ASYMPTOTIC ARBITRAGE IN THE HESTON MODEL

FATMA HABA AND ANTOINE JACQUIER

ABSTRACT. In the context of the Heston model, we establish a precise link between the set of equivalent
martingale measures, the ergodicity of the underlying variance process and the concept of asymptotic

arbitrage proposed in Kabanov-Kramkov [[4] and in F6llmer-Schachermayer [g].

1. INTRODUCTION

The concept of arbitrage is the cornerstone of modern mathematical finance, and several versions of
the so-called fundamental theorem of asset pricing have been proved over the past two decades, see for
instance [4] for an overview. A version of it essentially states that absence of arbitrage is equivalent to the
existence of an equivalent martingale measure under which discounted asset prices are true martingales.
This then allows the use of ‘martingale models’ (either continuous or with jumps) as underlying dynamics
for option pricing. In practice, should short-term arbitrages arise—due to some market discrepancies—
they are immediately exploited by traders, and market liquidity therefore acts as an equilibrium agent, to
prevent them from occurring significantly. It can be argued, however, that one may generate long-term
riskless profit, when the time horizon tends to infinity. This turns out to be the case in most models used
in practice, and the existence and nature of such infinite horizon asymptotic arbitrage opportunities have
been studied in [, T&, 2.

Among the plethora of models used and analysed both in practice and in theory, stochastic volatility
models have proved to be very flexible and suitable for pricing and hedging. Due to its affine structure,
the Heston model [I1] has gained great popularity among practitioners for equity and FX derivatives
modelling (see [d, [M] for a detailed account). Because of the correlation between the asset price and the
underlying volatility, the market is incomplete, and the Heston model admits an infinity of equivalent
martingale measures. Its affine structure allows us to study precisely the existence (or absence) of
asymptotic arbitrage. Specifically, we shall endeavour to understand how the parameters of the model
influence the nature—such as its speed and existence—of this asymptotic arbitrage. Of particular interest
will be the link between asymptotic arbitrage and the ergodicity of the underlying variance process. In [§]
the authors proved under suitable regularity conditions that price processes with a non-trivial market
price of risk (see Definition EZ3) allow for asymptotic arbitrage (with linear speed). Using the theory of
large deviations, we shall show that S may allow for such arbitrage even if it does not admit an average
squared market price of risk.

The organisation of this paper is as follows: all the notations and definitions are given in Section D.

Asymptotic arbitrage in the Heston model is studied in Section B; the main contribution of this paper
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is Theorem B, which identifies sufficient (and sometimes necessary) conditions on the set of equivalent
martingale measures under which asymptotic arbitrage occur with linear speed. These conditions are
different from those in Proposition B0 in which we study the role of the ergodicity of the variance

process on the existence of asymptotic arbitrage with slower speed.

2. NOTATIONS AND DEFINITIONS

Let (Q, F,F,P) be a filtered probability space where the filtration F = (F;);> satisfies the usual
conditions, S = eX model a risky security under an equivalent martingale measure, and let  denote the
class of predictable, S-integrable admissible processes. We define for each ¢ > 0 the sets of strategies K;
and of equivalent local martingales M$(S) by

t
K, = {/ H,dS, : H € ’H} and MZF(S) :={Q ~ P: such that (Sy,)o<u<: is a local Q-martingale} .
0

We shall always assume that M¢(S) is not empty. Furthermore, for any set A in 2, we shall denote by
A° = Q\ A its complement.

2.1. Asymptotic arbitrage. We are interested here in specific forms of arbitrage (asymptotic arbi-
trage), first introduced by Kabanov and Kramkov [I4], and refined recently by Follmer and Schacher-

mayer [8]. The following definition of a (1, 2) arbitrage is taken from the latter [R, Proposition 2.1]:

Definition 2.1. The process S admits an (g1, g2)-arbitrage if for (g1,e2) € (0,1)2, there exists X; € K;
such that

(i) X¢ > —eg P-almost surely;

(ii) P(Xy > 1—e2) > 1—¢;.

This means that the maximal loss of the trading strategy, yielding the wealth X; at time ¢, is bounded
by e and, with probability 1 — €1, the terminal wealth X, equals at least 1 — ¢5. Let us consider the

following slightly weaker version, which imposes less stringent restrictions on the maximal loss:

Definition 2.2. Let (e1,e2) € (0,1)2. We say that the process S admits a partial (ej, e3)-arbitrage (up
to time ¢ > 0) if for any (e1,e2) € (e1,1) X (ez, 1), there exists X; € K; such that

(i) X > —eg P-almost surely;

(i) P(Xy >1—€2) > 1—¢y.

