authored by the Banque de France), as well as imports and exports in order to
simplify the already involved analysis. Still, our numerical application shows that our setup
allows to capture in average 82% of the sum. We then obtain the productivity parameters
in Table [], [5] [6] while the carbon intensities parameters are in Table [3] and It is worth
noting that for each intensity ¢, g, o is negative and 6, is positive, which means that carbon
intensities are decreasing in France.

Emissions Level | Very High | High | Low Very Low
x1073 2.649 | 3.826 | -4.691 4.288

Table 4: 1
Emissions Level | Very High | High | Low | Very Low
Very High -0.191 | -0.061 | 0.108 -0.005
High 0.017 | 0.404 | 0.282 -0.067
Low 0.302 | 0.190 | -0.552 0.290
Very Low 0.177 | 0.021 | 0.623 0.539

Table 5: T

The eigenvalues of [ are {-0.790, —0.145,0.692,0.443} which are all strictly less than 1
in absolute value, therefore O is weak-stationary as assumed.

In our simulation, we consider four deterministic transition scenarios giving four determin-
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Emissions Level | Very High | High | Low | Very Low
Very High 0.329 | 0.020 | 0.011 0.082

High 0.020 | 0.134 | 0.013 0.030

Low 0.011 | 0.013 | 0.071 -0.012

Very Low 0.082 | 0.030 | -0.012 0.066

Table 6: 5 x 103

istic carbon price trajectories. The scenarios used come from the NGFS simulations, whose
descriptions are given on the NGFS website [34] as follows:

e Net Zero 2050 is an ambitious scenario that limits global warming to 1.5°C'" through
stringent climate policies and innovation, reaching net zero COqo emissions around 2050.
Some jurisdictions such as the US, EU and Japan reach net zero for all GHG by this
point.

e Divergent Net Zero reaches net-zero by 2050 but with higher costs due to divergent
policies introduced across sectors and a quicker phase out of fossil fuels.

e Nationally Determined Contributions (NDC's) includes all pledged policies even
if not yet implemented.

e Current Policies assumes that only currently implemented policies are preserved, lead-
ing to high physical risks.

For each scenario, we compute the average annual growth of the carbon price as displayed
in the fourth column of Table [7l

Scenario 2020 Carbon | 2030 Carbon | Average Annual
Price (€/ton) | Price (€/ton) | Growth Rate (%)
Current Policies 39.05 39.05 0.
NDCs 39.05 76.46 6.42
Net Zero 2050 39.05 162.67 13.24
Divergent Net Zero 96.43 395.21 10.63

Table 7: Carbon price in 2020 and 2030, and average annual growth over ten years

6.2.2. Calibration of carbon intensities

The evolution of carbon prices between 2020 and 2030 are shown on Figure [3l Moreover,
we compute the evolution of the carbon intensities on production, T, the carbon intensities on
final consumption, k, and the carbon intensities on the firms’ intermediary consumption, (,
for each sector based on the realized emissions. Recall that the carbon price is expressed in
euro per ton and the carbon intensity in tons per euro so that their product, that we called
emissions cost rate, is dimensionless. We report the annual average per scenario in Table [9]

Table [10, and Table
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Given that

carbon intensities are slightly decreasing, emissions cost rate will not follow

exactly the same trends as carbon prices.

Carbon price in eurc per ton

scenario

250 Current Policies
—i— NDCs

—s— Net Zero 2050
200 + =+ Divergent Net Zero

150 4

100 4

50 -

2020 2022 2024 2026 2028 2030 2032 2034
Year

Figure 3: Annual carbon price per scenario

In order to ensure that the condition ([2.3)) is satisfied, it is sufficient to compute the product
of the maximum of the carbon price &, (as t — d; is non-decreasing) and the maximum of the

output carbon intensity 7§ (as t — 77 is decreasing), for each sector i and for each scenario.

740, | Very High | High | Low | Very Low

Current Policies 0.017 | 0.014 | 0.003 0.000
NDCs 0.031 | 0.026 | 0.004 0.001

Net Zero 2050 0.054 | 0.045 | 0.009 0.002
Divergent Net Zero 0.108 | 0.089 | 0.017 0.005

Table 8: Maximum firms’ carbon intensities multiplied by carbon price in 2030 per scenario

The highest level of emissions cost rate for households’ consumption comes from the High

Emitting group (involved for transport, cooking and heating).

Emissions level | Very High | High | Low | Very Low
Current Policies 0.007 | 2.233 | 0.007 0.007
NDCs 0.010 | 3.031 | 0.010 0.010

Net Zero 2050 0.014 | 4.273 | 0.014 0.014
Divergent Net Zero 0.031 | 9.235 | 0.031 0.031

Table 9: Average
and 2030 (in %)

annual emissions cost rate dx on households’ consumption from each sector between 2020
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On firms’ production side, the Very High Emitting group is the highest charged (because
agriculture and farming emit large amounts of GHG like methane), and is naturally followed
by the High Emitting one which emits significant amounts of COs.

