ASYMPTOTIC BEHAVIOUR OF RANDOMISED FRACTIONAL VOLATILITY MODELS

BLANKA HORVATH, ANTOINE JACQUIER, AND CHLOE LACOMBE

ABSTRACT. We study the asymptotic behaviour of a class of small-noise diffusions driven by fractional Brownian
motion, with random starting points. Different scalings allow for different asymptotic properties of the process
(small-time and tail behaviours in particular). In order to do so, we extend some results on sample path large
deviations for such diffusions. As an application, we show how these results characterise the small-time and tail

estimates of the implied volatility for rough volatility models, recently proposed in mathematical finance.

1. INTRODUCTION

Large deviations are used extensively in Physics (thermodynamics, statistical mechanics) as well as in Math-
ematics (information theory, stochastic analysis, mathematical finance) to estimate the exponential decay of
probability measures of rare events. Varadhan [61], Schilder [56%], Freidlin and Wentzell [82] proved, in different
degrees of generality, large deviations principles (in R™ and on path space) for solutions of stochastic differential
equations with small noise, and the monographs by Dembo and Zeitouni [22] and Deuschel-Stroock [25] provide
a precise account of those advances (at least up to the mid-1990s). In the past decade, this set of techniques
and results has been adopted by the mathematical finance community: finite-dimensional large deviations (in
the sense of Gértner-Ellis) have been used to prove small-and large-time asymptotics of implied volatility in
affine models [ZR, &1], sample-path LDP (& la Freidlin-Wentzell [82]) have proved efficient to determine im-
portance sampling changes of probability [8R, BY, 57|, and heat kernel expansions (following Ben Arous [IT]
and Bismut [T3]), have led to a general understanding of small-time and tail behaviour of multi-dimensional
o

diffusions [8, [,

A, 3, 2d]. These asymptotics have overall provided a deeper understanding of the behaviour of
models, and, ultimately, allow for better calibration of real data; a general overview can be found in [B3].

Motivated by financial applications, we derive here asymptotic small-time and tail behaviours of the solution
to a generalised version of the Stein-Stein stochastic volatility model, originally proposed in [69, 60]. We in
particular consider two important (in light of the recent trends in the literature proposed models) extensions:
(i) the SDE driving the instantaneous volatility process is started from a random distribution; this so-called
‘randomised’ type of models was recently proposed in [48, &7, 51], in particular to understand the behaviour of
the so-called ‘forward volatility’; (ii) the volatility process is driven by a fractional Brownian motion. Fractional
stochastic volatility models, originally proposed by Comte and Renault IR, 9] with H € (1/2,1), have recently
been extended to the case H € (0,1/2), and a recent flourishing activity in this area [2, B, 33, B, 42 has
established these models as the go-to standards for estimation and calibration.

The original motivation behind randomisation of the initial starting point is rooted in financial practice, where

