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Abstract

We frame novelty detection on path space as a hypothesis testing problem with signature-
based test statistics. Using transportation-cost inequalities of Gasteratos and Jacquier
(2023), we obtain tail bounds for false positive rates that extend beyond Gaussian mea-
sures to laws of RDE solutions with smooth bounded vector fields, yielding estimates of
quantiles and p-values. Exploiting the shuffle product, we derive exact formulae for smooth
surrogates of conditional value-at-risk (CVaR) in terms of expected signatures, leading to
new one-class SVM algorithms optimising smooth CVaR objectives. We then establish
lower bounds on type-II error for alternatives with finite first moment, giving general power
bounds when the reference measure and the alternative are absolutely continuous with re-
spect to each other. Finally, we evaluate numerically the type-I error and statistical power
of signature-based test statistic, using synthetic anomalous diffusion data and real-world
molecular biology data.
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1 Introduction

Determining whether an observed trajectory is consistent with a reference process is a
fundamental novelty detection problem, with applications ranging from detecting unusual
particle motion in biological cells (Muñoz Gil et al., 2021) to identifying rare astronomical
signals in telescope data (Wilensky et al., 2019) and detecting malicious activities in network
traffic (Cochrane et al., 2021). Most existing approaches cast this as one-class classification
on time series data and focus primarily on feature engineering or representation learning
to obtain suitable embeddings (Li and Jung, 2023; Zamanzadeh Darban et al., 2024). In
this paper, we frame trajectory-based novelty detection as a hypothesis testing problem on
path space. The goal is to test whether an observed path X : [0, T ] → Rd is drawn from
a reference measure µ representing normal behaviour, or from an alternative distribution
ν ̸= µ, i.e. we want to test the null hypothesis

H0 : X ∼ µ against H1 : X ∼ ν ̸= µ,

where ν and µ are two distributions on some space of paths X ⊂ C([0, T ];Rd), T > 0.
To perform this hypothesis test, we map each sample path X to a scalar statistic via a
map f : X → R which takes the form f(X) = ⟨w, S(X)⟩ where w ∈ T ((Rd)∗) is a linear
functional acting on the signature of the process, given by the formal tensor series of iterated
integrals

S(X) = 1 +

∞∑
k=1

Sk(X) ∈ T ((Rd)), with Sk(X) =

∫
0<t1<···<tk<T

dXt1 ⊗ · · · ⊗ dXtk ,

and ⟨·, ·⟩ denotes the natural pairing between the infinite formal series T ((Rd)) =
∏∞

k=0(Rd)⊗k

and the finite sequences in T ((Rd)∗) =
⊕∞

k=0((Rd)⊗k)∗. The null hypothesis H0 is rejected
if the observed path X belongs to the rejection region Ωr of the form

X ∈ Ωr ⇐⇒ ⟨w,S(X)⟩ > r. (1.1)
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Novelty detection on path space

This framework entails two types of errors. If X ∼ µ, but H0 is rejected based on (1.1),
the test incurs a type-I error. The probability of making such an error—the false positive
rate—is given by α := µ(x ∈ Ωr). Conversely, if X ∼ ν ̸= µ, but H0 is not rejected based
on (1.1), a type-II error occurs, with probability β := ν(x ̸∈ Ωr). The power of our test
against the alternative ν is given by 1 − β.

The central challenge is to choose the linear functional w and the threshold r to achieve
high power against a broad class of alternative distributions ν on X , while maintaining
a fixed significance level α ∈ [0, 1] (i.e., controlling the probability of type-I error). In
statistical hypothesis testing, the test can equivalently be formulated in terms of p-values.
Specifically, it is common to report the probability of obtaining test results at least as
extreme as the result actually observed, as a measure of significance of the test (here,
evidence of path X being a novelty) rather than whether or not the null hypothesis was
rejected at a pre-determined level of significance α.

Regarding critical value selection, the threshold r corresponding to a given significance
level α is determined by r(α) = Qf(X)(1 − α), the (1 − α)-quantile of the null distribution
of the test statistic f(X). The α-quantile of a real-valued random variable Z with law PZ

is defined as

QZ(α) := inf{r ∈ R | PZ(z ≤ r) ≥ α}.

In risk management contexts, quantiles are also known as values at risk. In the sequel
they will be denoted by VaRα(Z). If the cumulative distribution function F of the ran-
dom variable f(X) under the null hypothesis is continuous, this reduces to the relation
r(α) = F−1(1 − α). However, in general, for a given measure µ on X and test statis-
tic f : X → R the distribution of f(X) is not available in closed form. Therefore, it
is rarely possible to conduct the above test. A common workaround is to use a calibra-

tion sample X(1), . . . , X(n) i.i.d.∼ µ and the corresponding empirical estimator Fn(f(x)) =
1
n

∑n
i=1 1{f(X(i)) ≤ f(x)} to determine the critical value of the test. While simple and

widely used, this approach comes with important caveats (Bates et al., 2023). Conditioned
on a fixed calibration set, the false positive rate may exceed the target level α; it is only
guaranteed to be controlled marginally over calibration sets. Moreover, when empirical
p-values are used, the dependencies introduced by sharing the same calibration set can
invalidate certain multiple testing procedures, such as Fisher’s combination test. These
limitations are especially relevant in novelty detection applications on data streams, where
practitioners must often test multiple data segments sequentially. For instance, in radio
astronomy, the task of identifying radio-frequency interference (RFI) in telescope visibility
measurements involves repeatedly testing thousands of short time-frequency windows for
anomalies (Arrubarrena et al., 2024). A similar challenge arises in biological signal analysis,
where electrical readouts from RNA molecules are scanned segment by segment to identify
potential chemical modifications (Leger et al., 2021). A solution is to derive an upper bound
on the tail probabilities of the test statistic, ensuring that the rejection threshold controls
the false positive rate regardless of the calibration sample, or with high probability over the
sample.

Regarding the choice of score function (one-class classifier) f : X → R, it is impor-
tant to ensure that the test has high statistical power, i.e. is effective at flagging outliers.
Since the signature has the universal approximation property on compact subsets of X
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(the set of functions of the form f(x) = ⟨w, S(x)⟩ is dense in the set of continuous func-
tions on any such compact subset), the class of test statistics we consider is extremely
rich (Arribas, 2018). Leveraging this universal approximation property and other algebraic
features, signature methods have rapidly gained traction across domains such as quanti-
tative finance (Perez Arribas, 2020; Cuchiero and Möller, 2023; Abi Jaber and Gérard,
2025; Cuchiero and Möller, 2023; Bonesini et al., 2024), cybersecurity (Cochrane et al.,
2021), information theory (Salvi, 2021; Salvi et al., 2023; Shmelev and Salvi, 2024), and
quantum computing (Crew et al., 2025). They underpin universality results for neural
differential equations (Morrill et al., 2021; Arribas et al., 2020) and state-space models
(SSMs) (Muça Cirone et al., 2024; Muça Cirone and Salvi, 2025a; Walker et al., 2025). In
generative modelling, signatures have been used to synthesise financial time series (Buehler
et al., 2020), act as universal nonlinearities in Seq2Seq models (Kidger et al., 2019), and
provide representation spaces for training score-based diffusion models (Barancikova et al.,
2025). An introduction to signature methods in machine learning can be found in (Cass
and Salvi, 2024) and a survey of recent applications in (Fermanian et al., 2023). Various
Python packages for signature computations are readily available, such as esig (Lyons and
al, 2010), iisignature (Reizenstein and Graham, 2018), signatory (Kidger and Lyons,
2021) and more recently pySigLib (Shmelev and Salvi, 2025). In this paper we made use
of pySigLib because of its superior performance compared to the other alternatives.

1.1 Contributions

We leverage transportation-cost inequalities recently established by Gasteratos and Jacquier
(2023) to derive an upper bound on the false positive rate PI(r) := µ(f(x) > r) for signature-
based test statistics on path space. These tail estimates extend beyond Gaussian measures
to a much broader class of reference measures µ, including laws of solutions of RDEs with
Gaussian drivers with bounded and sufficiently smooth vector fields. Our tail estimates
yield theoretical upper bounds on the critical value r(α) for a desired level of significance α.
When numerically tractable, these provide valid (or super-uniform) p-values for hypothesis
tests, though potentially being more conservative and decreasing the power.

Beyond hypothesis testing, extreme events and tails of random variables are central in
problems of risk management. For example, in finance, quantiles of loss distributions serve
as value-at-risk (VaR) measures, while the conditional value-at-risk (CVaR) at a given
confidence level captures the expected loss given that the loss exceeds the VaR at that
level. CVaR admits a dual formulation as the solution to a minimisation problem involving
the max-function, which is non-differentiable. In this paper, we consider smooth surrogates
where the max-function is replaced by a polynomial. Leveraging the shuffle product property
of the signature, we show that for any such smooth surrogate, when f(X) = ⟨w, S(X)⟩ is our
signature-based test statistic for the measure µ, the resulting smooth CVaR admits an exact
analytic expression in terms of the expected signature of µ, whenever Eµ[|f(X)|] < ∞. This
yields new one-class support vector machine algorithms for novelty detection that directly
optimise smooth CVaR objectives over the space of signature-based statistics.

We derive lower bounds on the type-II error probability PII(r) = ν(f(x) ≥ r), for any
alternative ν that has finite first moment. These provide informative upper bounds on the
power of the test against any alternative that has finite relative entropy H(ν|µ). While the
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transportation-cost inequalities from Gasteratos and Jacquier (2023) imply well-known tail
estimates (Cass et al., 2013) and the type-I error bound can be retrieved using these prior
results for a specific class of reference measures µ, the lower bound on the type-II error
fundamentally requires the new results in (Gasteratos and Jacquier, 2023).