Emissions level | Very High | High | Low | Very Low
Current Policies 1.483 | 0.644 | 0.169 0.058
NDCs 2.047 | 0.870 | 0.232 0.080

Net Zero 2050 2.933 | 1.219 | 0.331 0.113
Divergent Net Zero 6.301 | 2.641 | 0.713 0.244

Table 10: Average annual emissions cost rate d7 on firms’ production in each sector between 2020 and 2030

(in %)

On the emissions cost rate of firms’ intermediary consumption, we observe expected pat-
terns. For example, the emissions cost rate applied on goods/services produced by the Very
High Emitting sector and consumed by the Low Emitting one is very high. This is explained
by the fact that many inputs used by sectors belonging to the Low Emitting group (such
as Manufacture of food products, beverages and tobacco products) consumes the output from
Electricity, gas, steam and air conditioning supply which belongs to the Very High Emitting
group. Similar comments can be done for the other sectors. These results thus show that
sectors are not only affected by their own emissions, but also by the emissions from the sec-
tors from which they consume products. Moreover, we observe a relation between the level
of emissions cost rate applied to intra-sectoral consumption and the corresponding level of
elasticity displayed in Table

We now calibrate our model on the historical data assuming no carbon price as detailed
in Section and perform simulations.

6.3. Simulations
6.3.1. Output growth

After M = 5000 simulations, we compute the mean of the annual output growth and
related 95% confidence interval for each sector and each scenario. Results are displayed on
Figure [ Additionally, we compute the average annual output growth over the ten-year
period, as illustrated in Table

It follows from the Total column in Table [12|that the average annual growth between 2020
and 2030 is decreasing. The Divergent Net Zero is the economic worst case (the best one for
the climate) where the carbon ton would cost 395.21€ in 2030. The Current Policies is the
economic best case (the worst one for the climate) where the carbon ton would cost 39.05€
in 2030. The difference of the annual output growth between the worst and the best scenarios
is of about —0.554%.

The four scenarios are clearly discriminating. In the Divergent Net Zero scenario, our
model shows, on the last subplot in Figure [l a drop in output growth, with respect to the
Current Policies scenario, that starts at 0.405% in 2020 and increases every year until a 0.746%
drop is reached in 2030. Cumulatively, from 2020 to 2030, a drop of 5.539% is witnessed.
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Emissions level / Output | Very High | High | Low | Very Low
Current Policies 0.255 | 0.088 | 0.095 0.032
NDC's 0.347 | 0.119 | 0.131 0.044
Net Zero 2050 0.491 | 0.166 | 0.188 0.061
Divergent Net Zero 1.061 | 0.360 | 0.404 0.132
(a) Input: Very High

Emissions level / Output | Very High | High | Low | Very Low
Current Policies 0.031 | 0.347 | 0.122 0.047
NDC's 0.042 | 0.471 | 0.162 0.064
Net Zero 2050 0.059 | 0.666 | 0.223 0.091
Divergent Net Zero 0.128 | 1.439 | 0.487 0.197

(b) Input: High
Emissions level / Output | Very High | High | Low | Very Low
Current Policies 0.117 | 0.022 | 0.151 0.014
NDC's 0.156 0.03 | 0.203 0.019
Net Zero 2050 0.216 | 0.041 | 0.282 0.026
Divergent Net Zero 0.471 | 0.089 | 0.613 0.057

(c) Input: Low
Emissions level / Output | Very High | High | Low | Very Low
Current Policies 0.078 | 0.061 | 0.077 0.130
NDC's 0.107 | 0.084 | 0.106 0.178
Net Zero 2050 0.152 | 0.119 | 0.152 0.251
Divergent Net Zero 0.328 | 0.257 | 0.326 0.543

(d) Input: Very Low

Table 11: Average annual emissions cost rate ¢ on firms’ intermediary inputs from each sector between 2020
and 2030 (in %)

Emissions level | Very High | High | Low | Very Low | Total
NDCs -0.248 | -0.245 | -0.062 -0.018 | -0.128

Net Zero 2050 -0.712 | -0.692 | -0.181 -0.051 | -0.362
Divergent Net Zero -1.187 | -0.978 | -0.310 -0.099 | -0.554

Table 12: Average annual output growth evolution with respect to the Current Policies scenario between 2020
and 2030 (in %)

We can compare this value to 2.270% which is the GDP drop between the Net Zero 2050
and Current Policies scenarios obtained with the REMIND model in [32]. The difference
observed with REMIND can be explained by the fact that our model does not specify how the
revenues generated by charging GHG emissions and collected by the regulator are reinvested
or redistributed. We could, for example, head the investment towards low-carbon energies,
which would have the effect of reducing the GHG emissions costs on these sectors. Moreover,
in our model, the carbon price is assumed to increase uniformly (which implies that emissions
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Very High Emitting High Emitting Low Emitting Very Low Emitting Total
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Figure 4: Mean and 95% confidence interval of the annual output growth

would increase indefinitely - which is not desirable) from 2021 to 2030, while in REMIND an
adjustment of the carbon price growth rate is being made in 2025. Furthermore, productivity
is totally exogenous in our model while there are exogenous labor productivity and endogenous
technological change for green energies in REMIND, which is expected to have a downward
effect on the evolution of the carbon price. However, we recall that our model has the benefit
to be stochastic and multisectoral.