Obviously, Definition B2 is equivalent to Definition 1 when e; = es = 0. However, as we shall see
later, (partial) asymptotic arbitrage may only appear for e; exponentially small, but necessarily equal
to zero. When e; is not null, this alternative definition may also be seen as a mid-point characterisation
between Definition E0 and Definition EZ3 below. The latter in particular characterises the notion of
asymptotic exponential arbitrage with exponentially decaying failure probability, first proposed in [§]

and studied later in [B] and [[].

Definition 2.3. The process S allows for asymptotic exponential arbitrage with exponentially decaying
failure probability if there exist ¢y € (0,00) and constants C, A1, A2 > 0 such that for all ¢ > ¢y, there is
X € K; satisfying

(i) X¢ > —e~ M2t Poalmost surely;
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(ii) P(X; < e2t) < Ce Mt

Remark 2.4. We see that there is a relation between Definition E23 and Definition EZ. If the process S
allows for asymptotic exponential arbitrage with exponentially decaying failure probability, then it admits
a partial (ej, ep)-arbitrage with e; = Ce™*1* and e; = e~ *2*. Indeed, for any 5 € (e~*2*,1) we have
X; > —e 2! > —g5. Now for large ¢, we have 1 — Ce ™! < P(X; > e*?!) < P(X; > 1—e 2t) = P(X; >
1 —&3). Then for any e; € (Ce 1 1) with C' € (0,1), we have P(X; > 1 —e5) > 1 —¢;.

Definition 2.5. Let f : R} — R’ be a smooth function such that lim;jo f(t) = +00. The process S
is said to have an average squared market price of risk  above the threshold ¢ > 0 with speed f(t) if
P (f(t)_1 fot Y2 (s)ds < c) tends to zero as t tends to infinity.

2.2. Stochastic volatility models. We consider here the Heston stochastic volatility model, namely
the unique strong solution to the stochastic differential equations (E70) below. As is well-known [I2],
there may not be a unique risk-neutral martingale measure for this . The following SDEs are therefore

understood under one such risk-neutral measure Q.

ASi/S; = pdt+ Vi (pdWi(t) + /1= 2dWa()),  So=1

(2.1)
AVi = (a — bVy)dt + 20 ViAW (1), Vo >0,

where W; and W5 are independent Q-Brownian motions, a,o > 0, u,b € R and |p| < 1. The class of
equivalent martingale measures Q can be considered in terms of the Radon-Nikodym derivatives
(2.2)

7= = e {- ([ ()W (s) + / t (e ) 5 ( | R (s)ds + / t Reas) }.

The condition p—1r = /Vi(py1(t) ++/1 — p%72(t)) is necessary for an equivalent local martingale measure
to exist, and ensures that the discounted stock price is a local martingale; here r denotes the constant
risk-free rate. Since Z is a positive local martingale with Zy = 1, it is a supermartingale, and a true

martingale if and only if E(Z;) = 1. For the Heston stochastic volatility model we obtain, for any A € R,

(2.3 W) =WV, and w(t)zﬂl_ip?(”\/‘vf—m\/ﬁ).

3. MAIN RESULTS

a,B,8
t

For any (a, 3,6) € R?, we introduce the process (X )i>0 defined (pathwise) by

¢ ¢
(3.1) xR0 = aV, + ﬁ/ Visds + 6/ vV, 'ds, foranyt >0,
0 0

where V' is the Feller diffusion for the variance in (271). We shall always assume that 5 and ¢ are not
both null simultaneously. In that case, X is simply the Feller diffusion, and its density is known in closed
form [I3, Part 1, Chapter 6.3]. The large-time behaviour of X will play a key role in determining average

squared market prices of risk, and the case 8 = § = 0 will never occur, so this assumption does not entail
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any loss of generality here. Define the real interval Dg s by

Y P
(“405‘7),4[;& , if B> 0,6 <0,
J 2T 2
(—oo,(azlg)/\fy it >0,8>0,
(32) DB(;: r 2 g 2 UB
' b (a—o) .
E,W, lfﬂ<0,§>07
(a—0)? b .
—V — f .
i v4aﬁ’+oo , if8<0,0<0

Whenever 8§ = 0, we define D 5 by taking the limits of the interval (a closed bound becoming open if it

becomes infinite), where we use the slight abuse of notation ”1/0 = 00”, i.e. Dgs = (foo, %] ifg>0

and 6 =0, Dg s = {%, —l—oo) if < 0and § =0. Let us further define the function A?? : Dg s — R by

;—z — % ((a — 0)? —40du)(b? — dofu) — %vbQ —4oPu, if§#0,
(3.3) AP (u) =
%(bf\/lﬂfélaﬂu), if 5 =0.