only the initial value of the stock price process is observed directly and the instantaneous value of volatility is
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subject to calibration. The effect of randomisation of the initial volatility on the implied volatility surface was
explored by Jacquier and Roome [d3] in a simple ‘random environment’ setting, where the volatility component
was assumed to follow CEV dynamics. Their results give an impetus both on the theoretical and the practical
level: they solve a practical modelling problem in a simple tractable setting and at the same time raise awareness
for the potential prowess of applying random evolution equations for financial modelling. In this paper we follow
up on this direction and blend more involved approaches (proposed by [60, 52]) from the literature around
random environment and random evolution equations into our financial model, where randomness also appears
in the drift and diffusion coefficients of the process. On the practical level, independently from the results of [&3],
Mechkov [51] goes a step further in endorsing the idea of randomising the initial volatility and makes a strong case
to move away from modelling hidden variables (such as stochastic volatility) in the traditional way. He argues
that starting the volatility from a fixed starting point heavily underestimates the effect of the hidden variable
on the slope of the implied volatility smile, and therefore ‘hot start’ volatility models (with random starting
point) significantly outperform traditional ones altogether. Indeed, both randomised models [@5, 51] produce
the desired explosion in the smile at short maturities. Jacquier and Shi [d7] develop this further by providing
a precise link between the rate of explosion of implied volatilities on the short end and the tail distribution of
the initial distribution of the volatility process in a ‘randomised’ Heston model. These outputs confirm that
stochastic volatility models with random starting point constitute a class of counterexamples to the long-standing
belief formulated by Gatheral [88, Chapter 5], that jumps in the stock price process are needed to produce steep
short-dated implied volatility skews. Another example of broadly different design was provided by Caravenna
and Corbetta [[H]. In their ‘multiscaling’ model, the stock price process is continuous, while the volatility
process has (carefully designed) jumps, and steepness of the smile is achieved with a heavy-tail distribution of
the small-time distribution of the volatility. Rough fractional volatility models (with continuous volatility paths)
have recently been proposed, and are able to capture the volatility skew [2, B, O, 26, 29, B3, B7, 40, 43]. In this
paper we analyse the combined effect of a rough fractional Brownian driver (with Hurst parameter H € (0, 1))
in the volatility and a random starting point. We quantify how the tail behaviour (parametrised by a scaling
coefficient b > 0) of the random starting point modulates the rate of explosion in the implied volatility in the
presence of rough fractional volatility. Finally, in a specific simplified setting we highlight how our model blends
naturally into the setting of forward-start options in stochastic volatility models, whose asymptotic properties
have been studied in [46]. In proving our results, we improve the large deviations literature on both SDEs with
random starting points and fractional SDEs.

In Section B, we recall some concepts that will be used in the paper and set the notations. We also introduce
the model (E), and the main assumptions on its dynamics and on the initial random starting point. Section B
collects the main large deviations estimates in different regimes: tail behaviour (Section B), and small-time
behaviour (Section B2). In each case, we present two different scenarios consisting of an appropriately rescaled
fractional model (Theorems B and BZ2) and a simplified diffusive model (Theorems BB and B13) with more re-
strictive conditions on the random starting point (allowing for simpler large deviations rate functions). Section @
displays applications to implied volatility asymptotics (Corollaries B and B-2), and presents an application to

forward-start options. Proofs can be found in Appendix.
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2. SET UP AND NOTATIONS

As outlined in the introduction, we prove pathwise large deviations for a two-dimensional system generalising
the Stein-Stein model [69, B0], with random initial datum. In particular, via suitable rescaling, we determine
the small-time and the large-tail behaviours of the system. Before delving into the core of the paper, let us recall
some useful facts about large deviations and Gaussian processes, which shall also serve as setting the notations
for the rest of the paper. Unless otherwise stated, we always work on a finite time horizon, say [0, 1] without
loss of generality, which we denote by T, and we write 7* := T \ {0}. We let C := C(T,R) be the space of
continuous functions from 7 to R and C? the space of twice differentiable functions on 7" with bounded partial
derivatives up to the second order. We write X ~ LDP(h.,I) when the sequence (X¢).~( satisfies a large
deviations principle (Definition E2) on C, as € tends to zero with good rate function I and speed h., where h.

denotes a function satisfying lim. o h. = 0. For a random variable X, we denote by supp(X) its support.

2.1. Large deviations and fractional Brownian motion. We shall use [22, Chapter 1.2] and [22, Chapter
1] as our guides through large deviations. Given a topological space X and the completed Borel o-field By
corresponding to X, for any A € By, we denote by Aand 4 respectively its interior and closure, and consider

a sequence (X¢).so on (X, By).

Definition 2.1. A (good) rate function is a lower semi-continuous mapping I : X — [0, oo] such that the level

sets {z : I(z) < z} are closed (compact) subsets of X for any z > 0.

Definition 2.2. The sequence (X¢).s¢ satisfies a large deviations principle (LDP) on (X, By) as € tends to
zero, with speed h., and rate function I, if for any Borel subset A C X, the following inequalities hold:
(2.1) —inf I(p) <liminf k. logP(X® € A) < limsup h.logP(X*® € A) < —inf I(p).