1.2 Related work

There exists a large body of machine learning methods for anomaly detection on time-series
data. One prominent line of work has focused on extending well-established algorithms for
anomaly detection on vectorial data via functional or signature embeddings. For instance,
Functional Isolation Forest (IF) (Staerman et al., 2019) adapts Isolation Forest to function
spaces, and Signature IF (Staerman et al., 2024) further leverages rough path signatures to
handle multivariate processes; nearest neighbours based methods using signature-derived
features have been proposed (Shao et al., 2020) and One-class SVM has been equipped with
multiscale signature features (Mignot et al., 2024). Another direction leverages the repre-
sentation learning capabilities of neural networks. Notably, Ruff et al. (2018, 2019) combines
deep learning with Support Vector Data Description (SVDD), where neural networks learn
feature representations from high-dimensional data such as images or text.

On the theoretical side, Cass et al. (2024) derives the distribution of Mahalanobis
distances under Gaussian measures on Hilbert spaces, but a formal hypothesis testing
procedure for anomaly detection on path space—especially under non-Gaussian signa-
ture embeddings—remains absent. Consequently, most approaches are evaluated using
threshold-independent metrics such as the Area Under the Receiver Operating Charac-
teristic curve (AUROC), which measure the ability of a score function to rank anomalies
above Normal observations when labelled data is available. While useful for benchmark-
ing, such metrics do not yield a principled framework for making and reporting discoveries
at a controlled false positive rate. In this work, we close this gap by establishing explicit
bounds on the type-I error for anomaly detection on path space under weaker distributional
assumptions.

A related line of work by Bates et al. (2023) establishes confidence bounds on the
false positive rate. These bounds hold with high probability over the random draw of
the calibration set, providing stronger guarantees on the control of the false positive rate
compared to the vanilla conformal inference approach. In contrast, the bounds we establish
are not confidence intervals but deterministic tail bounds: they hold with full probability
and guarantee type-I error control uniformly across thresholds. Moreover, the tightness of
the upper confidence bound from Bates et al. (2023) which is of the form h(Fn(r)) where
Fn(r) = 1

n

∑n
i=1 1[f(X(i)) > r] is limited by the size of the calibration set.

Our results hold for probability measures satisfying suitable generalised Transportation-
Cost Inequalities (TCIs) from Gasteratos and Jacquier (2023), which imply well-known
estimates for the p-variation of the law of solutions of RDEs driven by Gaussian rough
paths (Cass et al., 2013). Determining the tail behaviour of a variable of interest (here
a test statistic for anomaly detection), i.e. the rate at which the probability of exceeding
increasingly high values decreases, is a central question in extreme value theory (EVT).
However, in this field, the goal is to describe the statistics of observed extremes using
asymptotic approximations. The number of available observations strongly affects the esti-
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mation of the shape parameter of the general distributions used in EVT, which ultimately
determines the limiting type. Importantly, the Weibull distribution should not be confused
with the third limiting type of the EVT, termed the reversed Weibull.

Another hypothesis testing problem that has been studied on path space is the two-
sample test (Wynne and Duncan, 2022). Chevyrev and Oberhauser (2022) introduced a
signature-based maximum mean discrepancy (MMD) framework for comparing path dis-
tributions, which is used for example in Andrès et al. (2024) to compare sample paths of
fractional Brownian motion. The two-sample setting tests whether two unknown distribu-
tions are equal based on samples from each. In this paper, we consider the one-sample
goodness-of-fit problem testing whether a single observed path originates from a fixed ref-
erence distribution µ. Additionally, while the test may be conducted in practice using
samples from µ, our theoretical framework provides new tail and CVaR estimates for the
population-level measure µ.

2 Test statistics on path space

We provide a brief overview of commonly used anomaly scores on path space, which are
given (or can be approximated) by a linear functional of the signature. These include
distance-based score functions as well as solutions of one-class SVM optimisation problems.
More details can be found in Section A.

In the sequel we fix T > 0 and consider bounded variation paths C1-var([0, T ];Rd),
namely continuous paths x : [0, T ] → Rd with bounded total variation on each sub-interval
[s, t] ⊂ [0, T ], i.e.

∥x∥1-var,[s,t] := sup
D

∑
k

∥xtk+1
− xtk∥ < ∞,

where ∥ · ∥ is the Euclidean norm and where the supremum is taken over all finite
dissections D = {s = t1 < · · · < tK = t}. We consider test statistics that are linear
combination of signature coordinates of the path. The coordinate associated with a word
(i1, . . . , ik) ∈ {1, . . . , d}k of length k is

Si1,...,ik(x) =

∫
0<t1<···<tk<T

dxi1t1 · · · dx
ik
tk
,

where the integral is to be understood as the Riemann-Stieltjes integral. While the signature
is an infinite formal series

S(x) = 1 +
∞∑
k=1

∑
i1,...,ik

Si1,...,ik(x)ei1 · · · eik ∈ T ((Rd)) =
∞∏
k=0

(Rd)⊗k,

where {ei : i = 1, . . . , d} is a basis of Rd, the truncated signature at level N ≥ 1, corresponds
to the collection of all signature terms associated to words of length k ≤ N :

SN (x) = 1 +
N∑
k=1

∑
i1,...,ik

Si1,...,ik(x)ei1 · · · eik ∈ TN (Rd) =
N⊕
k=0

(Rd)⊗k. (2.1)

We consider elements w of T (Rd)∗, the dual space of the tensor algebra T (Rd). Products
of iterated integrals can be re-expressed as a linear combination of higher-order iterated
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integrals. More formally, the shuffle identity states that for any two linear functionals w1

and w2 in T ((Rd))∗ ∼= T ((Rd)∗) (where T ((V )) is the algebra of formal tensor series on the
vector space V ), then

⟨w1, S(x)⟩⟨w2, S(x)⟩ = ⟨w1 � w2, S(x)⟩, (2.2)

where � : T (Rd) × T (Rd) → T (Rd) is the shuffle product; the reader is referred to (Cass
and Salvi, 2024, Section 1.3.3) for more details.

The above may be extended to a broader class of paths, called geometric p-rough path,
which are expressed as limits in p-variation of a sequence (π⌊p⌋(S(xn))) of truncated signa-

tures of bounded variation paths (xn), where π⌊p⌋ is the projection map on T ⌊p⌋(Rd). We

denote the space of geometric p-rough paths by GΩp(Rd).

2.1 One-class support vector machines

One-class support vector machines (one-class SVMs) are a widely used class of algorithms
for anomaly detection. The central idea is to embed the input space X into a higher-
dimensional space H, with a Hilbert space structure, via a feature map φ : X → H, and
then learn a function g : X → R of the form

x 7−→ g(x) := ⟨w,φ(x)⟩H − ρ, (2.3)

with (w, ρ) ∈ H × R, that takes positive values within a region of the input space and
negative values outside, thereby separating the “normal” data from potential anomalies.

It is well understood that the range of the signature is a subset of a Hilbert space (Salvi
et al., 2021a) and the same holds for their truncated versions (Király and Oberhauser,
2019), making them compatible with this framework. More precisely, let {⟨·, ·⟩k : k ∈ N}
denote a sequence of inner products on the tensor spaces (Rd)⊗k, where each ⟨·, ·⟩k is the
canonical (Hilbert-Schmidt) inner product derived from a fixed inner product on Rd, with
the convention (Rd)⊗0 = R. The subspace

H :=
{
A ∈ T ((Rd)) : ∥A∥2 < ∞

}
⊂ T ((Rd)), (2.4)

with ∥A∥2 =
√∑∞

k=0 ∥ak∥2k the ℓ2-norm with inner product ⟨A,B⟩H =
∑∞

k=0⟨ak, bk⟩k, is a

Hilbert space. For any space X of p-rough paths, the signature kernel

κ(x, y) := ⟨S(x), S(y)⟩H ∈ R,

is well defined for all x, y ∈ X . For a truncation level N ∈ N, we define the truncated inner
product ⟨A,B⟩HN

:=
∑N

k=0⟨ak, bk⟩k and the associated truncated signature kernel

κN (x, y) := ⟨SN (x), SN (y)⟩HN
, (2.5)

which corresponds to the kernel induced by the truncated signature map SN in (2.1). The
reader may thus think of φ in (2.3) as being the signature S or its truncated version SN ,
with H and HN their respective feature spaces.
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In the seminal paper by Schölkopf et al. (2001), the hyperplane parametrised by (w, ρ)
is obtained on the basis of n observations {xi}ni=1 in X by solving the “dual” optimisation
problem

min
α∈Rn

1

2
α⊤Kα, (2.6)

subject to 0 ≤ αi ≤
1

γn
, for all i = 1, . . . , n e⊤α = 1, (2.7)

where the entries of the matrix K are given by [K]i,j = ⟨φ(xi), φ(xj)⟩H. This yields the
acceptance region Ωocsvm := {x ∈ X :

∑n
i=1 αiκ(xi, x) ≥ ρ} where κ(x, x′) = ⟨φ(x), φ(x′)⟩H

and ρ =
∑n

j=1 αjκ(xj , xi) for any xi such that 0 < αi <
1
γn .