In the case § # 0 above, we further impose the condition a > o for the definition of the function A9,

Remark 3.1. It may be surprising at first that the function A® related—in some sense defined pre-
cisely below—does not depend on «. This function actually describes the large-time behaviour of the
process XA Since the variance process V is strictly positive almost surely (by the Feller condition
imposed above), the term fot Vsds clearly dominates V; for any ¢, which explains why « bears no influence
on A?%. The condition a > ¢ imposed above in the case § # 0 should not surprise the reader since this is
nothing else than the Feller condition, ensuring that the variance process never touches the origin almost

surely.

We further define the Fenchel-Legendre transform A% 5 : R — Ry of AB9 by

(3.4) Aj s(x) == sup {uz — AP (u)}.
u€Dg, 5
Notation. Whenever 5 = 0 or § = 0, we shall drop the subscript and write respectively A% or A®. The

same rule shall apply for the Fenchel-Legendre transforms and their respective domains.

In general, AZ, s does not have a closed-form representation. However when 4 is null—which shall be
of interest for us—it actually does, and a straightforward computation shows that

br — 2
(3.5) A% o(@) = Aj(z) = M, for all z € R*.

In that case, the function A;; is strictly convex on R% (respectively on R*) with a unique minimum
attained at [a3/b| (resp. at —|aB/b]). In particular, if b3 > 0, then Aj(|a3/b|) = 0 and Aj(z) > 0 for all
xz € R% \ {|af/b]}. Symmetric statements hold on R_.
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3.1. The large deviations case. In this section, we prove asymptotic arbitrage results (with linear
speed) for the stock price process; we shall in particular observe that the ergodicity of the variance
process plays a key role. We first start with the following lemma (proved in Appendix @), which will be
used heavily in the remaining of the paper. For precise definitions of large deviations principles (LDP),
we refer the reader to the excellent monograph [G]; we shall use the non-standard terminology ‘partial

large deviations principles’ if an LDP holds only on subsets of the real line.

Lemma 3.2. As t tends to infinity, the family (t_lXtaﬁ’é)tZO satisfies
(i) a full LDP (on R) if B6 < 0;
(it) a partial LDP on (2y/3B,400) if >0 and § > 0;
(i) a partial LDP on (—oco,—2/6B) if 8 <0 and § < 0;
In each case, the rate function is A,’g,5 and the (partial) LDP holds with speed t~1.

In [8, Theorem 1.4], Féllmer and Schachermayer proved that if the stock price process has an average
market price of risk above a threshold then asymptotic arbitrage holds. Using the large deviations
principle proved above, we first show that S does not always admit an average market price of risk for v,
(Proposition B33) or 72 (Proposition B) above any threshold. This is in particular so when the variance
process is not ergodic (b < 0). This however—as proved in Theorem BB below—does not preclude absence

of asymptotic arbitrage.

Proposition 3.3. Fiz A > 0 and ¢ > 0. The stock price process does not satisfy an average squared
market price of risk 1 above the threshold ¢ with speed t if either (i) b <0 or (i) b > 0 and ¢ > a\?/b.

Proof. Note first that A\ = 0 implies 73 = 0 and hence P(¢t* fot 72(s)ds < ¢) = 1 for all t > 0, so that
the proposition is trivial. Assume from now on that A # 0 and let ¢ be an arbitrary strictly positive
real number. The definition of v, in (Z3) implies P(¢~! fot Y2 (s)ds > ¢) = P(t! fg Vids > ¢/A\?) =

Pt X0 > ¢/A2). From Lemma B3, the family (t7'X""%),5¢ satisfies a LDP on R* with rate

function A ;. Hence

. 1 010 C .
1 21 IP’(X"’>7><7 £ A
msup  logP (X7 = 55 ) < = dnf, Mo(@)

When b < 0, inf,>c/a2) A7 o() is strictly positive for all ¢ > 0. Thus Pt X2 > ¢/A2) converges to
zero as t tends to infinity, which in turn implies that P(¢* fot ~v2(s)ds < ¢) converges to 1 as t tends to
infinity, and statement (i) in the proposition follows. When b > 0, consider the case ¢ > aA?/b; then
inf,>c a2y AJ g(2) is strictly positive and we end up with the same as in the case b < 0 which proves

statement (ii) in the proposition. O

Proposition 3.4. Fix A > 0 and let ¢ > 0. The stock price process does not satisfy an average squared

market price of risk 2 above the threshold ¢ with speed t if any of the following conditions hold:

(i) Aol — 1) > 0;
(ii) Ap(u—1) <0 and ¢ > —4xp(u — 1) /(1 — p?);

(i) \p £0, u=1r and b < 0;

(iv) \p#0, u=r7r,b>0 and c > aX*p?/(b(1 — p?));
(v) \p=0;
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Remark 3.5. Note that the case Ap = 0 precisely corresponds to the case of a complete market.