Ae el0 el0 A

A particularly convenient tool to prove large deviations is the so-called exponential equivalence, which we

recall from [2, Definition 4.2.10] as follows:

Definition 2.3. On a metric space (), d), two Y-valued sequences (X¢)_. 4 and (X %) are called exponentially
equivalent (with speed h.) if there exist probability spaces (2, Be, P ). such that for any € > 0, P¢ is the joint
law and, for each 6 > 0, the set {w : ()?5, X®) e F(;} is B.-measurable, and

limisoup helogP* ({(7,y) : d(g,y) > 0}) = —o0.

Theorem 2.4. Let (X°),., and ()Z'E)DO be two exponentially equivalent sequences (with speed h.) on some
metric space. If (X¢) ~ LDP(h., AX) for some good rate function A, then (X¢) ~ LDP(he, AX).

On a real, separable Banach space (£, ]| - ||), we denote by B the associated Borel sigma field. Letting £*

denote the topological dual of £, we define a Gaussian measure as follows:

Definition 2.5. A Gaussian measure p on (€,] - ||) is such that every 9* € £*, when viewed as a random

variable via the dual pairing ¥ — (9*,9)¢g+¢, is a real Gaussian random variable on (€, B, ).

We associate a Gaussian process to a Gaussian measure in the usual way [[6, Section 3.2]. Particular examples
of Gaussian processes, crucial for the rest of the paper, include standard Brownian motion on the time interval T,

where £ = C equipped with the supremum norm and with the topology of uniform convergence, and £* is the
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space of signed measures on 7. In fact, this construction applies to all (centered) continuous Gaussian processes,
which are uniquely characterised by their covariance operator. A fractional Brownian motion W with Hurst

parameter H € (0,1) is such a Gaussian process, starting from zero, with covariance
1
(WH WY = 5 (|t|2H + |57 =t - s|2H) , for any s,t € T.

Of primary importance in understanding small-noise behaviours of Gaussian systems is the concept of repro-
ducing kernel Hilbert spaces (RKHS), which we recall following [06, Definition 3.3]:

Definition 2.6. Let ;1 be a Gaussian measure on £ and define the map R : £* — € by Ra* := [, (¢*, z)zu(dz).
The RKHS H,, of ;1 is the completion of the image RE* for the norm [|[Rx*(|%, = ({z*, Rx*))l/Q, for all * € £*.

To characterise the RKHS of fractional Brownian motion, the usual tool is its Volterra representation [54]
¢
(2.2) Wﬁfzz/AKH@,ﬂdB&
0

which holds almost surely for all ¢t € T, where B is a standard Brownian motion generating the same filtration
as WH and K is the Volterra kernel defined, for any s,t € T with 0 < s < ¢, by [64, Theorem 5.2]

“H[@@—gﬁ—H'LWZ:ﬁqu, it H < L

sH- 2
H_ [t uwH-du 1
(2.3) KM (t,s)={ kn / it H > <
sH= [, |u—s|t—H-" ! = 2’
1, iH =L
2
2HT(1—H_) \?

. For t € T*, the map K% (t,-) is square integrable

ith H. .= H+ % d =
T 2 e b (F<H+>r<2—2H>

around the origin, and the reproducing kernel Hilbert space of the fractional Brownian motion is given by

t
Hyrm = {/ KH(t,s)f(s)ds,t €T : f € LZ(T)}
0
with inner product

</O KH(-,S)f1(s)ds,/Oi KH(-,s)f2(8)ds>HKH = (f1, f2) -

The notation H g n, emphasising the link with the underlying kernel, will be useful later (in Definition £72) for
more general kernels. In particular, the RKHS associated to (standard) Brownian motion (H = 1/2) is the
Cameron-Martin space, and corresponds to the space of absolutely continuous functions starting at zero, with
square integrable derivatives. In other words, for any H € (0,1)\ {1/2}, the identity Hxn = KguL?(T) holds,
where Kgn : L2(T) 3 f — fg KH(t,s)f(s)ds. This characterisation motivates the following definition:

Definition 2.7. For any strictly positive function ® : R — R such that ®(¢,-) € L?(T) for any ¢t € T, the
corresponding RKHS is defined as

(2.4) He = {/ D(t,s)f(s)ds,t €T : f € L2(7')}7
0
with inner product

</ @(.,s)fl(s)dsy/‘ c1>(.,s)f2(8)ds>H¢ = (f1, Fodpagry-

0 0
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t

Reproducing Kernel Hilbert Spaces, together with their inner products, turn out to provide the right
spaces to characterise large deviations rate functions. In particular, for a given Gaussian Volterra process
of the form fo s)dBg, for some Volterra kernel @, it follows from [25, Theorem 3.4.5] that the sequence

fo $)dBs)e>0 satlsﬁes a large deviations principle with speed 2 and rate function

1 .
(2 5) A@(Sﬁ) — §||(p||7'lq>a lfﬁﬂ e?‘[q),

00, otherwise.
An obviously special role is played by the standard Brownian motion H = 1/2, and we shall adopt the simplified

notation H (the classical Cameron-Martin space) and A in place of Hy1/2 and Agiye.

2.2. Setting and assumptions. The particular system we are interested in is

1
dX, = —ia(Y})th +0(Yz) (pdB; + pdBi"), Xo =0,

(2.6)
aY; = (A + BY;)dt + €AW, Yo~ 6,

where WH is a fractional Brownian motion, with Hurst parameter H € (0,1), (B, Bt) is a two-dimensional
standard Brownian motion, 5 < 0, A\, >0, p € (—1,1), p:= ﬂ, and © is a square-integrable continuous
random variable. In order to guarantee existence and uniqueness of a strong solution, we further assume [53,
Theorem 3.1.3] that o is Lipschitz continuous, satisfies the growth condition |o(y)| < C(1 + |y|) for y € R, and
is differentiable with locally Hélder continuous derivative. In order to prove our main results below, we make
the following technical assumptions:

Assumption A,: There exist a measurable function ¢ : R — R, with locally Holder continuous derivative,
such that & is Lipschitz continuous, satisfying the growth condition |7 (y)| < C(1 + |y|) for y € R, as well as a
constant b > 0 such that the scaling property lim. £’ (y/e®) = (y) holds true uniformly on R.

3. MAIN RESULTS

Centrepiece of our analysis are large deviations estimates for suitably rescaled versions of (28). The first
rescaling (presented in Section B) is tailored to the analysis of the tail behaviour of (E8), while the second
rescaling (Section B2) is bespoke to its short-time asymptotic properties. In addition to these asymptotic results
in the general fractional case (Theorems Bl and BZ2), we present two special simplified diffusive cases, where
particularly tractable rate functions can be obtained (Theorems B8 and B3 respectively). For this we impose
stronger conditions (Assumption B4) on the random starting point. This allows us to establish, following [62]
in Section BT, an exponential equivalence between (E8) and an analogous process with fixed starting point.
In Section B2 we construct a third rescaling (83) inspired by Mellouk [60] in the short-time diffusive case
under the assumption that the support of the random starting point is bounded. We shall work with rescaled
versions Y€ of the process Y in (28) (see (B) and (BZ4) for specific examples), together with a function h,
describing the speed of the large deviations estimates, for which we introduce the following assumptions:

Assumption A;: There exists a family of continuous functions (¢, ),>0 on R such that
(1) (0n)n>o0 converges uniformly to o on R;
(i) for all § > 0, hTm limsup h.logP (|o,(Ye) —a(Y®) > 4|) = —o0.
ntoo  ¢10
Assumption A (tail behaviour of ©): The limit limsup h. logP(¢°|©] > 1) = —cc holds.
el0

In Assumptions A; and Ab® above, the large deviations speed h. takes the value £2° in Section Bl and ¢H+2?
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in Section B2 respectively. The constant b (which may vary below) plays an essential role in subsequent large
deviations estimates, via exponential equivalence techniques (Definition Z3). Assumptions A, and Aj are
naturally satisfied in the fractional Stein-Stein case (where o(y) = y), but imposing them allow us to state our

results for more general o, in particular when using extended Contraction Principles [d9, Proposition 2.3].
3.1. Tail behaviour.