Now, it follows from both Figure 4l and Table [12] that the introduction of the carbon price
is less adverse for the Very Low Emitting and Low Emitting groups than for the High Emitting
and Very High Emitting ones. The slowdown is highest for the Very High Emitting group,
which was anticipated given that the emissions cost on firms was the highest. Moreover,
the slowdown could be accelerated by the climate transition, not only because this sector
emits GHG, but also because its intermediary inputs are from the High Emitting and Very
High Emitting sectors. On the other hand, the Very Low Emitting sector continues its strong
growth because it emits less and because France is driven by the service industry. In addition,
the consumption in the two most polluting sectors suffers from a slowdown higher than the
whole consumption slowdown and lower than in the two least polluting ones.

Finally, from figure EL due to deindustrialization and the reduction in agricultural

Very High Emitting High Emitting Low Emitting Very Low Emitting

Current Policies Current Policies Current Policies 80.0 current Policies
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Figure 5: Mean and 95% confidence interval of the contributions (in %) of each sector in the total output

production, the share of production from sectors Very High Emitting and Low Emitting is

5We ignore years 2020 and 2021 due to COVID-19 jumps.
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tending to decline in the French economy. This decline accelerates with the severity of the
transition. However, it is evident that the French economy is shifting toward a service-based
economy. This phenomenon becomes more pronounced as the carbon price increases. It could
imply that companies are increasingly leaving the most polluting (and therefore most taxed)
sectors. To mitigate these effects, we could intelligently reinvest the collected carbon taxes.

6.3.2. Greenhouse gases

We observe in Figure |§||Z| a slow reduction in GHG emissions concurrent with deindus-
trialization, the reduction of agricultural production and probably thanks to the efforts that
are beginning to be made. With the introduction of a carbon price, this downward trend
accelerates. However, for the sector Very High Emitting, GHG emissions continue to increase
for soft transition scenarios. Finally, it should be noted that these trends in GHG emissions

1e8 Very High Emitting 1e8 High Emitting le7 Low Emitting le7 Very Low Emitting
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Figure 6: Mean and 95% confidence interval of the direct GHG emissions (in ton of CO2-equivalent) of firms
in each sector

can also be explained by the structure chosen for our carbon intensities.

6.3.3. Firm valuation

Here, we consider a representative firm characterized by its cashflow F; _q at to — 1, with
standard deviation o, and by the contribution a of sectoral consumption growth to its cash
flows growth. We would like to know how the value of this company evolves during the
transition period and with the carbon price introduced in the economy. Consider F;,_; =
€1,000,000, op = 5.0%, a = [0.25,0.25,0.25,0.25] (each sector has the same contribution to
the growth of the cash flows of the firm), the interest rate r = 5%. For M = 5000 simulations
of the productivity processes (O, A¢)s <t<t,, we compute the firm value using . We can
analyze both the average evolution of the firm value per year and per scenario (Figure 7)) and
the empirical distribution of the firm value per scenario (Figure .

We see that even if the value of the firm grows each year, this growth is affected by the
severity of the transition scenario (Figure . The presence of a carbon price in the economy
clearly reduces the firm value yearly by -2.440% for NDCs, -5.009% for Net Zero 2050, and
-7.412% for Divergent Net Zero. The faster the transition, the steeper the drop over 10 years.

"We ignore years 2020 and 2021 due to COVID-19 jumps.
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Figure 7: Firm value

We start thus from a decrease of 1.351% in 2021 to 3.483% in 2030 for NDCs, from 3.541%
to 6.248% for Net Zero 2050, and from 5.307% to 8.238% for Divergent Net Zero (Figure[7h).
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Figure 8: Firm value distribution per scenario and per year

The introduction of the transition scenario distorts the density function of the firm value,

and in particular, moves it to the left.
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Credit risk. Consider a fictitious portfolio of N = 16 firms described in Table [13] below. This
choice is made to ease the reproducibility of the result since the default data are proprietary
data of BPCE. Note that the firms 1 to 4, 5 to 8, 9 to 12, and 13 to 16 respectively belong to
the Very High Emitting, High Emitting, Low Emitting, and Very Low Emitting groups.