Proof. Let ¢ be an arbitrary strictly positive real number. Note first that if Ap = 0, and u = r, then
~v2 = 0 and hence P (t_ fo Y3 (s)ds < c) =1forall ¢t > 0. If u # r, then

1 [t tq 1—p? X001 2
P(/v§<s>ds>c>=ﬂb< - ”Qc)ﬂ” S
t Jo tJo Vi ( —r) t (n—r)
and Lemma BT implies that A, is strictly positive, so that (v) follows. Assume now that Ap # 0 and
w # r. The definition of v in (E23) implies that

1t (u—r) bds  A%2p? 1 20— 1)
P [ (s)ds>c) =P Vids > ¢+ =
(t/O’yQ(s)s_c> (1—215 V+1— / c+ 1= 2
0,8,6
—P Xt ZC 210)\( ) ,
t 1—p?

where § = ) >0,0 = 2 > 0, and where X% is defined in (B1). By Lemma B2, the family
(X280 /t)t>0 satlsﬁes a large dev1at10ns principle on (21/93, +-00) with rate function Aj s, i.e.

t _
limsupt™ 1logIP’< /’y%(s)ds>c> <—inf{A2}5(x):x>c+ W}
0 ’ P

1400 1-

When Ap(p — 1) > 0, [6_1_ M +oo) is a subset of (2y/Bd,+00), and (i) follows immediately from
Lemma B, When A\p(u — r) < 0, the interval [(34— %‘;” —|—oo) is a subset of (2y/B8,+00) if and
only if ¢ > _%:;r) > 0. Since 8§ = % > 0, Lemma BT implies that A 5(x) > 0 for any
x> 2y/B6 = w. Therefore, P (Xo’ﬁ"s/t >c+ M) converges to zero as t tends to infinity.
Then P(¢t! fo v2(s)ds < ¢) converges to one as t tends to infinity. Assume that A\p # 0 and p = r. The

definition of 5 in (233) implies that

1 t ) 1 t 1 _p2 X]?,l,() 1 _p2

and (iii) and (iv) then follow from Proposition B=3. O

We can now move on to our main theorem, which proves a partial arbitrage for the stock price process S.

Theorem 3.6. There exists v* > 0 such that for all A < —\/%

arbitrage for t large enough, with e; = exp [:\/Vl + (\ﬁ +4* + AP(1 )) }

admits a partial (e1,1/2)-

Remark 3.7. The threshold e; has the form e; ~ e~ *? for some A; > 0, which links partial arbitrage to
exponentially decaying failure probability characterised in Definition EZ3. Note that we could slightly relax
the constraint on A, making the latter time-dependent, because we only need to ensure that e; € (0,1).
Since we are only interested in large ¢, this is however not essential here. The sufficient condition on A
is not necessary: for A =0 and u = r, Z; = 1 almost surely for all t > 0, and P (Z; > e ") =1 for any
v > 0.
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roof. Let v > 0 and define the set Ay, := {Z; > e} € F,. Since the processes W5 an are inde-
P Let 0 and define the set Ay, Z, > et Fi. Si th W- dVv ind
pendent, the tower property for conditional expectation implies E(Z;) = E (e* Jo m()dWi(s) -3 otﬁ(s)ds).
Markov’s inequality therefore yields

E(Z,) E [exp (— [ 71 (s)dWi(s) — & [T 42(s
P(Ay,) < ot = [ ( 0 e_’ﬂ —2Jo )}

o (U)o (- () )

=exp| —+— xXp | — - — =+ = sds

P 20 20 7 P 20 20 2 0o
AV a\

= exp [0 + ( + 7) t] AP (),

V20 V2o
where o = —\/% and 8 = —\/b—% - ’\—22 From the proof of Lemma B3, we know that ¢~ log A% (¢)

converges to A?(1), which implies that for any n > 0 there exists £ > 0 such that for any ¢t > #,
(A7 (W)=n)t < AMP(@t) < (A7 (W+n)t . Therefore, for any t > ¢,