The effectiveness of one-class SVM largely depends on the chosen feature map. For
novelty detection on path space with signatures, either truncated at some level N > 0, or
untruncated, one can use the kernel tricks developed in Király and Oberhauser (2019), Salvi
et al. (2021a) and Muça Cirone et al. (2023) for evaluating inner products of signatures.
Signature kernels have been applied to hypothesis testing (Salvi et al., 2021b; Lemercier
et al., 2021; Horvath et al., 2023), to causality (Manten et al., 2025), to quantitative finance
(Pannier and Salvi, 2024; Muça Cirone and Salvi, 2025b), and have even emerged as infinite-
width limits of neural networks (Muça Cirone et al., 2023). They also enable training
neural SDEs for time-series generation in fluid dynamics (Salvi et al., 2022), computational
neuroscience (Holberg and Salvi, 2024), and again quantitative finance (Issa et al., 2023;
Dı́az Lozano et al., 2023; Hoglund et al., 2023).

After solving (2.6) via sequential minimal optimisation (Chang and Lin, 2011), evaluat-
ing the one-class SVM at a new path x requires computing the score f(x) =

∑n
i=1 αiκ(xi, x).

In the case where the feature map is the truncated signature, the primal variables w =∑n
i=1 αiSN (xi) may be precomputed and the function

f(x) = ⟨w, SN (x)⟩HN

may then be evaluated in time complexity O(dNLx), where d is the input path dimension
and Lx the number of observations. This amortised evaluation makes one-class SVM partic-
ularly attractive when many candidate paths are to be tested against the same measure µ.

2.2 Distance to the expected signature

If µ is a measure on path space with a well-defined expected signature Eµ[S(X)], a natural
test statistic is obtained by considering the non-negative function f : X → R≥0 defined by

f(x) := ∥SN (x) − Eµ[SN (X)]∥2, (2.8)

that is, the distance in ℓ2-norm between the signature of x, truncated at level N , and
the expected truncated signature of the process with law µ. The function in (2.8) can be
rewritten as a linear functional of the signature

f(x) = ⟨w, S(x)⟩, with w =
N∑
k=0

∑
I∈Ik

(
⟨eI � eI , ·⟩ − 2⟨Eµ[SN (X)], ·⟩ + ∥Eµ[SN (X)]∥22

)
,
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where Ik = {1, . . . , d}k is the set of multi-indices of length k. It may also be rewritten in
terms of the truncated signature kernel κN from (2.5) as

f(x) =
√

κN (x, x) − 2Eµ[κN (X,x)] + Eµ[κN (X,X ′)]], (2.9)

where X ′ is an independent copy of X ∼ µ, and (2.9) can be evaluated using a kernel
trick. After precomputing the terms that do not depend on x, each (kernelised and direct)
evaluation of the score has the same cost as the ones discussed for one-class SVMs. One
can generalise this construction by replacing the ambient ℓ2-norm with other norms. For
example, a “variance norm” leads to a Mahalanobis-like distance in feature space. This
perspective is developed in more detail in the next section. See also Cass et al. (2024) for
a related kernelised treatment.

2.3 Conformance score

One of the most widely used nonparametric approaches to anomaly detection is the nearest
neighbor (NN) algorithm (Bouman et al., 2024). Given a dataset of normal reference sam-
ples, the NN score of a new observation is defined by its distance to the closest reference
point. For time series data, this requires specifying a metric on path space. A signature-
based approach was introduced in Shao et al. (2020), where each path is embedded into a
truncated signature, and distances are then computed in this feature space.

Formally, for a subset C ⊂ X , the distance of a point x ∈ X to C is defined as

distX (x,C) := inf
y∈C

∥x− y∥X ,

where ∥ · ∥X is a metric on path space. Replacing paths by their signatures, distances are
computed with respect to a chosen norm on the feature space H. Given a measure µ on X ,
choosing the variance norm (Definition A.1) associated to the measure ν = µ ◦ S−1 on H,
defined by

∥x∥ν-cov := sup
x∗∈H∗

Covν(x∗,x∗)≤1

x∗(x),

yields what Shao et al. (2020) refer to as the conformance score. In the case of a Gaussian
reference distribution µ, the variance norm ∥·∥µ coincides with the norm of the correspond-
ing Cameron-Martin space H. More details can be found in Section A.1 where we develop a
general theory of conformance scores. Additionally, by the universal approximation prop-
erty of signatures (Cass and Salvi, 2024, Theorem 1.4.7), the conformance score can itself
be reformulated as a linear functional of the signature, thus fitting naturally within the
framework introduced above.

3 Hypothesis testing for novelty detection on path space

Having introduced signature-based test statistics, we now turn to their use in hypothesis
testing. To determine critical values, we derive analytical approximations to their quan-
tiles, exploiting algebraic properties of signatures together with concentration inequalities
to obtain non-asymptotic bounds.
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3.1 Sample-free quantile estimates via expected signature

The baseline approach to quantile estimation is Monte Carlo sampling, where the α-quantile
is obtained by inverting the empirical distribution function. The resulting estimator, given
by the ⌈αn⌉th order statistic converges at a rate O(n−1/2) (Serfling, 2009). In risk manage-
ment problems, it is well known that the quantile admits a variational characterisation as
the minimiser of a conditional value-at-risk functional. In financial applications, CVaR is
often preferred to the value-at-risk (VaR), the quantile itself, due to its convexity and vari-
ational properties. Building on this observation, we show that smooth polynomial CVaR
surrogates of the pushforward of a measure µ on path space under the evaluation map
x 7→ ⟨w, SN (x)⟩ admits a deterministic characterisation in terms of the expected signature.

Definition 3.1 (CVaR) For any real-valued random variable Z with law P, the conditional
value-at-risk CVaRα(Z) is defined as the average of the α-tail of the probability distribution
of Z for a specified confidence level α ∈ [0, 1], that is

CVaRα(Z) := E[Z|Z ≥ VaRα(Z)],

where VaRα(Z) := inf{r|PZ(z ≤ r) ≥ α} is the α-quantile of Z.

Its variational formulation (Rockafellar and Uryasev, 2002) makes it possible to calculate
both VaR and CVaR simultaneously:

Lemma 3.2 For any real-valued random variable Z and any α ∈ [0, 1), we have

CVaRα(Z) = min
η∈R

{
η +

E[[Z − η]+]

1 − α

}
.

Let n ∈ N and Qn : R → R be a polynomial approximation of the max-function [·]+ on
any compact interval [−K,K] ⊂ R (such an approximation is guaranteed by the Stone-
Weierstrass theorem in the compact-open topology) and consider the functions fα, f

n
α :

R → R defined for all ρ ∈ R by

fα(ρ) := ρ +
E[[Z − ρ]+]

1 − α
and fn

α (ρ) := ρ +
E[Qn(Z − ρ)]

1 − α
,

so that the CVaR and the smoothed CVaR read

CVaRα(Z) = min
ρ∈R

fα(ρ) and CVaRn
α(Z) = min

ρ∈[−K,K]
fn
α (ρ).

By the shuffle product property (2.2) of the signature—the multiplication of two linear
forms on the signature is still a linear form on the signature—the stochastic optimisation
for CVaRn

α(⟨w, S(X)⟩) may be recast as the minimisation of a deterministic function of the
expected signature of the process X.

Theorem 3.3 Let Qn(x) =
∑n

i=0 aix
i be a polynomial of degree n and X a stochastic

process with law µ and satisfying Eµ[S(X)] < ∞. For any linear functional w ∈ (TN (Rd))∗,

Eµ[Qn(⟨w, S(X)⟩ − ρ)] = ⟨Q�n (w − ρ1),Eµ[S(X)]⟩,

10
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where Q�n : (TN (Rd))∗ → (TnN (Rd))∗ is defined by Q�n (ℓ) :=
∑n

i=0 aiℓ
�i and

CVaRn
α(⟨w, S(X)⟩) = min

ρ∈[−K,K]

n∑
m=0

bmρm,

where the coefficients bm are given explicitly by

bm = δ{m=1} +
1

1 − α

n∑
i=m

ai

(
i

m

)
(−1)m

〈
w�(i−m),Eµ[S(X)]

〉
.

Proof First, we rewrite the CVaR objective using the shuffle product property (2.2) as

fn
α (ρ) = ρ +

Eµ[Qn(⟨w, S(X)⟩ − ρ)]

1 − α

= ρ +
Eµ[Qn(⟨w − ρ1, S(X)⟩)]

1 − α

= ρ +
Eµ[
∑n

i=0 ai(⟨w − ρ1, S(X)⟩)i]
1 − α

= ρ +
Eµ[
∑n

i=0 ai⟨(w − ρ1)�i, S(X)⟩]
1 − α

= ρ +
⟨
∑n

i=0 ai(w − ρ1)�i,Eµ[S(X)]⟩
1 − α

= ρ +

∑n
i=0 ai

∑i
k=0

(
i
k

)
(−ρ)i−k⟨w�k,Eµ[S(X)]⟩
1 − α

.

Then, fn
α can be rewritten as a polynomial

∑n
m=0 bmρm in ρ with coefficients bm given by

bm = δm=1 +
1

1 − α

n∑
i=m

ai

(
i

m

)
(−1)m

〈
w�(i−m),Eµ[S(X)]

〉
.