[ n° [1 [T 2 [T 8 [ 4 [5 [ 6 [ 7 [ 8 [ 9 [ 10 ] 11 [ 12 [ 13 [ 14 | 15 [ 16 |
[ opn [ 0.05 [ 0.05 [ 0.06 | 0.06 [ 0.06 | 0.07 [ 0.07 [ 0.07 [ 0.08 | 0.08 | 0.08 [ 0.09 [ 0.09 | 0.09 [ 0.10 [ 0.10 |
[ F} [ 10] 10] 10] 10] 1.0 10] 1.0] 10] 1.0] 1.0] 1.0] 1.0] 1.0 1.0 ] 1.0 1.0 |
[ B [ 295 ] 294 [ 293 ] 292 [ 306 [ 302] 298 [ 294 [ 294 [ 293 [ 292 ] 290 [ 299 [ 2.96 [ 2.94 [ 2.92 |
a™(Very High) 1.0 [ 075 ] 0.50 [ 025 [ 0.0 [ 0.0 ] 00 ] 00 ] 00 00] 00] 00] 00] 007 007 00
a™ (High) 00 | 0.0 [ 0.0 [ 00 1.0 [ 075 [ 050 [ 025 | 0.0 [ 0.0 | 0.0 | 00 [ 00 [ 00 [ 00 [ 00
a™ (Low) 00 [ 00 [ 00 00 ] 00 00 0.0 00 1.0 [ 0.75 | 0.50 | 0.25 00 [ 0.0 [ 0.0 ] 00
a™(Very Low) 00 [ 00 ] 00] 00] 00] 00] 00] 00 00 00 00 00 1.0 [ 075 | 0.50 | 0.25

Table 13: Characteristics of the portfolio

6.3.4. Probabilities of default
We use the parameters of the portfolio and firms as detailed in Table [13| to compute the
annual PDs over ten years using the closed-form formulae (5.4). We then report, in Figure @],

the average annual PD and its annual evolution.

The remarks raised for the output growth remain valid, only the monotony changes: we can
clearly distinguish the fourth various climate transition scenario. The probability of default
slightly grows each year, this is due to the fact that PD (see ) is driven in particular
by the productivity growth which, in France, tends to decrease slightly toward a stationary
position (see Figure . Even in the Current Policies scenario, the PD goes from 0.132%
in 2021 to 0.352% in 2030. Moreover, the increase is emphasized when the transition scenario

Probability of default

2.00 —
Current Policies

—— NDCs
Net Zero 2050
—— Divergent Net Zero

175

——

150

1.25

1.00

0.75

0.50

0.25

2022
2024
2026
2028
2030
2032
2034

Figure 9: Average annual probability of default and 95% confident interval of the portfolio, per scenario and
year in %

gets tougher from an economic point of view. Between the worst-case (Divergent Net Zero)
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scenario and the best-case (Current Policies) one, the difference in the average PD reaches
1.307% in 2030 and gradually decreases after the transition. Over the transition period of
10 years, the annual average PD is 0.344% for the Current Policies scenario, 0.471% for the
NDCs scenario, 0.856% for the Net Zero 2050 scenario, and 1.487% for the Divergent Net
Zero scenario. It is no surprise that the introduction of a carbon price increases the portfolio’s
average probability of default.
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Figure 10: Average annual probability of default and 95% confident interval, per scenario and per sub-portfolio

In Figure [10] above, we can also observe that, for each sub-portfolio, the evolution of the
PD depends on the sector that is at the origin of the growth of its cash flows. As expected, the
PD grows throughout the years, and the growth is even more abrupt when the sub-portfolio
is polluting. Diversification also has a positive effect on the portfolio: the average PD of the
overall portfolio is higher than the average PD of the least polluting sub-portfolios, and lower
than the average PD of the most polluting portfolios.

Bouchet-Le Guenedal [§] and Bourgey-Gobet-Jiao [9] also worked on the impact of a
carbon price on credit portfolios. They computed the PDs from 2020 up to 2050,/2060.
More precisely, [8] presents the percentage of companies by sector and by scenario whose
probabilities of default are above 99%, and [9] focuses on default intensities and probabilities
of default. However, they fixed the time at which the PDs are computed and varied the
time horizon (maturity) while in our case, we are doing the other way around. Moreover,
they do not comment much about the uncertainties on the dynamics of the balance sheet,
productivity, carbon intensities, and the carbon price, while such uncertainties are expected to
significantly increase with the transition time horizon, and therefore to substantially impact
any credit risk metrics. As the average length of small and medium-sized enterprises loans is
of about seven years, we prefer to focus on short-term risk measures.

6.3.5. Fxpected and unexpected losses

We compute the EL and UL using and , assuming that LGD and EAD are
constant over the years and LGD" = 45% and EAD" = €10 million for each firm n described
in Table The annual exposure of the notional portfolio of the N = 16 firms thus remains
fixed and is equal to €160 millions, while each sub-portfolio exposure is of €40 millions. We
then express losses as a percentage of the firm’s or portfolio’s exposure. Table [I[4 and Table [I5]

show the average annual EL and UL.
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Emissions level | Very High | High | Low | Very Low | Portfolio

Current Policies 0.329 | 0.034 | 0.097 0.160 0.119

NDCs 0.504 | 0.050 | 0.107 0.186 0.161

Net Zero 2050 1.066 | 0.100 | 0.128 0.246 0.292

Divergent Net Zero 2.057 | 0.138 | 0.155 0.327 0.512

Table 14: Average annual EL as a percentage of exposure
Current Policies
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Figure 11: EL of the portfolio in % of the exposure per scenario and per year

2034

We observe in Table and Figure that, as expected (notably because the LGD is
assumed to be deterministic and constant), the different scenarios remain clearly differentiated

for the EL. The latter as a percentage of the portfolio’s exposure increases with the year and

the carbon price. For the portfolio as a whole, we see that the average annual EL increases

from 330% between the two extreme scenarios. Moreover, still focusing on the two extreme

scenarios, the average annual EL increases by 525% for the Very High Emitting portfolio

while it increases by 143% for the Very Low Emitting portfolio. The EL being covered by the

provisions coming from the fees charged to the client, an increase in the EL implies an increase

in credit cost. Therefore companies from the most polluting sectors should be charged more

than those from the least polluting sectors.