Ao +< A A )+n)t}-

B(Z, > ’*><exp[\@ e

W+7+AB( ) < 0. From Appen-
dix @, this inequality is satisfied whenever A < —\/% 7‘2/? Let e1 := exp [f‘/vi + (F +y+ A1 )) }

and g9 € (0,1). The random variable Y; := 52][143.1 —62%;31AM satisfies Eg(Y;) = 0 for all Q € ME(5),
and hence Y; € K; by [d, Proposition 2.2.10]. On AS,, clearly ¥; = e > —e2. Now, the family
({Z: > e77"}).,>0 forms an increasing sequence of sets, and hence Q(Z; > e~ ") is an increasing function
of 7. Therefore there exists v* > 0 such that for any v > +v*, Q(AS ;) < Q(Ax,), and therefore Y; > —&2
on Ay This then yields Y; > —eo almost surely. Finally, since P(Y; = €2) = ]P’(Af\,t) > 1—¢eq, then
P(Y; >1—e3) >P(Y; =e2) > 1—¢1 for eg € [1/2,1). Also, P(Y; < 1—¢e2) =P(Ax;) <e1, and hence S

allows for partial (e, 1/2)-arbitrage in the sense of Definition 2. O

Remark 3.8. (£1,e2)-arbitrage in the sense of the Definition P71 is harder to prove here since it would
be equivalent to the existence of a set A; € Fy, with P(A;) < &1 such that Q(A;) > 1 — &5 holds for all
Q € M°(S) (by [®, Proposition 2.1]). Since the random variable Z; above depends on the parameter A,

then the proof above shows that both P(A) ;) < &1 and Q(Ax ) > 1—&3 hold only when A < —\/% — ”‘2/57‘7;

but the measure Q also depends on A, and hence (g1, e2)-arbitrage may not hold.

3.2. Case t/f(t) and f(t) tend to infinity as ¢ tends to infinity. Let b > 0, in which case the
variance process is ergodic and its stationary distribution 7 is a Gamma law with shape parameter
a/o and scale parameter o/b; namely ¢! fo Vi)ds converges to [ h(x)m(dz) almost surely for any
h € L'(m) (see [I6]). In this section, we consider a continuous function f : R% — R, such that t/f(t)
tends to infinity as ¢ tends to infinity. We shall prove below that (under some conditions on the risk

parameter \) the ergodicity of the variance ensures that S allows an asymptotic arbitrage with sublinear
speed f(t).

Proposition 3.9. The stock price process S in (E) has an average squared market price of risk 1 above
the threshold aX?/b with speed f(t). If furthermore a > o and Ap(p — 1) < 0, then there exists ca > 0
such that S has an average squared market price of risk va above the threshold co with speed f(t).

Remark 3.10. As the proof shows, we can actually be more precise regarding the threshold cs:
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aX’p® .
b(1—p?)’
e if u # r and pA < 0, then no further condition on ¢z is needed;

o if u#r and pA =0, thencg—%'

e if yy =1, then ¢y =

It is rather interesting to compare this result with those of Proposition B33 and Proposition B4. Indeed,
when b > 0, if f(¢) =t then the stock price process does not satisfy an average squared market price of
risk 1 above the threshold aA?/b. However, when t/f(t) tends to infinity, then S has an average squared
market price of risk v; above the threshold aA?/b. When b > 0, A\p # 0 and pu = r, if f(t) = t then
the stock price process does not satisfy an average squared market price of risk vy, above the threshold
%, but does so above the threshold b?f‘ 0 7 when ¢/ f(t) tends to infinity. Finally, when b > 0, Ap =0
and p # 1 the stock price process never satisfies an average squared market price of risk v, with speed

f(t) = t, but does above the threshold % whenever ¢/ f(t) tends to infinity.

Proof of Proposition 0. Let f be as stated in the proposition. For b > 0, the variance process is ergodic
and its stationary distribution is a Gamma law with shape parameter a/c and scale parameter o/b
(see [16]). In particular, t~! fot Vids converges in probability to a/b as ¢ tends to infinity, and hence for
any c1 € (0,a\?/b),
t 1 t

(3.6) t%lféoﬂ% / Yi(s)ds < c1> =0, and hence tmop <f(t)/0 Yi(s)ds < 01) =0,
which proves the first part of the proposition.