Tsyurmasto et al. (2014) showed that one-class SVMs can be interpreted as minimising the
regularised CVaR (see Section A.2):

w∗ = arg min
w∈H

{
CVaRα(−⟨w,φ(X)⟩H) +

1

2
∥w∥2H

}
. (3.1)

If φ is chosen as the truncated signature SN and CVaR is replaced by a smooth polynomial
surrogate, Theorem 3.3 allows us to reformulate the stochastic quadratic programming
problem in (3.1) into a more tractable optimisation task, that amounts to minimising a
polynomial in the variable ρ with coefficients expressed in terms of the expected signature
Eµ[S(X)] of the stochastic process X.

11



3.2 Probabilistic quantile estimates via transportation-cost inequalities

Throughout this section, we fix γ ∈ (0, 1) and denote by Cγ([0, 1];Rd) the Banach space of
γ-Hölder continuous paths x : [0, 1] → Rd endowed with the norm

∥x∥γ := sup
t∈[0,1]

|x(t)| + sup
t̸=s

|x(t) − x(s)|
|t− s|γ

.

For technical reasons, we define Cγ([0, 1];Rd) as the completion of smooth paths under the
Hölder norm which is a Polish space (separable, completely metrisable topological space).
We will often write Cγ instead of Cγ([0, 1];Rd) when there is no risk of confusion. The space
of Borel probability measures on a Polish space X is denoted by P(X ). In order to derive
error bounds for hypothesis testing, we will assume that reference measures µ, under the
null hypothesis, satisfy Transportation-Cost Inequalities (TCIs), which we now recall, and
we refer the reader to (Gasteratos and Jacquier, 2023) for more details on these functional
inequalities.

Definition 3.4 Let X be a Polish space, c : X × X → [0,∞] a measurable function and
µ, ν ∈ P(X ).

1. The transportation cost between µ and ν with respect to the cost function c reads

Wc(µ, ν) := inf
π∈Π(µ,ν)

∫∫
X×X

c(x, y)dπ(x, y),

where Π(µ, ν) is the collection of couplings between µ and ν:

Π(µ, ν) :=

{
π ∈ P(X × X ) : [π]1 = µ, [π]2 = ν

}
.

2. The relative entropy of ν with respect to µ is given by

H(ν | µ) :=


∫
X

log

(
dν

dµ

)
dν, if ν ≪ µ,

+∞, otherwise.

The following TCIs generalise Talagrand’s classical transportation-cost inequality (Tala-
grand (1996)). These functional inequalities imply heavier-than-Gaussian tail bounds and
lead to informative error bounds for hypothesis tests that are expressed with respect to
relative entropies between the null and alternative hypothesis measures.

Definition 3.5 Let X be a Polish space, µ ∈ P(X ), c : X × X → [0,∞] a measurable
function with c(x, x) = 0 for all x ∈ X and a : [0,∞] → [0,∞] a lower semicontinuous
function with a(0) = 0. We say that µ satisfies the (a, c)-TCI (and write µ ∈ Ta(c)) with
cost function c and deviation function a if, for all P(X ) ∋ ν ≪ µ,

a

(
Wc(µ, ν)

)
≤ H(ν | µ). (3.2)

12



Novelty detection on path space

For the rest of this section we make the following standing assumption:

Assumption 3.6 For γ ∈ (0, 1) we take X = Cγ([0, 1];Rd). The reference probability mea-
sure µ ∈ P(Cγ([0, 1];Rd)) satisfies the (a, c)-TCI with cost function

c(x, y) := ∥x− y∥pγ , for all x, y ∈ Cγ

and a continuous, strictly increasing deviation function a : [0,∞] → [0,∞] with a(0) = 0.

For a sample path X we consider the hypothesis test:

H0 : X ∼ µ,

H1 : X ∼ ν ̸= µ,
(3.3)

where ν ∈ P(Cγ([0, 1];Rd)) is an arbitrary probability measure on X . The test statistic is
chosen to be the decision function F : Cγ([0, 1];Rd) → {0, 1} defined by

F (x) := 1{⟨w,SN (x)⟩>r}(x), for x ∈ Cγ
(

[0, 1];Rd
)
, N ∈ N,

where w ∈ H lies in the signature RKHS and solves the corresponding one-class SVM
optimisation problem and r ∈ R is arbitrary but will later be chosen to be an α-quantile
as in (A.1). This class of test statistics includes all of the examples described in Section A.
The type-I and type-II errors are thus given by

PI := P
(
F (X) = 1|X ∼ µ

)
= µ

(
⟨w, SN (x)⟩ > r

)
, (3.4)

PII := P
(
F (X) = 0|X ∼ ν

)
= ν

(
⟨w, SN (x)⟩ ≤ r

)
. (3.5)

For the rest of this section we assume that r > 0 and derive upper and lower bounds
for the type-I and type-II errors in Theorems 3.9, 3.11 respectively. The case r < 0 will be
discussed in Remark 3.13 below. Given w, r, Theorem 3.11 provides the upper bound for
the type-I error:

PI ≤ C2

[
exp

{
− C2

1

2

(
r√

NdNCN/2∥w∥H

)2p

∨
(

r√
NdNCN/2∥w∥H

) 2p
N
}]

,

where d is the dimension of the paths, C1, C2 are absolute constants that depend on the
exponential moments of µ and the deviation function a is assumed to be super-quadratic
near the origin (an assumption that is satisfied in all the examples of interest).

Example 1 (RDEs with Gaussian drivers) An important class of measures that sat-
isfy (a, c)-TCIs is given by laws of solutions to Rough Differential Equations (RDEs) driven
by Gaussian rough paths. In particular, let β ∈ (13 , 1) and X be a Gaussian process with
almost surely β-Hölder continuous paths that has a natural geometric β-rough path lift X.
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If the corresponding Cameron-Martin space satisfies H ↪→ Cq-var([0, T ];Rd) for some q > 0,
with 1

q + β > 1, then the law µ ∈ P(C1/β-var([0, T ];Rd)) of the solution Y of the RDE

dYt = V (Yt)dXt,

where V is a Lipschitz vector field with constant γ > 1/β, satisfies a Ta(c)-inequality (Gaster-
atos and Jacquier, 2023, Theorem 3.3) with

c(x,y) = ∥x− y∥
1
q
1
β
-var

and a(t) = t2 ∧ t2q.

In view of (Gasteratos and Jacquier, 2023, Corollary 3.5), the latter implies the tail esti-
mates in (Cass et al., 2013). While the results in this section do not depend on the particular
choice of path topologies, the aforementioned TCI for solution laws of RDEs is valid on fi-
nite p-variation topologies as it leverages complementary Young regularity. Thus, all our
results can be applied to this measure mutatis mutandis i.e. by substituting the Hölder space
and norm in Assumption 3.6 and proofs by the corresponding 1/β-variation topology.

From the fact that µ ∈ Ta(c) we will establish lower bounds for the type-II error. To do so,
we rely on the following dual characterisation of the transportation cost Wc.

Lemma 3.7 Let p ∈ (0, 1], γ ∈ (0, 1) as in Assumption 3.6 and

C p,γ :=

{
f : Cγ([0, 1];Rd) → R : inf

x̸=y∈Cγ

|f(x) − f(y)|
∥x− y∥pγ

≤ 1

}
.

Then, for any µ, ν ∈ P(Cγ([0, 1];Rd)) with finite first moments,

Wc(µ, ν) = sup
f∈C p,γ

{
Eµ[f ] − Eν [f ]

}
.

Proof By Kantorovich duality (Gozlan and Léonard, 2010, Theorem 2.2),

Wc(µ, ν) = sup

{
Eµ[f ] + Eν [g]

∣∣∣∣f ∈ L1(µ), g ∈ L1(ν), f(x) + g(y) ≤ c(x, y) = ∥x− y∥pγ
}
.

For any fixed g ∈ L1(µ), using triangle and Young’s product inequalities, the function

f∗(y) := inf
x∈Cγ

{
∥x− y∥pγ − g(x)

}
satisfies

1. With (1/p)∗ := (1− p)−1 and for all y ∈ Cγ([0, 1];Rd) we have f∗(y) ≤ ∥y∥pγ − g(0) ≤
p∥y∥γ + 1

(1/p)∗ + |g(0)|, so that f∗ ∈ L1(µ) since µ has a finite first moment;

2. For any x2 ̸= x1 ∈ Cγ , |f∗(x2) − f∗(x1)| ≤ ∥x2 − x1∥pγ , so that f∗ ∈ C p,γ . Indeed, for
any δ > 0 there exists x̄ ∈ Cγ such that f∗(x1) > ∥x̄− x1∥pγ − g(x̄) − δ. Thus,

f(x2) − f(x1) ≤ ∥x̄− x2∥pγ − g(x̄) − ∥x̄− x1∥pγ + g(x̄) + δ ≤ ∥x1 − x2∥pγ + δ,

since the inequality xp−yp ≤ |x−y|p holds for real numbers x, y ≥ 0; we also used the
triangle inequality for the norm ∥ · ∥γ and the monotonicity of the function x 7→ xp.
Interchanging the roles of x1, x2 we obtain the reverse inequality

f(x2) − f(x1) > −∥x2 − x1∥pγ ;

14
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3. Out of all functions f ∈ C p,γ that satisfy f(x)+g(y) ≤ c(x, y) we have Eµ[f ] ≤ Eµ[f∗].

From these facts we deduce that

Wc(µ, ν) = sup
g∈C p,γ

sup
f∈C p,γ

f⊕g≤c

{
Eµ[f ] + Eν [g]

}

= sup
g,f∈C p,γ

sup
f⊕g≤c

{
Eµ[f ] + Eν [g]

}
= sup

f∈C p,γ
sup

g∈C p,γ

f⊕g≤c

{
Eµ[f ] + Eν [g]

}
.