Emissions level | Very High | High | Low | Very Low | Portfolio
Current Policies 1.191 | 0.066 | 0.147 0.277 0.109
NDCs 1.691 | 0.098 | 0.163 0.316 0.161

Net Zero 2050 2.964 | 0.193 | 0.197 0.400 0.307
Divergent Net Zero 4.585 | 0.264 | 0.239 0.507 0.520

Table 15: Average annual UL as a percentage of exposure

Similarly for the UL, we observe the difference between the scenarios from Table [I5] and
Figure For the portfolio as a whole, we see that the average annual UL increases by 377%
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Figure 12: UL of the portfolio in % of the exposure per scenario and per year
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between the two extreme scenarios. Moreover, still focusing on the two extreme scenarios, the
average annual UL increases by 284% for the Very High Emitting portfolio while it increases
by 83% for the Very Low Emitting portfolio.

The UL being covered by the economic capital coming from the capital gathered by the
shareholders, an increase in the UL implies a decrease in the bank’s profitability. Therefore, in
some way, granting loans to companies from the most polluting sectors will affect banks more
negatively than doing so to companies from the least polluting sectors. We therefore observe
that the introduction of a carbon price will not only increase the banking fees charged to the
client (materialized by the provisions via the expected loss) but will also reduce the bank’s
profitability (via the economic capital that is calculated from the unexpected loss). Finally,
for more in-depth analysis, Figure (respectively Figure shows the distortions of the
distribution of the EL (respectively the UL) per scenario and per year.

6.5.6. Losses’ sensitivities to carbon price

Finally, we compute the sensitivity of our portfolio losses to carbon price using .
Since the scenarios are deterministic, this quantity allows us to measure some form of model
uncertainty. Indeed, for a given scenario, it allows to capture the level by which the computed
loss would vary should that assumed deterministic scenario deviate by a certain percentage.

e
For each time ¢, we choose the direction 4 = {1 1} € Rﬁ:“, and a step ¥ = 1%. A

carbon price change of 1% will cause a change in the EL of f‘iv éT(EL) and a change in the UL
of fi\;z(UL) We report the results in Table |16/ and Table

For example, over the next ten years, if the price of carbon varies by 1% around the
scenario NDCs, the portfolio’s EL will vary by 1.402% while the portfolio’s UL will change
by 1.148% around this scenario.

The greater the sensitivity, the more polluting the sector is. This is to be expected as
carbon prices are higher in these sectors. In addition, the sensitivity of the portfolio is smaller
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Emissions level | Very High | High | Low | Very Low | Portfolio
Current Policies 1.561 | 1.581 | 1.191 0.827 1.280
NDCs 1.777 | 1.687 | 1.261 0.904 1.402
Net Zero 2050 2.142 | 1.864 | 1.386 1.035 1.631
Divergent Net Zero 2.668 | 2.096 | 1.562 1.215 1.973
Table 16: Average annual EL sensitivity to carbon price in %
Emissions level | Very High | High | Low | Very Low | Portfolio
Current Policies 1.299 | 1.290 | 1.042 0.547 1.135
NDCs 1.463 | 1.365 | 1.102 0.583 1.148
Net Zero 2050 1.726 | 1.485 | 1.206 0.634 1.197
Divergent Net Zero 2.070 | 1.632 | 1.352 0.681 1.472

Table 17: Average annual UL sensitivity to carbon price in %

than that in the most polluting sectors, and greater than that in the least polluting ones.
Finally, we notice that the variation of the EL is slightly more sensitive than the variation
of the UL. This means that the bank’s provisions will increase a bit more than the bank’s
capital, or that the growth of the carbon price will impact customers more than shareholders.

Conclusion

In this work, we study how the introduction of a carbon price would propagate in a
credit portfolio. To this aim, we first build a dynamic stochastic multisectoral model in
which firms (resp. households) are charged for the GHG they emit when they consume
intermediary inputs from other sectors and when they produce goods/services (resp. for the
GHG they emit when they consume goods/services). We later use the Discounted Cash Flows
methodology to compute the firm value and introduce the latter in a structural credit risk
model to project PD, EL and UL. We finally introduce losses’ sensitivities to carbon price
to measure the uncertainty of the losses to the transition scenarios. This work opens the
way to numerous extensions. In the climate-economic model, exogenous and deterministic
scenarios as well as homogeneous agents are assumed while one could consider agent-based
or mean-field games models where a central planner decides on the carbon price and agents
(companies or households) optimize production, prices, and consumption according to the
carbon price/tax level. In the credit risk part, the LGD is assumed to be deterministic,
constant, and independent of the carbon price. In our forthcoming research, we will analyze
how the LGD is affected by the stranding of assets. We furthermore assume that EAD and
thus bank balance sheets remain static over the years while the transition will require huge
investments. One could thus introduce capital in the model. Finally, we have adopted a
sectoral view, while one could alternatively assess the credit risk at the counterpart level and

thus penalize or reward companies according to their individual and not sectoral emissions.
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Appendix A. Vector Autoregressive Model (VAR):