Consider now 5. When p = r, the definitions (E33) implies that v9 = —py1/4/1 — p?, and hence

. 1 b, - 1 L, (1 - p?)ea
t%lir;o]P’ <f(t)/0 5 (s)ds < 02) = t‘lTlJ?;oP (f(t)/o ~i(s)ds < p2>

is equal to zero if and only if (1 — p2) c2/p? € (0,a)2?/b), and the proposition follows.
We now assume that u # r. If a > o we further know that (see proposition 4 in [0]) ¢~} fo V. lds
converges in probability to b/(a — o) as t tends to infinity. Therefore for any ¢ € (0,b/(a — 0)) we have
“d 1 ['d
(3.7) lim P S o) = 0, and hence lim P(—— [ = <c)=0.
tToo t 0 V tT+o0 f(t) 0 Vg

Let cg, ¢}, ¢5 be three strictly positive numbers such that ¢o = ¢} +¢4. The definition of 5 in (E33) implies

1

RN , 1 (p=r) @_QM( —r) t
Sp(ﬂt)lp2/0VSdS<cl)+P(f<t>1p2 A R T

(
_p (f;t) /tﬁ(s)ds < cl) +P <fgt) Ot(‘i,s < (1 _i; [CH 2pi\(/$p )fzt)

with ¢} = £ p2 c1 > 0. As long as ¢; € (0,a\?/b), the first probability tends to zero as ¢ tends to infinity
by (BH). Now, when pA(u — r) < 0, then since ¢/f(t) tends to infinity, the second probability tends to
zero (as t tends to infinity) by (B) because ¢, + 22 1\(‘; r) fft) tends to —oo (and because the variance

process is non-negative almost surely). No condition on ¢} is needed here.

When pA = 0, then the first line of the equation above simplifies to

)
)
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2
From (B2), it tends to zero as t tends to infinity when 0 < ¢y < %, and hence the proposition

follows from Definition 3. O

We now state and prove our final result, namely a strong asymptotic arbitrage statement for the stock

price process when the speed is sublinear.

Proposition 3.11. Fiz v > 0. Then, fort large enough,
(1) if X € R\ [—+/2by/a,/2by/a), then S admits a partial (0,1/2)-arbitrage with speed f(t);
(2) if a >0 and Ap(u—r) <0, then S admits a partial (0,1/2)-arbitrage with speed f(t),
e if and only if A € R\ {—\/%7 (1—p?) \/21’7 (—p? } when p =1 and p? < 1/2;
o if and only if X € R\ [—+/2by/a,\/2by/a] when =1 and p* > 1/2;
o if uF#r and pA <0;

o ifpu#r, pA=0 and p?> >1— 2(5(17_’2?3

Proof. Recall that we are in the framework of Proposition B, so that ¢; > 0 and co > 0 are the

thresholds for 7, and 7» above which S has an average squared market price of risk. In this proof, we

follow steps similar to those in [§]. For any 1 >0, fix0<y<y< G ﬂ and to > 45/[(¥ — 7)%e1]
such that for any ¢ > ¢ty we have P( fo Y2 (s)ds < 27) < e1/2. Deﬁne the stopping time 7 :=
tAinf {s € [0, : [ vi(u)du > 2yf(t } Let o > to such that for any ¢t > ¢y, we have f(t) > to. Then
for t > ty and using the fact that f (s)ds < 2%f(t), Chebychev’s inequality implies

P ( /OT1 v (s)dWi(s)| > ("y—y)f(t)) < W_i% < %1

For Z} :=exp (= [, 71 (s)dWi(s) — § [ 7i(s)ds), we then obtain

P(2 2 0) =B (= [ (s - jrte)s = 7))
slP’( Z(v—v)f@)) +P(/Oﬁ V%ZES)dssvf(t)) 2

Let Ay, := {Z;1 > e‘"’f(t)} € Fi. We obtain P(Ay ;) < e1. We are now in position to construct
contingent claim which satisfies the arbitrage estimates of the Theorem. We can introduce the random
variable Yy 1= ealag , — €2 géii::;hu which satisfies the properties (i) and (i4) in Definition P22 with
er1 =0 and es = 1/2.