(3.6)

Now, for any fixed f ∈ C p,γ , we can optimise the last equality by taking

g(y) = g∗(y) := inf
x∈Cγ

{∥x− y∥pγ − f(x)}

as before. On the one hand, g∗(y) ≤ −f(y) by definition of g∗; on the other hand, since
f ∈ C p,γ we must have, for all x, y, ∥x − y∥pγ − f(x) + f(y) ≥ 0. This implies g∗(y) =
infx∈Cγ{∥x− y∥pγ − f(x)} ≥ −f(y) namely g∗ = −f . Returning to (3.6) we obtain

Wc(µ, ν) = sup
f∈C p,γ ,g=g∗

{
Eµ[f ] + Eν [g]

}
= sup

f∈C p,γ

{
Eµ[f ] − Eν [f ]

}
,

which completes the proof.

With this characterisation of Wc we derive a lower bound for the type-II error using the
following:

Corollary 3.8 Let µ satisfy Assumption B.2. Then for any other measure ν ∈ P(Cγ),
with finite first moments and any f ∈ C p,γ,

Eν [f ] ≤ a−1

(
H(ν|µ)

)
+ Eµ[f ].

Proof The bound follows directly by the symmetry of Wc, Lemma 3.7 and the fact that
µ ∈ Ta(c) if and only if a(Wc(ν, µ)) ≤ H(ν|µ) per Definition 3.5

We are now ready to state novel type-II errors for the hypothesis test (3.3) in terms of
the relative entropy.

Theorem 3.9 (Type-II error) With p, γ, c, µ as in Assumption 3.6 and w,N ∈ N, r > 0
as in (3.5) and for any ν ∈ P(Cγ) with finite first moment, the following bounds hold:

PII ≥ 1 −
(
∥w∥H
r

) p
N

CdpN
1

2Np

{
1 − 1

N
+

1

N

(
a−1
(
H(ν|µ)

)
+ Eµ[∥X∥pγ ]

)}
,
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if a−1
(
H(ν|µ)

)
+ Eµ[∥X∥pγ ] ≤ 1, and

PII ≥ 1−
(
∥w∥H
r

) p
N

CdpN
1

2Np

{
a−1
(
H(ν|µ)

)
+Eµ[∥X∥pγ ]

}
, if a−1

(
H(ν|µ)

)
+Eµ[∥X∥pγ ] > 1,

where d is the dimension of the path X and C > 0 a constant independent of d.

Proof By Chebyshev’s inequality

PII = 1 − ν

(
⟨w, SN (x)⟩ > r

)
≥ 1 −

(
∥w∥H
r

) p
N

Eν

[
|SN (X)|

p
N

]
. (3.7)

In view of (Boedihardjo, 2018, Section 1) and references therein, we can obtain a pathwise
estimate for the signature, truncated at level N , of any d-dimensional, γ-Hölder path X
with γ ∈ (0, 12 ]. The latter takes the form:

∣∣SN (X)
∣∣2 ≤ N∑

k=1

( ∑
|w|=k

Sw
0,1(X)

)2

≤
N∑
k=1

C2(k)∥X∥2kγ
( ∑

|w|=k

1

Γ(kγ + 1)

)2

≤ ∥X∥2γ ∨ ∥X∥2Nγ
N∑
k=1

C2(k)d2k,

where |w| is the length of a word w, Γ denotes the Gamma function and C(k) = O((1+c)k)
is an increasing polynomially growing function in k. Hence the last estimate yields∣∣SN (X)

∣∣2 ≤ ∥X∥2γ ∨ ∥X∥2Nγ Nd2N (1 + ρ)N , (3.8)

for some constant ρ > 0. Taking expectations it follows that

Eν

[∣∣SN (X)
∣∣ p
N

]
≤ dp(1 + ρ)pN

p
2N Eν

[
∥X∥

p
N
γ ∨ ∥X∥pγ

]
≤ CdpN

p
2N Eν

[
∥X∥

p
N
γ

]
∨ Eν

[
∥X∥pγ

]
,

for some unimportant constant C > 0. By Young’s product inequality, we have

Eν

[
∥X∥

p
N
γ

]
≤ 1

N
N−1

+
1

N
E[∥X∥pγ ] = 1 − 1

N
+

1

N
Eν [∥X∥pγ ].

Now, notice that the function f(x) = ∥x∥pγ is in C p,γ . In view of Corollary 3.8 then

Eν

[
∥X∥

p
N
γ

]
≤ 1 − 1

N
+

1

N

(
a−1
(
H(ν|µ)

)
+ Eµ[∥X∥pγ ]

)
.

Combining all these estimates we see that Eν

[∣∣SN (X)
∣∣ p
N

]
is bounded from above by

CdpN
p

2N max

{
1 − 1

N
+

1

N

(
a−1
(
H(ν|µ)

)
+ Eµ[∥X∥pγ ]

)
,

(
a−1
(
H(ν|µ)

)
+ Eµ[∥X∥pγ ]

)}
.

The proof then follows by combining this with (3.7).
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Remark 3.10 A few observations on the lower bound for the type-II error in Theorem 3.9:

1. If the measure ν from the alternative hypothesis is not absolutely continuous with
respect to µ then H(ν|µ) = ∞ and, since a−1 is (typically) increasing to ∞, the
lower bound is then uninformative. Nevertheless, we believe that the regime in which
H(ν|µ) < ∞ is more interesting for application purposes. Indeed, if ν, µ are absolutely
continuous laws on path space then, a priori, it is more challenging to tell them apart
(or detect novel observations in terms of these two alternatives). It is precisely this
setting in which the type-II lower bound becomes informative. Nevertheless, our nu-
merical experiments work well even in settings where the two alternatives are mutually
singular; see Section 4.1 for more details.

2. In estimating the type-II error, we made a choice to raise the signature to p/N (be-
low (3.8)). This choice was made to avoid exponential growth in the dimension d
which appears on the right-hand side of (3.8).

We turn to the analysis of type-I errors (3.4). Assuming for now that µ is a Gaussian
measure, it is possible to obtain estimates on the probability of the rejection region (1.1)
under H0. In particular, for X = Cp-var([0, T ];Rd), µ ∈ P(X ) a Gaussian probability
measure on path space and for some N ∈ N consider the truncated signature feature map
φ = SN of level N . The probability that a new sample point from µ falls in the rejection
region satisfies

µ (Ωr) = µ

[
⟨w, SN (X)⟩ > r

]
≤ exp

{
− C

(
r

∥w∥H

) 2
N
}
.

In turn, for a given significance level α ∈ (0, 1), the following estimate on r holds:

r ≥ C−1∥w∥H log(1/α)
N
2 .

Such estimates can be performed not just for Gaussian measures µ but also for laws of Gaus-
sian functionals such as solutions of RDEs or in general measures that satisfy transportation-
cost inequalities. A broad list of examples of such measures can be found in (Gasteratos
and Jacquier, 2023); see also Example 1 above.

Our next result provides type-I error upper bounds and consequently estimates on the
threshold r of the rejection region Ωr (1.1) at fixed significance levels.

Theorem 3.11 (Type-I error) Let α ∈ (0, 1), N ∈ N, γ ∈ (0, 1), p ∈ (0, 1] and SN :
Cγ([0, 1];R) → T (N)(R) the truncated signature of level N . Let µ ∈ P(Cγ([0, 1];R)) be
a probability measure satisfying Assumption 3.6. If there exist t0, C > 0 such that for all
t < t0 a(t) ≥ Ct2, then the following holds:

For all w ∈ T (N)(R) and with probability α ∈ (0, 1) over the draw of a random sample
from µ, a sample path X that satisfies

⟨w, SN (X)⟩ > r∗ := ∥w∥H
√
NdNC(N) max

{[
2

C1
log

(
C2

α

)] 1
2p

,

[
2

C1
log

(
C2

α

)]N
2p
}
(3.9)
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falls in the rejection region Ωr∗ (1.1). The constants C1, C2 do not depend on N and satisfy

C1 ≤
(

2(Eµ∥X∥pγ + C)

)− 1
2

and C2 = Eµ

[
exp

(
C2
1

2
∥X∥2pγ ∥

)]
.

Proof The pathwise estimate (3.8) furnishes

α = µ(Ωr) ≤ µ

(
|SN (X)|∥w∥H > r

)
≤ µ

(
∥X∥γ ∨ ∥X∥Nγ >

(
r√

NdN (1 + ρ)N/2∥w∥H

)
≤ µ

(
∥X∥γ >

(
r√

NdNCN/2∥w∥H

)
∨
(

r√
NdNCN/2∥w∥H

) 1
N
)
.

From the assumptions on µ, a, (Gasteratos and Jacquier, 2023, Corollary 2.6(ii)) and Cheby-
shev’s inequality, the latter is bounded from above by

C2

[
exp

{
− C2

1

2

(
r√

NdNCN/2∥w∥H

)2p

∨
(

r√
NdNCN/2∥w∥H

) 2p
N
}]

,

from which we deduce that

log(α/C2) ≤ −C2
1

2

(
r√

NdNCN/2∥w∥H

)2p

∨
(

r√
NdNCN/2∥w∥H

) 2p
N

.

Solving this inequality for r, we are led to the desired conclusion.

Remark 3.12 (Tradeoffs related to N) From the estimate (3.9) we observe that, at
fixed significance level α, the rejection threshold r∗ = r∗(N) grows as the signature trun-
cation level N grows. In particular, rejecting H0 becomes harder since larger observations
become more typical (indeed, tails of the signature become ”fatter” as N increases). On
the other hand, larger values of N lead to higher robustness for test statistics. Indeed,
since linear maps of the signature are universal, larger values of N lead to larger classes of
admissible test statistics on path space.