3.1.1. The general case. For b,e > 0, introduce the rescaling (X¢,Y?) := (¢2°X,£%Y"), so that (Z8) becomes

e (Yf ’ e 1
g __ =, —
AV = (ePA + BYF) dt + bed Wi, Y¢ ~ bo.

The particular rescaling considered here is perfectly suited for tail behaviour, as large deviations provide esti-
mates for P(X® > 1) = P(X > ¢~2%). Our main result is as follows, and is proved in Appendix BET3:

Theorem 3.1. For any H € (0,1), the following hold:
i) for any b > 0 such that AD holds, Y ~ LDP (£2°, Apr ), with Apn in (223) and F¥ in Lemma B3;
b
ii) for any b > L such that Assumptions Ay, Aj, A hold, X ~ LDP Ezb,K , with A in (B3).
2 b b

The proof of the theorem, developed later, requires a precise analysis of the Reproducing Kernel Hilbert
Spaces of the processes under consideration, and we first state the following two key ingredients (proved in
Appendices BT and BATA), which are also of independent interest:

Lemma 3.2. For any H € (0,1) and 8 > 0, there exists a standard Brownian motion Z, such that

t t
(3.2) g/ eﬁ(t_s)dWSH:/ FA(t,s)dZ,,
0 0

holds almost surely for t € T, where F2 . T x T — R is defined for 0 < s < t, with kg in (Z3), as

?% [[t(t — )]~ —i—/t{l —2H —i—B} [u(u — s)}H*eB(t_“)du , ifH < 1,

2u 2

" ExpH_ [t ul-ePl—ug 1
FH(t,s) = kgH_ ut-e ] Fi s L
sH— ), (u—s)t=H-" ! 2’

gefli=2), if H = %

The case f = 0 (and & = 1) is excluded since, in that case, the lemma boils down to the classical Volterra
representation of the fractional Brownian motion (23) and the function F is nothing else that K given
in (Z3). For H € (%,1), the expression for F# is in agreement with [62, Definition 2.1], but, for H € (0, 1), it
corrects the slightly erroneous expression therein. This function F# allows us to fully characterise the following
RKHS, with proof postponed to Section BE—T2:

Proposition 3.3. Forany H € (0,1), 8 > 0, the space Hpu is the RKHS of the Gaussian process £ fo ePl=s)dWwH

3.1.2. The Millet-Nualart-Sanz approach. In [62], Millet, Nualart and Sanz consider a perturbed stochastic
differential equation of the form
(3.3) dX5 = b(e, X§)dt + ea(X5)dWs.

Here, for any € > 0, the functions b(e,-) : R* — R™ and a : R — M, 4)(R) are bounded Borel measurable

and uniformly Lipschitz, b(e, ) converges uniformly to a function b(-) as £ tends to zero, W is a d-dimensional
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Brownian motion, and X§ is an R"”-valued square-integrable random variable. Existence and uniqueness of a
strong solution can be found in [31, Chapter 5, Theorem 2.1]. Following classical large deviations steps, consider,

for any ¢ € H, the controlled ordinary differential equation on T

(3.4) Uy = alge)pr + b(ty),

the solution flow of which, starting from xo € R™ is denoted by Sy, (¢). Millet, Nualart and Sanz [62] proved a

large deviations principle [62, Theorem 4.1] for the sequence (X¢).~o under the following assumption:
Assumption 3.4. Both a(-) and b(-) belong to CZ, and there exists xg € R such that, for any § > 0,