Assume now that a > o, Ap(u —r) < 0, then S has an average squared market price of risk 7,

/ " i (5)AWA (s)
0

above a threshold c; > 0. For any €1 > 0, let 0 < v < 7' < %, and t; > ﬁ such that, for

t > ty, P(f(t)! fot 73(s)ds < 29') < e1/2. Define the stopping time 75 by 7 := t A inf{s € [0,] :

Jo 3 (u du > 27 f(t)} and the random variable Z2, := exp(— [;* 72(s)dWa(s) — 5 [;* ~¥3(s)ds). Let

t; > t1 such that for any ¢t > t; we have f(t) > ¢;. Then for t > {;, we have IP’(ZE2 > e M) < g,
Let By = {ZE2 > e‘”f(t)} € F;. We obtain P(Bj, ;) < ;. Similarly to the first case, we can introduce

the random variable Y; := EQ][B/P\« — &9 gg? t;]lBk ., and hence S satisfies a partial (0, 1/2)-arbitrage with

speed f(t).
Note that the constraint aA?/b = ¢; > 27y reads A € R\ [—+/2bv/a, \/2by/a]. The constraints on cz
depend on the sign of Ap(p — r), as explained in Remark BIO:
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o if y =randp? < 1/2, then ¢; > co; then cp/2 >~y if and only if A € R\ [_\/2@(1,)2)’ \/21”(1’)2)};

ap? ap?

o if =7 and p? > 1/2, then ¢; < cg; then ¢1/2 > 7 if and only if A € R\ [—+/2bv/a, \/2by/al;
e if u = r and pA < 0, no further assumption on A is needed;

e if ;1 # r and pA = 0, then the constraint 0 < v < W has to hold.

APPENDIX A. LARGE DEVIATIONS RESULTS

Proof of Lemma B3. Recall the standing assumption that 8 and d are never null simultaneously. We first
prove the lemma in the case b # 0. The moment generating function of the random variable X" /8,8 /t is

given by (see [2, proposition 2]),

At(u):E<eXp< Vt—i——/ Vids + “/tv;lds»

:%Wexp{;w%)—’% th(At)}

I'(v+1) 20 2
1 1
A §(u+1)7n 9 inh(At/2 7(n+§(u+l))
X _¢ p 279 E (At/ )+cosh(At/2)
20 sinh(At/2) t A
v+1 A2V0
x1 F —_— 1
L (’” 2V 2 sinh(A/2) (b — 228%) sinh(A#/2) + cosh(At/2))
where k= g, A= /b% — 4"?", vi= 2y/(a—0)2— 229 Note that we are actually extending the

result of [?, proposition 2] here. Indeed, since characteristic functions can be extended in the complex

plane up to the first singularity, the extension to positive values of a,3,d is trivial. The confluent

hypergeometric function is defined by 1 Fi(u,v,2) =, <, ZE—:;%, with v(™) denoting the rising factorial

v :=v(v+1)...(v+n—1). As t tends to infinity, t~'log (W) clearly tends to zero and

lim —log | 1F} /<;+V7+11/+1 AVo =0
Moo £ 00 2 7 " 20 sinh(At/2) [(b — 20au) sinh(At/2) + cosh(At/2)] ) )
Therefore,

AP (u) = t%lf;@ t~log Ay (tu)

_ 1] . AV eAt/2 4 = At/2 v+1 ) AV,
T iteo t | 20 2@t 1) - 20 eAt/2 — g=At/2 * 2 )8 o (eAt/2 — e=At/2)

v—+1 | b—200u eAt/2 7efAt/2 eAt/2 +efAt/2
(o e (e () )

A A b b 1 1
=2 2,22 - ((a — 0)2 — 406u) (b? — 40 Bu) — =\/b? — 40 u,
2 2 20 20 20 2

for u € Dy s where the interval Dg ;5 is given in (82). We can then immediately compute

AP () = —7P 800pu — B(a — 0)? — 5b?

— , for any u € Dj 5,
V2 —4doBu  /((a—0)? —4obu)(b? — 40pu) Y po
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and hence
R, if 80 <0,
OuNPI(Dhs) = (288, +00), 20,620,
(=00, —21/88), if B <0,8<0.

We also have, for any u € Dj 5,

92022 20(00* — B(a — 0))?
2 = 4050 " [((a— 02 — dodu)(b — dopu)>

Duu NP (u) =

Therefore A% is strictly convex on Dg 5, and the Gértner-Ellis theorem (see [B]) only applies on subsets
of 8uA575(Dg}5). For any = € 6uAﬁ"‘5(Dg’5)7 the equation 9,A%°(u) = x has a unique solution u*(z) and
hence A} ;(2) := supyep, {uz — AP (u)} = u*(z)z — APO(u*(z)).