Remark 3.13 (Error bounds when r < 0) We assumed above r > 0 and derived up-
per/lower bounds for type-I/II errors respectively. In the case r < 0, it is easy to check that
our techniques provide symmetric lower/upper bounds for type-I/II errors respectively.

4 Experiments

In this section, we evaluate the type-I error and the statistical power of signature-based test
statistics, using synthetic anomalous diffusion data and real-world molecular biology data.
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4.1 Anomalous diffusions

We consider the problem of distinguishing Brownian motion (BM) from BM perturbed by
an impulsive spike occurring at a uniformly random time. This example, connected to the
theory of Brownian fast points (Davis and Perkins, 1985), has been introduced by Davis
and Monroe (1984) and Hitchcock (1992), and has also been empirically examined by Cass
et al. (2024). For a given sample path X, we consider the hypothesis test

H0 : X ∼ µ against H1 : X ∼ νε,

with µ the law of Brownian motion on [0, 2] and νε that of a process with a spike. Following
the presentation in (Hitchcock, 1992, Chapter 6), define the alternative process

Xε
t = Bt + ε

√
[t− θ]+ ∧ 1, for t ∈ [0, 2],

where θ is a random time drawn from the uniform distribution on [0, 1], ε > 0 controls the
magnitude of the spike, and [x]+ = max{x, 0}. Our numerical studies show how our de-
tection procedure—based on signature transforms of the paths—can distinguish between µ
and νε for different intensities ε using the Area Under the Receiver Operating Characteristic
curve (AUROC) as performance metric. We expect that as ε increases, the spike gets more
pronounced and produces a clearer non-Brownian signature, leading to higher detection
power. When ε ≈ 0, the spike is subtle so detection is more challenging.

Hitchcock (1992) established that there is a critical value for the intensity parameter ε.
When ε <

√
8, the measure corresponding to the process with a spike remains absolutely

continuous with respect to the measure of standard Brownian motion. Conversely, when
ε >

√
8 the two measures become singular. In our experiments, using the distance to the

expected signature as test statistic, we do not observe an abrupt phase transition precisely
at ε =

√
8. Instead, the AUROC improves gradually as ε increases (Figure 1a).

Next, to evaluate the type-I error rate and the power, we simulate J = 100 researchers.
Each researcher j has an independent fixed dataset Dj of n = 2000 Brownian motion sample
paths and L = 50 test sets Dtest

j,l (for l = 1, . . . , L) of ntest = 1000 Brownian motion sample
paths, with 10% of outliers (Brownian motion perturbed by a spike). Each researcher
divides its reference dataset Dj into 1000 sample paths to estimate the expected signature
of Brownian motion and 1000 sample paths to estimate the p-values of all observations
across all test datasets Dj,l. To measure the false discovery rate (FDR), the Benjamini-
Hochberg procedure (Benjamini and Hochberg, 1995) is applied to all p-values in Dj,l at
level α = 0.10, the false positive rate (FPR) is then estimated, and averaged over the L test
datasets. Similarly, a statistical estimate for the power is obtained. To estimate the false
positive rate, the raw p-values are thresholded at level α = 0.01.

As can be seen on Figures 1b and 1d, which show the FDR and FPR for different
values of the signal strength ε2, both methods control the marginal FDR and FPR at the
desired levels. We also compared to a parametric approach (Weibull), where we fit a curve
A exp(−Br2/N ) to the tail of the reference measure estimated with a relatively large number
of samples, leveraging the results from Section 3.2. As can be seen on on Figure 1b, this
parametric approach controls the conditional FDR and FPR for a greater proportion of
researchers. As expected, the false positive rate exhibits a lower variance (Figure 1d) when
the Weibull parametric approach is used.
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(a) (b)

(c) (d)

Figure 1: Brownian motion perturbed by a spike. (a) AUROC as a function of the
spike intensity for the distance to the expected signature. (b) Multiple testing false discovery
rate and power at level α = 0.1 comparing empirical p-values (from 1,000 samples) with
p-values obtained from a Weibull tail-bound fitted using 100,000 samples. (c) Weibull tail-
bound fit (d) Single hypothesis false positive rate and power at level α = 0.01.

(a) (b)

Figure 2: Comparison of different test statistics. Comparison of one-class SVM, con-
formance score, distance to the expected signature, and TAMSD with τ ∈ {1, 2, 4, 16, 512}.

Finally, we compare our signature-based test statistics with another test statistic for
detecting anomalous diffusions from the literature (Sikora et al., 2017) given by the time-
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averaged mean square displacement (TAMSD)

MN (τ) :=
1

N − τ

N−τ∑
j=1

(X(j + τ) −X(j))2. (4.1)

The TAMSD scales as MN (τ) ∼ τα with α = 2H for fractional Brownian motion with
Hurst index H ∈ (0, 1). Brownian motion has a linear power-law growth of the mean
squared displacement in the course of time.

4.2 Anomaly detection in RNA direct sequencing data

In molecular biology, a central challenge is to detect non-canonical nucleotides on RNA
molecules, i.e. bases chemically modified relative to the four standard nucleotides (A, U, G,
C). Mapping such modifications has become a major research focus, as they have been found
to modulate crucial cellular processes and are increasingly linked to human diseases, rang-
ing from neurodevelopmental disorders to cancer. Recently, significant progress has been
achieved by leveraging Nanopore direct sequencing data (White and Hesselberth, 2022;
Furlan et al., 2021). Nanopore sequencing transduces long RNA polymers into an electri-
cal signal and chemical modifications have been shown to induce characteristic alterations
in the measured signal. Most prior approaches have focused on training neural network
based classifiers on known modification types. However, since many modifications remain
unknown or poorly characterised, this is also naturally cast as a novelty detection task
Lemercier et al. (2025).

Figure 3: Modification detection in nanopore reads with one-class SVM. Bottom:
per-read p-values (with multiple testing correction) at each site; non-significant p-values at
level 0.20 are rendered light grey. Top: for each site, the proportion of significant reads.
Left: signature features. Right: mean-current and dwell-time features.

Here, we analyse short synthetic oligonucleotides, i.e., RNA molecules chemically syn-
thesised in a laboratory. In this controlled setting, three distinct chemical modifications
were introduced at defined positions within a 100-nucleotide sequence (Leger et al., 2021)
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The raw nanopore direct sequencing data were obtained from the European Nucleotide
Archive (accession number PRJEB44511). It contains an unmodified sample and a sample
where the three modifications have been deposited. Basecalling and signal processing were
performed using Dorado1, read alignment was carried out with minimap2 (Li, 2018), and
event-level signal segmentation was obtained with Uncalled4 (Kovaka et al., 2025), yielding
segmented time series representations for our analysis.

We compared a one-class SVM using signatures truncated at level N = 6 after applying
two path transforms (the time augmentation and the invisibility-reset transforms (Lyons
and McLeod, 2025) and a one-class SVM trained on two standard nanopore features given
by the signal duration (commonly referred to as the dwell time) and signal mean value. We
fitted the one-class SVM using 3 000 reads from the unmodified sample for each site, and
computed the empirical p-values using 100 000 other unmodified reads. Figure 3 shows that,
at a Benjamini–Hochberg FDR level of 0.20 (with Storey correction), the signature-feature
model yields consistently higher recall for all three modification types, namely inosine (I),
5-methylcytosine (m5C), and pseudouridine (Ψ).

5 Conclusion

In this work, we have framed novelty detection on path space as a hypothesis testing problem
based on signature statistics. By leveraging the transportation-cost inequalities of Gaster-
atos and Jacquier (2023), we established tail bounds for false positive rates that go beyond
Gaussian measures to encompass laws of RDE solutions with smooth bounded vector fields,
thereby enabling rigorous quantile and p-value estimates. Through the shuffle product
structure, we obtained exact formulas for smooth surrogates of conditional value-at-risk
(CVaR) in terms of expected signatures, which in turn motivated new one-class SVM al-
gorithms optimising smooth CVaR objectives. We further derived lower bounds on type-II
error under alternatives with finite first moment, leading to general power bounds in the
absolutely continuous setting. Finally, our numerical experiments on synthetic anomalous
diffusion data and real molecular biology data demonstrated both the validity of type-I
error control and the practical effectiveness of signature-based testing procedures.

These results highlight the dual theoretical and algorithmic contributions of signature
methods to statistical testing and novelty detection on path space. Future directions in-
clude extending the analysis to heavier-tailed drivers, developing computationally efficient
estimators of expected signatures in high dimensions, and exploring applications to other
domains where path-dependent anomalies play a central role.
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Appendix A. Signature test statistics

We provide more details on several commonly-used anomaly scores on path space, which
are given (or can be approximated) by an element of a signature kernel RKHS H. These
include distance-based score functions as well as solutions of one-class SVM optimisation
problems. Throughout this section, H will denote Hilbert spaces induced by the covariance
of a measure µ. When µ is Gaussian, H will be the Cameron-Martin space of µ. This choice
of notation is made to distinguish the latter from the signature kernel RKHS.

A.1 Conformance score

Let (X , ∥ · ∥X ) be a normed vector space and µ ∈ P(X ) a Borel probability measure on X .
Based on Cochrane et al. (2020), we define two notions of conformance of a point x to a
corpus C ⊂ X : one based only on the topology of X and one that leverages the structure
of the measure µ.