(35) lim sup =? log P (X5 — xo| > 6) = —oc.
el0

Theorem 3.5. Under Assumption B2, (X%)eso ~ LDP(2, 1) with I(¢)) = inf{A(¢) : p € H,¥ = Sx,(¢)}

Condition (B3E) is an exponential equivalence property between the initial random variable X§ and the

constant xg, and ensures that large deviations are preserved under exponentially small perturbations of the
1
92
Theorem B with a simplified rate function (albeit with slightly more restrictions on the starting point), by

starting point. Therefore, in the standard diffusion case H = it is possible to obtain a similar result to
using the approach considered by Millet-Nualart-Sanz in [52]. For this, we rewrite (833) to correspond to (BI),

albeit with stronger assumptions on the coefficients, with W := (W7, W)’ a Brownian motion, X = (X¢,Y*),
H=1/2,¢—¢" X5 =(0,60), and p := /1 — p2,

b(e, XE) = <—§6<Yf>2> and  a(XE) = (/ﬁ(Yf) p5(Yf)> |
ex+ BYfF 0 £

The correlation between the two components of W is explicitly represented in the diffusion matrix a.

Theorem 3.6. Under Assumption B4, the solution X¢ to (83) satisfies (X%)eso ~ LDP(e2,1) with I(x) =
inf {A(p) : 0 € H,x = S, (TP())} and TP : R? 5 2+ <g’ i’) 2,.
Proof. The proof of Theorem B3 relies first on proving a large deviations principle for the flow Sy, using
Schilder’s theorem [22, Theorem 5.2.3], then on extending this LDP to the original system. One can easily
extend it to include a correlation parameter p € (—1,1), the main difference being the rate function. Indeed,
since W3 and W are independent, Schilder’s theorem yields that (W3-, W5)" ~ LDP (g%, A). Since the map ¥*
is continuous on (C, || - ||so) and eW’ = WP (g(Ws-, W3)'), the theorem follows from the Contraction Principle

giving an LDP for eW’ as ¢ tends to zero with speed £2 and good rate function

(3.6) AP (¥) == inf {A(p) : p € H, 9 = U (p)}.
0

3.2. Small-time behaviour. We now tackle the small-time behaviour of the process (Z8). Under the general
set of assumptions Ay, Ay}, A?, we need to introduce a particular rescaling, both in time and in space in order to
observe some weak convergence. This is different from the classical It6 diffusion case (with fixed starting point),
where solutions of such SDEs generally converge in small time. In the It6 case, though, if the distribution of the

starting point has compact support, we show in Section BZZ2 that space rescaling is not required any longer.
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3.2.1. The general case. With the rescaling (X7, Y/) := (e2H 201X 5, £%V,2,), with b > 0, (Z8) becomes

c2H+1+2b ye 2 YE
(3.7) dX; = - (;}) dt + 225 <5 ) (pdB; + pdBi-), X§ =0,
AV = (ePT2X + Be?YF) dt + e2HThedWH Y§ ~ ebe.

Our main result is as follows:

Theorem 3.7. For any H € (0,1),
i) for any b > 0 such that AY holds Y& ~ LDP (e*+20 A u ), with Agn as in (2Z3);
b GI el;
(it) if b> 5 — 2H such that Ay, A}, AP hold, X° ~ LDP(e*#+2 1) with I defined in (B0).

The proof of (i) is similar to that of Theorem BII(i) and relies on proving LDP for an auxiliary process, defined
in (B), exponentially equivalent to the original (rescaled) process Y. The proof of (ii) is more involved and
postponed to Appendix B2, In order to state the following key result, define, for any ¢ > 0, GH as the
function F¥ in Lemma B3, replacing 8 by ﬂEQ and for s,t € T with 0 < s < ¢, its pointwise limit

¢k H_ ufl- 1
i S (u—s)1 Z—d for H € 37 10,
H 1; H _ fliH — 1
Gy (t,s) == 151J1/101GE (t,s) = .SH(( (t—s)" —H_ / )= 1du) for H € (0 2>,
1
3 for H = 5

The following proposition is similar to Proposition B3, as G{(¢,-) € L2(T) and for all 0 < s < t, G& (¢, 5) > 0,

and its proof is omitted.
Proposition 3.8. For any H € (0,1), the space Hegu is the RKHS of the Gaussian process Jo GH (-, s)dZ,.