Detailed proofs can be found in Hamilton [25], and Kilian and Litkepohl [28]. Assume
that (©);cn follows a VAR, i.e. for all t € N*|

Or=pu+I60;_1+&, wherefor teZ, & ~N(0,X)

with 2 € R! and where the matrix I' € R’*! has eigenvalues all strictly less than 1 in absolute
value. We have the following result that is shown in the VAR’s literature.

(©1)ten is weak-stationary.

If ©g ~ N(11, %) with 11 := (I; — )"y, and vec(X) = (Irx; — T @T)tvec(X), then
for t € Z, & ~ N(0,%) with ¥ € RI*L,

For t,T € N, we note Yy := ZZ:O I'Y, then

T wu T
Z Z Fu_v£t+v = Z TT*u5t+u7
v=1

u=1 u=1

For t,u € N,

00 T
Or=7+» Iy and  Opr =TT0i+ Tr_1u+ Y TT &,

v=1 v=1

For t,T € N,

T
(Z @tJru
u=1

and in particular (0;41]0;) ~ N (u+T'04, X).

T T
@t> ~N (FTT1®t + (Z TU1> "y TTUE(TTU)T> . (A

u=1 u=1

Appendix B. Proofs

Appendiz B.1. Existence condition of the firm value

Proof of Proposition[3.4 Let t € N, n € {1,...,N}. For s > 0, from Assumption we
observe that

s
Ftn+s = Ftn exXp <Z w?Jru) .

u=1

Let K € N* and define

K
ViR =R, [Z e‘”FZ}rS] . (B.1)
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We now show that limg o V™ exists, in particular that E; le”"5F{ ] is summable. To
this end, we first observe that

)|

We now give an upper bound for | exp (35— w},) ||p for some p > 1. We observe that,

using (3.2)),
s
Zwtn-i-u = (Z ®t+u+b(ot+s Y Dt > + th+u. (B.Q)
u=1

u=1

From Assumption and (2.1)), it follows
Gt-‘ru =n+e¢ <F“Zt + Z Fuvgt_‘rv) .
v=1
We define Y, := S-F_ T and observe that
Tkl < (1[0 (B.3)

Since

Z Z FU7 gt—H) - Z Ts vgt-‘,-v’

u=1v=1

we compute

s s
Z Oppy =ms +el'Ts 12 + ¢ Z Ts v€tyo-
u=1 v=1

Then (B.2) reads

s s s
Z w;ﬁru = Ean.FTs—lzt + San'ﬁ +e€ Z an.Ts—vgt-i-v + a™ (U(DH—S) - U(at)) + Z b?Jru’

u=1 v=1 u=1

Observe that under Assumption there exists a constant € > 0 such that

sup exp (a™ (0(04s) — 0(04))) < €. (B.4)

n,s,t

Thus, using the independence of Z¢, (E44)v>1, (b7, )v>1, We obtain

S S
Efexp(p Y, wiy, )] <€ exp (pea"TTHZt + psa”'ﬁ)E leXp (pe > a" Yoo+ b?m)] -
v=1 u=1

(B.5)

s 2
E [exp <p Z bfﬁru)] = exp (gsagn> , (B.6)
u=1

Since
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we compute

£2p

™ v\fl2><eXP< Ja™ [P[VE(1 = |T))~ )
(B.7)

One could also have found above a finer upper bound. Combining (B.6)-(B.7) with (B.F), we

obtain

E [eXp (psan"rsfvgt+v)] = €xp <

S
Eq [GXP (p Z wﬁru)] < €Pexp (psa”'FTs,lzt + p2ps) .
u=1

Using similar computations as above, we also get (because Ys_1 is bounded and Z; is station-

ary and Gaussian)
E [exp (pea" T'Ys_12;)] < Oy, (B.8)

and hence

< Clels,

S
oxp (z wrﬂ)
u=1 P

Under (3.6), we then obtain

S
Z e "5 |lexp (Z wfﬁru) < 400,
s>0 u=1
for some p > 1. Set 1 < p:= 75 +€, for € > 0 small enough Then, using Hélder’s inequality

(With 1 % + p/ﬁ)
E[[V;"5P] < GE[|FP|?] < +oo,

since || F}*||q < oo for any ¢ > 1. O

Appendiz B.2. Conditional distribution of the firm value
Proof of Remark|[3.8 Let t,T > 1, we have from (3.8]),

t+T
Virr = FgRer(0) exp (0™ (A r — 0(00))) exp (Z bZ)

= FyR}, r(0) exp (—a™0(d0)) exp (a™ A7, 1) exp Wiir) -
But A7, = A7 + Y0 | ©,, then

t+T

Vivr = FoRY 7 (0) exp (0™ (A7 — v(00))) exp ( Z ) ) exp (W) r)
u=t+1

T
= Fy'Ry 7 (0) exp (a™ (A7 — 0(00))) exp (an' Z Otyu + Wﬁ:p)-

u=1

But recall from Remark [2.2| and forallu e {1,...,T},

u
®t+u =T"0; + Tu_lu + € Z Fu_v5t+v,
v=1
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then

EZ:1 ®t+“:EZ:1 F“9t+25:1 Tu—1pte 25:1 3:1 Fu*v&*“:FTT*et"'(Z:ﬂ Tufl)’ﬁ'a Zf:l Tr—vEtto.