Definition A.1

1. The covariance of µ induces a bilinear form on the topological dual X ∗ as follows:
For all x∗, y∗ ∈ X ∗,

Covµ(x∗, y∗) :=

∫
X
x∗(x)y∗(x) dµ(x) = Eµ[x∗y∗].

2. The variance norm of x ∈ X is given by

∥x∥µ := sup
Covµ(x∗,x∗)≤1

x∗(x).

3. For a Borel measurable set C ∈ B(X ) and a point x ∈ X , the µ-conformance of x
to C is given by

distµ(x,C) := inf
y∈C

∥x− y∥µ,

where ∥ · ∥µ denotes the variance norm of µ on X .

4. For a Borel measurable set C ∈ B(X ) and a point x ∈ X , the topological confor-
mance of x to C is given by

distX (x,C) := inf
y∈C

∥x− y∥X .

Remark A.2 The topological conformance of x to C is nothing but the classical distance
of a point x to a subset C of a metric space.

The case where µ is a Gaussian measure and X a separable Banach space is special. One
can then define a linear space H contained in X by

H :=
{
x ∈ X : ∥x∥µ < ∞

}
.
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For every element h ∈ H there exists a representative h∗ ∈ X ∗ such that ∥h∥µ = Covµ(h∗, h∗)
and moreover H is a Hilbert space with inner product given by

⟨h1, h2⟩H := Covµ(h∗1, h
∗
2).

The latter in fact shows that ∥ · ∥H coincides with the variance norm ∥ · ∥µ above. The proof
of the following result is contained in (Hairer, 2009, Section 4.2), in particular Exercise 4.38
therein.

Proposition A.3 Let X be a separable Banach space and µ ∈ P(X ) a Gaussian measure.
Then the variance norm ∥ · ∥µ is equal to the norm ∥ · ∥H of the Cameron-Martin Hilbert
space H ⊂ X associated to µ.

The following inequality explains why the conformance defined above is appropriate for
detecting anomalies in data that is assumed to come from a Gaussian distribution.

Theorem A.4 (TSB inequality) Let µ be a Gaussian measure on a separable Banach
space X . Let C ∈ B(X ), ĉ := Φ−1(µ(C)) and Φ = 1 − Φ, where Φ is the distribution
function of a standard Normal distribution. Then for all r ≥ 0,

µ

(
x ∈ X : distµ(x,C) ≥ r

)
≤ Φ(r + ĉ).

Moreover, for r ≥ −ĉ we have

µ

(
x ∈ X : distµ(x,C) ≥ r

)
≤ exp

{
−(r + ĉ)2

2

}
.

Proof This a straightforward reformulation of the TSB inequality in (Friz and Hairer,
2020, Theorem 11.6). In particular, by the triangle inequality, along with the fact that the
distance is nonnegative, we have

µ

(
x ∈ X : distµ(x,C) ≥ r

)
≤ µ

(
x ∈ X : distµ(x,C) ≥ r

)
≤ µ

(
x ∈ X : ∀y ∈ C, ∥x− y∥µ = ∥x− y∥H ≥ r

)
≤ µ

(
x ∈ X : x /∈ C + rBH

)
≤ Φ(ĉ + r),

where BH denotes the unit ball in H and the last inequality follows from the TSB inequality
mentioned above. The second assertion then follows by the elementary bound Φ(z) ≤ e−z2/2

which holds for all z ≥ 0.

Remark A.5 As mentioned in (Cochrane et al., 2020), if the corpus has probability at
least 1

2 (µ(C) ≥ 1
2), then ĉ ≥ Φ−1(12) = 0. Therefore, the probability that the conformance

of a (random) sample point X to C exceeds a threshold r is bounded above by e−r2/2. In
fact, in this case, the second moment of the µ-conformance can be bounded uniformly over ĉ:
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Eµ

[
dist2µ(X,C)

]
= 2

∫ ∞

0
r · µ

(
x : distµ(x,C) > r

)
dr

≤ 2

∫ ∞

0
rΦ(ĉ + r)dr ≤ 2

∫ ∞

0
rΦ(r)dr =

1

2
.

On the other hand, if µ(C) < 1
2 , then ĉ < 0. In this case, the TSB inequality provides

a ĉ-dependent upper bound for the second moment of the µ-conformance:

Eµ

[
dist2µ(X,C)

]
= 2

∫ ∞

0
r · µ(x : distµ(x,C) > r)dr

≤ 2

∫ −ĉ

0
rΦ(ĉ + r)dr + 2

∫ ∞

−ĉ
rΦ(ĉ + r)dr

≤ 2

∫ −ĉ

0
rdr + 2

∫ ∞

0
(z − ĉ)Φ(z)dz

= ĉ2 + 2

∫ ∞

0

(
zΦ(z) − ĉΦ(z)

)
dz = ĉ2 +

1

2
− ĉ

√
2

π
,

where we bounded Φ̄ from above by 1. This case is particularly relevant when X is a high-
dimensional vector space: as the dimension of X grows, the volume µ(C) of the corpus
decreases. Moreover, as µ(C) tends to zero, then ĉ decreases to −∞ and the tails of the
conformance score are upper bounded by those of a Gaussian with mean converging to ∞;
one then expects that the conformance concentrates to increasingly larger values as the
dimension of X grows. Thus, an increasingly larger portion of the data will achieve higher
conformance scores. Anomalies should then be classified by adding ĉ to the conformance
score.

A.2 One-class support vector machines

Here, we review one-class SVMs through the lens of the conditional value-at-risk (CVaR), a
concept originating in financial risk management and stochastic programming, also known
as the superquantile, expected shortfall, or average value-at-risk. The CVaR of a random
variable Z summarises the average behaviour of the tail of its distribution. Takeda and
Sugiyama (2008) showed that extended ν-support vector classifiers (Eν-SVC) introduced
in (Pérez-Cruz et al., 2003) can be interpreted as minimising a CVaR. Subsequently, Tsyur-
masto et al. (2014) showed that one-class SVMs can be also be interpreted as CVaR min-
imisation. More precisely, one-class SVMs seek w ∈ H that minimises the regularised CVaR

w∗ = arg min
w∈H

{
CVaRα(⟨w,φ(X)⟩H) +

1

2
∥w∥2H

}
.

Then, for any α ∈ [0, 1], the decision function is defined by 1ΩCVaR
α

(·) where

ΩCVaR
α := {x ∈ X : ⟨w∗, φ(x)⟩H ≤ VaRα(⟨w∗, φ(X)⟩H)}. (A.1)

By the variational formulation of the CVaR, we have

w∗ = arg min
w∈H

{
min
η∈R

{
η +

Eµ[[⟨w,φ(X)⟩H − η]+]

1 − α

}
+

1

2
∥w∥2H

}
.
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The change of variables ρ = −η, v = −w, γ = 1 − α yields

v∗ = arg min
v∈H

{
1

2
∥v∥2H + min

ρ∈R

{
1

γ
Eµ[[−⟨v, φ(X)⟩H + ρ]+] − ρ

}}
.

When the measure µ is unknown, but a sample x1, . . . , xn ∼ µ is available, an empirical
estimator (Wang et al., 2014) may be formed

(v̂∗, ρ̂∗) = arg min
v∈H,ρ∈R

{
1

2
∥v∥2H +

(
1

γn

n∑
i=1

[ρ− ⟨v, φ(xi)⟩H]+ − ρ

)}
, (A.2)

which is the unconstrained version of the quadratic programming problem (Xiao et al.,
2017; Norton et al., 2017)

min
v∈H,ρ∈R,ξ∈Rn

{
1

2
∥v∥2H +

(
1

γn

n∑
i=1

ξi − ρ

)}
,

subject to ⟨v, φ(xi)⟩H ≥ ρ− ξi and ξi ≥ 0, for all i = 1, . . . , n

whose solution is such that all training points are on one side of an hyperplane in the feature
space with maximum margin. The empirical one-class SVM seeks a decision function of the
form 1Ωocsvm

γ
(·) (takes the value 1 for normal data and 0 otherwise where

Ωocsvm
γ = {x ∈ X : ⟨v̂∗, φ(x)⟩H ≥ ρ̂∗}.

Appendix B. Conformance score for non-Gaussian streamed data

In practice, the assumption that the underlying sample comes from a Gaussian is restric-
tive. In the sequel we shall investigate under what assumptions on the distribution of the
underlying data one can have similar types of estimates for large values of the conformance.
The goal is to derive such guarantees in the setting of streamed data i.e. we assume that
observations are points on the space C([0, T ];Rd).

Definition B.1 The set of streams of d-dimensional data is defined as

S(Rd) :=

{
x = (x1, . . . , xn) ∈ (Rd)n, n ∈ N

}
.

Given k ∈ N and a finite set {xi}ki=1 = {(xi1, . . . , x
i
ni

)}ki=1 ⊂ S(Rd) of k streams, let
ℓ(xi) := ni denote the length of the i-th stream and

L := max
i=1,...,k

ℓ(xi)

be the maximum stream length in the family {xi}ki=1. For each stream xi with ℓ(xi) < L,
consider the stream

x̃i =
(
xi1, x

i
2, . . . , x

i
ni
, xini

, . . . , xini

)
of length L augmented with the last observation in the remaining spots; note that the
signature is invariant under this augmentation. Hence, the set {x̃i}ki=1 consists of streams
of equal length L.
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Assumption B.2 The streams {x̃i}ki=1 are k realisations of an i.i.d. sample X = (X1, . . . , XL)
from an underlying distribution γ ∈ P(Rd) with mean zero and a finite second moment i.e.
for each i = 1, . . . , k, X(ωi) = x̃i for some ωi ∈ Rd. Moreover the covariance matrix
Σγ = {Σγ

i,j}di,j=1 := {Eγ [X1
i X

1
j ]}di,j=1 is invertible. A fortiori, we have

σ2
γ := trΣγ =

∫
Rd

|x|22 γ(dx) < ∞.