We now move on to the case b = 0. From [2, Corollary 1], the moment generating function of the

random variable X' B0 45 given by
t t
1
Ai(u) =E |exp %Vt—l—@/ ‘/'Sds—i—l V. lds
t t J t Jo
1 - —(rt3(v+1)
T(k+iw+1 . , 04D [ ’
= 4("{ + 2 (1/ + ))e—% coth(Cyt) ( CuVO ) \/Eau/t sinh (Cut) + cosh (Cut)
L(v+1) o sinh (¢yt) v —pu/t
1 Volu
x1 Fy H—‘ri,l/—‘r]., o6
2 o sinh (Cut) (— 70U Ginh (G, t) + cosh(Cut))
where k1= 5=, and v := % (a—0)?— 4"3“7 and (, := —”Tﬂ“. Similar to the case b # 0, we obtain
1 1 Vo
lim - log; Fy K—|—i,u—|—1, 75V =0.
tt+oo ¢ 2 asinh(\/—aﬁu)( - \‘/F% sinh(v/—ofBu) + cosh(\/—aﬁu))
Therefore, the limiting cumulant generating function of X" B9 reads

AP () = t%&l;o t~1log As(tu)

. 1 Vo efut 4 e 8ut (Y +1 | 26, Vo
= lim —¢ — — k) log [ —_25uY0
tt+oo t o ebut — g—&ut 2 ) a‘(efut — e—ﬁut)

v+1 Voau [efut —e~tut eful 4 e Sut
—(Kk+ log | — +
2 v/ —Bu 2 2

=—&u— lfu (a —0)? — 4dodu,
o

with &, 1= +/—0oBu, for any u € Dg s where this interval now reads

2
,% . B <0andd >0,
o
(a—0)? .
D,B,(S: W’O , 1fﬂ20and5<0,
R_, if 3>0and § >0,
R, if 6<0and d <0.
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Then
—0)? — 4odu 20+/—0cBu
DuhIS () = — 2B, OVa—0) —dodu . for any u € DY 5,
(u) 2v/—oBu 2v/—ofBu V(a—0)? —4dodu Y his
and hence
R, if 8§ < 0,
(A1) QMNP (DG5) =1 (21/0B,+00), if f>0and § >0,

(=00, —2+/08), if 8 <0andd <0.
We also have
DA (1) = g Bla— o) - oB8(a— 0)?
w 4(—o'ﬁu)3/2 4u\/ (a - 0')2 - 40’51“/ —O’,Bu ((a — 0)2 — 40’511,)3/2 V*O’BU.

Clearly then, A%+ is convex on Dg,s5, and the Gartner-Ellis theorem only applies on subsets of G (Dg 5)-

For any z € &LAﬁ"s(Dg’é), the equation 9, A% (u) = x has a unique solution u*(x) and hence Aj 5() =
SUPyeD, 5 {uz — A9 (u)} = u*(z)z — Ags(u*(z)), and the lemma follows. O

Lemma A.1. For any x € 8uAB’5(Dg’5), the equation 0,AP°(u*(z)) = = admits a unique solution
u*(z) € Djs. The function A} s is strictly conver and satisfies A 5(x) = u*(z)z — AP (u*(x)) on
(%AB"S(Dgﬁ) and is (positive) infinite outside. In the case 36 > 0, A 5 is strictly positive. When 36 <0,

A;;ﬁ admits a unique minimum, which is equal to zero (and is attained at the origin) if and only if a > o.

Proof. When 36 < 0, the image of Dj 5 by 0y AP is the whole real line, and the representation of Ajsin
the lemma clearly follows. Now, suppose there exists Z € R such that A} 5(Z) = 0. Then there exists some
(possibly non-unique) u*(Z) € Dg s such that u*(%)z = AP9(u*(2)), i.e. AP (u*(Z))/u*(z) = 7. But
u*(z) also satisfies 9, A% (u*(z)) = #. A straightforward analysis shows that the equality 9,A%°(u) =
AP (u)/u is satisfied if and only if u = 0 and a > 0.

When 8 >0 and § > 0, for any = < 24/33, the map u +— uxr — A% (u) is strictly decreasing on D3 5+
and the result follows. By definition, the function A} 5 admits a (unique) minimum Z if and only if (i)
there exists u(Z) € Dp s such that u(z)z = A%°(u(z)) and (i) A% (u) > uz for any u € Dg 5 \ {u(7)}.
A straightforward analysis shows that the function u + A% (u)/u on R* is strictly increasing and maps
R* to (2¢/Bd,+00). On R% N Dgg, it is strictly increasing and maps this interval to (—oo, —21/54).
Therefore the inequality A(u) > uz holds if and only if both (a) A?°(u)/u > z for u € R% NDg s and
(b) A9 (u)/u < x for u < 0. Case (b) clearly only holds for z < 2v/B8, which is not valid. The other

cases are treated analogously. O
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