From Assumptions [2.1] and 3.1} we have

(ZT a"‘®t+u+Wf+T ‘ gt) NN(a”'FTT_l(at—i-a"' (Z::l Tu_l)u,EQ ZZ:l (a”'TT_u)Z(’I‘T_ua"‘ )T-i-O'%n (t-i-T)) R

u=1

and the conclusion follows. O

Appendiz  B.3. Convergence of (Vi — V{*)/F[* to zero
Proof of Proposition[3.9. For K € N*, recall the expressions of V;"K in (B.1) and V' K

in (3.10) and note that
n, K n

vir W }
<R
{ - [ FrORp

BB
Using Hoélder’s inequality and Proposition [3.4], one gets that the first term in the right hand

Eéi__ v?uK
P P

K K
‘/;nv V«Zl,
mn n
Ft Ft

] (B9

side of the above inequality goes to zero as K goes to +o00. Similarly, using Hélder’s inequality
and (the beginning of the proof of) Lemma one shows that the last term in the right hand
side of the above inequality goes to zero as K goes to infinity. It remains thus to study the
middle term to obtain the desired result. Observe that

VﬂLK’_-VnJ( K s
Az (Z eE, [exp (sa"‘u+ & (0(011) — v(00) + bzuu) AD |
t

s=1 u=1
with

S
Ay = exp {6 Z a”'ZHu} -1, (B.10)
u=1

using (B.2) and (2.1). We first compute, by independence,

[y leXP <Sﬂnﬂ + a" (0(0¢45) — 0(de)) + i b?—‘ru) As]

u=1

=E [GXP <8anﬂ + a" (0(0r45) —0(0)) + i bﬁu)] E: [As]]

u=1

1
< Cexp (Sanﬂ + 2”{?71) Ee [|Asl]

using (B.4). We then obtain

K
[z S Vo ol i (Z Ceo R HAsu) :

s=1

where g,, is defined in Lemma We can rewrite (B.10) as

1 s s
A=c [ exp (m ) a"'ztﬂ) S 0" 2y dA
0 u=1 u=1
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For p > 1, using Holder’s inequality, we deduce from the previous expression

1 s p %
‘ / exp (s/\Za"'ZHu)d/\ ] E[
0

u=1
S
< ST E [0 207 < Cyst,

u=1

Q|

E[|As]] < eE

s q
> a2, 1 : (B.11)
u=1

with ¢ the conjugate exponent to p.
We first compute by convexity

E [ > a" Zitu
u=1

where the last inequality follows since Z;1, ~ N(0,%).
We now turn to the first term in the right hand side of (B.11)),

Using Jensen’s inequality, we have
p 1 s
] < / E [exp <5)\p Z a”'ZtJru)] dA.
0

1 S
E l / exp (s)\ Z a”'Zt+u> dA
0 u=1
Since Zpy,, =T"Z 4+ >0 TV 7YE1y, we write

u=1
E, [exp (pz?/\ Z a"'ZHuﬂ = exp (pa)\ Z a”'I’“Zt> x Ey [exp <p5)\ Z a™ Z I‘“”SHU)} )

u=1 u=1 u=1 v=1

q

By (B-3), |Ti| < (1 —|T])~" where T := 32F_,I'”. We compute

u

s s
Z a™ Z Fu—v(c/'tJrv = Z a"'Ts,v&Jﬂ,.
u=1 v=1

v=1

Using (B.7) and recalling that A € [0,1], we get

s U 2,2
E, [exp (ps)\ Z a™ Z I‘“_U&gﬂ,) < exp <s€2p|an'|2|\/§|2(1 - |F|)_2> .

u=1 v=1

Thus, appealing to (B.8]), we get

E [exp(sp)\ Z a" Ziw)

u=1

£2p?
< Cpeexp 57|an'\2|\/§|2(1 — 2.
Finally, combining the above inequalities, we obtain
e%p n-|2 2 -2
E[|A)] < Cpeesexp (s~ Ll PSP - 1)) 2)

and then
K K
Z CeE[|Ag]] <e Z Clp csePP)s,
s=1 s=1

For p —1 > 0 small enough, we thus get

K
IV =V E) FP 0 < Y ee E[|A[] < Ce.
s=1
The proof is thus concluded letting K goes to infinity in . O
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Appendix C. Factor selection by LASSO regression

We perform LASSO regression questioning the relationship between credit risk (described
by the logit of the default rate) and economics conditions (described by the macroeconomic
variables as we assumed in Section , we use S&P ratings for data on the ratings and default,
on a yearly basis from 1995 to 2019, of 7046 large US companies belonging to 13 sectors.
We can analyze and use them to compute the historical probability of default (displayed
Figure and the migration matrix by sector. The USA macroeconomic time series can
be found in the World Bank database and in the FRED Saint-Louis database [17].