At this point, we shall transition to the view of data points as vectors on the path space
C([0, 1];Rd). Indeed, given an i.i.d. sample X from µ as above, we consider a continuous
random path WL defined via linear interpolation as

WL
t :=

1√
L

[Lt]∑
k=1

Xk +
(Lt− [Lt])√

L
X [Lt]+1, for all t ∈ [0, 1]. (B.1)

Then, Condition B.2 placed above implies the following: For each i = 1, . . . , k, the contin-
uous path

ϕi,L(t) :=
1√
L

[Lt]∑
k=1

xik +
(Lt− [Lt])√

L
xi[Lt]+1, for all t ∈ [0, 1],

associated to the i-th stream x̃i, is a realisation of the random continuous path WL.
Let us denote by µL the law of WL on C([0, 1];Rd). By the multidimensional version of

Donsker’s invariance principle (Revuz and Yor, 2013, Chapter XIII, Theorem 1.9), we know
that as L tends to infinity, µL converges weakly in C([0, 1];Rd) to the law of a d-dimensional
Wiener process W with covariance

E[W i
tW

j
s ] = Σγ

i,j(t ∧ s), for all t, s ∈ [0, 1], i, j = 1, . . . , d. (B.2)

The following provides a guarantee for the topological conformance of a sample drawn
from the approximating distribution:

Proposition B.3 Let X be a separable Banach space, C a Borel subset of X and {µL}L∈N ∈
P(X ) a sequence of probability measures converging weakly to a Gaussian measure µ ∈
P(X ). If K > 0 is the smallest constant such that ∥x∥X ≤ K∥x∥µ for all x ∈ X then, for
all r > 0,

lim sup
L→∞

µL

(
x ∈ X : distX (x,C) ≥ r

)
≤ Φ(ĉ + r/K) ≤ exp

{
−(ĉ + r/K)2

2

}
,

where ĉ := Φ−1(µ(C)). Moreover, if C is closed, we can replace ĉ by Φ−1(lim supL→∞ µL(C)).

Proof Since X ∋ x 7→ distX (x,C) is Lipschitz continuous, then A := {x : distX (x,C) ≥ r}
is a closed subset of X . By the Portmanteau theorem for weak convergence of measures we
know that lim sup

L→∞
µL(A) ≤ µ(A). Putting these facts together we derive

lim sup
L→∞

µL

(
x ∈ X : distX (x,C) ≥ r

)
≤ µ

(
x ∈ X : distX (x,C) ≥ r

)
≤ µ

(
x ∈ X : distγ(x,C) ≥ r/K

)
≤ Φ(ĉ + r/K).
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The last two inequalities are obtained using distX (x,C) ≤ Kdistµ(x,C) and the TSB
inequality (Theorem A.4). The last assertion follows again from the Portmanteau theorem
and the monotonicity of Φ−1 since Φ(ĉ + r/K) ≤ Φ(C + r/K) and

C := Φ−1

(
lim sup
L→∞

µL(C)

)
≤ Φ−1

(
µ(C)

)
= ĉ.

Remark B.4 (Dimensionality considerations: the uncorrelated case) The constant K
in the theorem above does not depend on the dimension d of the data in the case where the co-
variance matrix Σγ is the identity. For example, if µ is the law of a standard d-dimensional
Wiener process on X = C([0, 1];Rd), the corresponding Cameron-Martin space is given by

H :=

{
x ∈ L2([0, 1];Rd) : x(0) = 0, ẋ ∈ L2([0, 1];Rd)

}
,

and for x ∈ H,

∥x∥X := sup
t∈[0,1]

|x(t)|Rd = sup
t∈[0,1]

∣∣∣∣ ∫ 1

0
ẋ(t)dt

∣∣∣∣
Rd

≤
(∫ 1

0
|ẋ(t)|2Rddt

)1/2

= ∥x∥H ≡ ∥x∥µ.

Hence K can be taken to be equal to 1. However, what does (implicitly) depend on dimension
is the value of the topological conformance distX (x,C) because the norm of X depends on d.

The following straightforward consequence of Proposition B.3 provides asymptotic confor-
mance estimates in the particular case where µ is the law of a d-dimensional Wiener process
with (invertible) covariance matrix Σγ .

Corollary B.5 Let µ be the law of W in (B.2) and µL the law of the approximating
path WL in (B.1) on C([0, 1];Rd). Under Condition B.2, for any Borel measurable subset
C ⊂ C([0, 1];Rd) and any r > 0,

lim sup
L→∞

µL

(
x ∈ C([0, 1];Rd) :distX (x,C) ≥ r

)
≤ Φ

(
ĉ + r∥Σγ∥

1
2
op

)
≤ exp

{
−1

2

(
ĉ + r∥Σγ∥

1
2
op

)2
}
,

(B.3)

where ĉ := Φ−1(µ(C)) and ∥ · ∥op a matrix operator norm compatible with the norm on Rd

i.e. for all x ∈ Rd, |Σγx|Rd ≤ ∥Σγ∥op|x|Rd. Moreover, if the set C is closed, we can replace
the constant ĉ by Φ−1(lim supL→∞ µL(C)).

Proof By the multivariate version of Donsker’s theorem (Revuz and Yor, 2013, Chap-
ter XIII, Theorem 1.9), µL converges weakly to µ as L → ∞ in the topology of X =
C([0, 1];Rd). The variance/Cameron-Martin norm of µ is given by

∥x∥2µ =

∫ 1

0

∣∣(Σγ)1/2ẋ(t)
∣∣2
Rddt,
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and

∥x∥X ≤ ∥Σγ∥−1/2
op

(∫ 1

0

∣∣(Σγ)1/2ẋ(t)
∣∣2
Rddt

)1/2

= ∥Σγ∥−1/2
op ∥x∥µ.

This implies that the constant K in Proposition B.3 can be taken equal to ∥Σγ∥−1/2
op for

any matrix operator norm.

Corollary B.5 suggests that large values of the topological conformance dX (x;C), under
the measure µL, scale according to the covariance norm ∥Σγ∥op. As the dimension grows
it is clear that this quantity increases. For example, if Rd is equipped with the Euclidean
(2-)norm, then ∥Σγ∥2op = ∥Σγ∥22 = maxk=1,...,d λ

2
k, where λk are the eigenvalues of the

matrix Σγ(Σγ)T . Thus, in this case ∥Σγ∥op is non-decreasing as a function of d.
In view of these facts, a sensible conformance measure of a stream x ∈ C([0, 1];Rd),

discretely sampled from an underlying distribution γ ∈ P(Rd) with mean 0 and covari-
ance Σγ , from a corpus C ⊂ C([0, 1];Rd) would be the variance-adjusted topological
conformance:

DX ,γ(x;C) := ∥Σγ∥1/2op distX (x,C). (B.4)

Indeed, plugging the latter into (B.3) yields

lim sup
L→∞

µL

(
x ∈ C([0, 1];Rd) : DX ,γ(x;C) ≥ r

)
= lim sup

L→∞
µL

(
x ∈ C([0, 1];Rd) : distX (x;C) ≥ r

∥Σγ∥1/2op

)
≤ exp

{
−(ĉ + r)2

2

}
.

The importance of this estimate lies in the fact that probabilities of high conformance scores
are not affected by dimensionality as long as the scores are appropriately adjusted.
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Appendix C. Experimental Details

The raw nanopore direct sequencing data were obtained from the European Nucleotide
Archive (accession number PRJEB44511). Specifically we downloaded the modified and un-
modified samples with respective experiment accession numbers ERX6983963 and ERX6983965.
We converted the samples into the pod5 format using the command

pod5 convert fast5 <path_to_fast5>/*.fast5 --output Oligo_<Mod_or_Unmod>.pod5

Using the (.fa) reference sequence

>control

ATACTCGACATAGATAGGACTCTTTAGCTAGTGAACCCTAGCCTCCGGAGACAGGTCGCGACCTGTGTAGATGAGAGAAC

TGAGTGCACAAAAAAAAAAA

we basecalled the sample using Dorado (version 0.9.1) using the rna002 70bps hac@v3

model using the command

dorado basecaller <path_to_dorado_model>/rna002_70bps_hac@v3 sample.pod5 \

--reference ref.fa --emit-moves --emit-sam > basecalled_sample.bam

and event-level signal segmentation was obtained with Uncalled4, running the command

uncalled4 align --ref ref.fa --reads sample.pod5 --bam-in basecalled_sample.bam \

--eventalign-out --flowcell FLO-MIN106 --kit SQK-RNA002 --min-aln-length 5 \

--eventalign-flags print-read-names,signal-index,samples > aligned_sample.txt

For the modified sample, we had to additionally run the following commands before signal
alignment with Uncalled4

samtools fastq -@8 -T "mv,ts,pi,sp,ns" basecalled_sample.bam > sample.moves.fastq

minimap2 -y -ax map-ont -k9 -w1 --secondary=no -t8 ref.fa samples.moves.fastq \

| samtools sort -@8 -o sample.mm2.bam
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