Coef_ | Importance | Percentage

Industry value added growth | -0.433 0.433 73.979
Real GDP per capita growth | -0.073 0.073 12.485
Unemployment rate | 0.046 0.046 7.934

Stocks returns | -0.033 0.033 5.602

Export of goods and services 0 0 0
Real GDP growth 0 0 0

Inflation rate 0 0 0

10-year interest rate 0 0 0

Table C.18: Factor selection by LASSO

Appendix D. Sectoral groups

We use the output and GHG emissions by sector to compute the carbon intensity (which
is the tons of GHG emitted per euro of output) per sector. Then we compute their annual
average and we group the sectors together if their annual average carbon intensities are close.

1. Very High Emitting

e Manufacture of basic metals and fabri- Manufacture of rubber and plastics prod-
cated metal products, except machinery and ucts, and other non-metallic mineral prod-
equipment ucts

o Water supply; sewerage, waste management
and remediation activities e Agriculture, forestry and fishing

2. High Emitting

e Electricity, gas, steam and air conditioning products
supply
 Transportation and storage o Manufacture of coke and refined petroleum

e Manufacture of chemicals and chemical products

3. Low Emitting
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e Manufacture of food products, beverages

and tobacco products

e Manufacture of wood and paper productse

4. Very Low Emitting

Other Service Activities .
Arts, Entertainment and Recreation
Social Work Activities

Human Health Activities

Education

Public

Administration and Defence; Compulsory

Social Security .
Administrative and Support Service Activi-
ties

Advertising and Market Research; Other
Professional, Scientific and Technical Activ—.
ities; Veterinary Activities

Scientific Research and Development Le-"
gal and Accounting Activities; Activities of
Head Offices; Management Consultancy Ac-
tivities; Architecture and Engineering Ac-
tivities; Technical Testing and Analysis
Real Estate Activities

Financial and Insurance Activities
Computer Programming, Consultancy and
Related Activities; Information Service Ac-s
tivities

Appendix E. Plots of historical data

We plot the data described in Section [6.1
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2.0
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1.0

0.5

0.0

lell lell

and printing

Mining and quarrying

Telecommunications

Publishing, Audiovisual and Broadcasting
Activities

Accommodation and Food Service Activities

Wholesale and Retail Trade, Repair of Mo-
tor Vehicles and Motorcycles

Construction

Manufacture of Furniture; Other Manufac-
turing; Repair and Installation of Machinery
and Equipment

Manufacture of Transport Equipment

Manufacture of Machinery and Equipment
N.E.C.

Manufacture of Electrical Equipment

Manufacture of Computer, Electronic and
Optical Products

Manufacture of Basic Pharmaceutical Prod-
ucts and Pharmaceutical Preparations

Manufacture of Textiles, Wearing Apparel
and Leather Products
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Figure E.13: Nominal consumption, labor, and output (described in item |
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Figure E.15: Annual and 10-year moving average productivity growth
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Figure E.16: Historical data of a chosen portfolio - France - from 1995 to 2018 (described in item

Appendix F. Figures
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9.0 ‘ 0, (%) ‘
K Very High | 0.003 | -0.026 0.001

KHigh | 1.123 | -0.040 0.001

KLow | 0.003 | -0.026 0.001

K Very Low | 0.003 | -0.026 0.001

(Very High, Very High | 0.124 | -0.043 1.5
CVery High, High | 0.017 | -0.045 0.001
CVery High, Low | 0.088 | -0.065 0.001

Emissions Level ‘ Yo

CVery High, Very Low | 0.034 | -0.042 3.6
CHigh, Very High | 0-051 | -0.049 | 0.001
CHigh, High | 0.177 | -0.046 1.1

CHigh, Low | 0.022 | -0.081 0.001
CHigh, Very Low | 0.026 | -0.030 0.001
CLow, Very High | 0.037 | -0.055 11.1

CLow, High | 0.117 | -0.079 0.001

CLow, Low | 0.111 | -0.065 0.3

CLow, Very Low 0.026 | -0.018 0.001
CVery Low, Very High | 0.019 | -0.052 0.1
CVery Low, High | 0.025 -0.05 2.1

CVery Low, Low | 0.016 | -0.088 0.001
(Very Low, Very Low | 0.059 | -0.034 0.001

Table E.19: Carbon intensities parameters

Very High Emitting High Emitting Low Emitting Very Low Emitting
0.60
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—— NDCs —— NDCs 030 0.55 —— NDCs
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—— Divergent Net Zero —— Divergent Net Zero | o 55 : —— Divergent Net Zero
025 S| 0.45
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0.20 0.20
015 0.35
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m 0.10 —— NDCs
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Figure F.18: Average annual UL per scenario for some firms
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Figure F.20: Annual UL distribution per scenario
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