3.2.2. Small-time asymptotics for bounded support in the diffusion case. In the standard case H = %, the
rescaling in the previous subsection is not really ‘natural’, in the sense that small-time weak convergence usually
holds for Ité diffusions without space rescaling. In this case, using an approach introduced by Bezuidenhout [T
and further developed by Mellouk [560], we can obtain simpler large deviations estimates if the support of the

initial datum © is bounded. A simplified version of Mellouk considers, for any £ > 0, the system, on T,
(3.8) dX§ = b(X§, Z)dt + ea(X5, Z)dWy, X5 =x0 € R",

where b : R" x R™ — R" and a : R" x R™ — M, 4) are bounded Borel measurable, uniformly Lipschitz
continuous, Z is a random variable with compact support on R™ and W a d-dimensional standard Brownian
motion, independent of Z. The main result of the paper is a large deviations principle on C*(7,R™), the space

of a-Holder continuous functions, for 0 < a < %, for the sequence (X¢).~o, under the following assumptions:

Assumption 3.9.

(H1) b(-,-) is jointly measurable on R™ x R™ and there exists C' > 0 such that, for all x,x’ € R", 7,7z’ € R™,
b(x,2)| <C(1+[x))  and  |b(x,2) = b(x',2')] < C(|x — x|+ |z = 7|).
(H2) a(,-) is jointly measurable on R™ x R™ and there exists C' > 0 such that, for all x,x’ € R, z,2" € R™,

la(x2)|<C  and  la(x,z) —a(x,2)|| < C(lx — x|+ ]z = Z)).
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For f € H, u € supp(Z) and xo € R", let Sy, (f,u) denote the unique solution to the controlled ODE
gr = Xg + fot (gs, us)ds + fo a(gs,us) fsds, for t € T. Let us now introduce the following definition:

Definition 3.10. Let a € [0, ) and B, be the ball of radius a in the a-Hélder norm. The lower semi-continuous
regularisation I : C*(T,R™) — C*(T,R™) of a functional I : C*(T,R™) — C*(T,R™) is defined as

I() = Timinf {I(¢) : ¢ € Ba(v)}
Theorem 3.11 (Theorem 2.1 in [60]). Under Assumption B3, (X).so ~ LDP(e2, I*), where (with A in (23))

I%(¢) == inf {A(p) : ¢ € H,Sx,(p,u) =1, for some u € supp(Z)} .

Coming back to our model, the rescaling (X§,Y?) := (X.24, Yz2;), equivalent to that of Section B0 with
b=0and H = %, the small-noise system (E8), under Assumption A, becomes, similarly to Section B2,

2
AXF = —Z5(Y7)%dt + €5(Y7) (pdB: + pdBf) . X5 =0,

Yy = (A + p2Yy) dt + e€dBy, Y§~ 6,

(3.9)

with B a standard Brownian motion. Subtracting the initial random datum X§ = Xo = (0, ©)’, this system can
be expressed in the form (BX) with X¢ = (X°,Y*),

]-~ 15 2 ~ € -~ e
(3.10) b(e, X%, Xp) = g2 7§U(Yt +0) and a(X¢, Xo) = (pJ(Y; +0) po(YF+ 9)) ,
AT BYE +©) ¢ 0

and note that b(e, -, ) converges to the null map as ¢ tends to zero. The assumptions imposed in [60] on the
drift and diffusion coefficients are clearly satisfied here. While Mellouk allows the drift and diffusion to depend
explicitly on external random factors, we can write our setting (dependence on a random starting point) into
this framework. The large deviations estimate for the sequence (X¢).s0 = (X%, Y¢).~0 thus obtained is stronger
than that in the previous section, as it holds on C*(7,R™), for any 0 < o < % Note that the mild conditions
on the coefficients [b0, (Hy)-(H2)] are easily satisfied in our case, so the only additional assumption is the
boundedness of the support on ©. We remark here that [50] is not directly applicable to the current setting
but has to be extended to include e-dependence in the drift, and we do so following the Azencott [d]’s inspired
approach developed by Peithmann [66, Subsection 2.2.1]. In order to state LDP (proved in Section B=3), we

impose the following assumption:

Assumption 3.12. For u € supp(Xp) and ¢ € H, the ODE 1, = fo a(vs, us)psds has a unique solution on T,
denoted by Sp(p,u).

Theorem 3.13. Under Assumption @13, if © has compact support, then (X)eso ~ LDP(EQ,fO‘), with
I¢() = inf {A”(p) : ¢ € H, such that So(p,u) = 1), for some u € supp(Xo)},

with AP defined in (BH).
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4. APPLICATIONS TO IMPLIED VOLATILITY ASYMPTOTICS

As announced in the introduction, we unify here two branches of research, both aimed at reproducing the
steepness of the implied volatility surface on the short end via models with continuous paths. While there are now
numerous outputs [2, 8 O, 29, B3, B7, &3] in the literature confirming that a fractional driving noise (with Hurst
exponent H < 1/2) in the volatility leads to the observed steepness of the smile, recent results [A5, &7] reproduce
this effect by randomising the initial volatility in classical diffusive models. In this section we demonstrate how
to modulate the two effects with respect to one another. In the Black-Scholes-Merton model, the price of a
European Call option is Cps(t,e*,Y), with associated volatility Y. Considering a market with observed Call
option prices Cops(t, eF), with maturity ¢ and strike e*, we denote by ¥;(k) the implied volatility, defined as the

unique non-negative solution to Cps(t,e*, ¥ (k)) = Cops(t, e¥).

4.1. General fractional case. From Theorems Bl and BZ4, we can deduce the asymptotic behaviour of the
implied volatility for large strikes and for small maturities. We state those below, and postpone the proofs to
Appendices B and A~F.

Corollary 4.1. (Large-strike implied volatility asymptotics) For any H € (0,1) and any b > 1/2 such that
Theorem B holds, we have the following large-strike asymptotic estimates of the implied volatility:

S2(k)t 1 ~ ! ~
lim =% = — | inf A(¢)]g,=y with A as in (B33), and for any t € T.
kteo K 2 \y>1

Similarly, from Theorem B™ we can deduce the asymptotic behaviour of the implied volatility when time

becomes small. The following Corollary generalises [29, Corollary 4.10].

Corollary 4.2 (Small-time Implied volatility asymptotics). For any H € (0,1) and any b > 1/2 — 2H such
that Theorem B-1 holds, the following small-time estimate is true for any k # 0:

k2 -
b2 (1/2-H—by) _ . - ,
(4.1) lt%lt Do (t k:) =3 (;I;%I(gb)bl_y) . with I as in (B).

This implies that the implied volatility explodes with rate ¢t=°. For b = 0, it is identical to [29, Formula (26)].

4.2. Refined asymptotic results in the special diffusive case from Sections BET-2 and B=22.

4.2.1. Large-strike asymptotics. We consider here a specific case of a multidimensional diffusion, as we are only

interested in studying its tail asymptotics. Let X¢ := (X&1 ... X%") be the unique strong solution in R™ to
¢ 7xs ¢ ¢ _
dX; = b(X;)dt + a(X;)dWy, X5 =¢,

for some d-dimensional standard Brownian motion and some square integrable random variable ¢, and with

b:R" - R" and a: R" — My,4)(R). Consider the following scaling assumption:

Assumption 4.3. There exist by, --- ,b, > 0 with b; = 2 such that X< := (EleC’l, e ,Eb"XC’") satisfies
(4.2) AXSC = eb(e, XSOt + ca(XS)AW,, X = (eblg“), o ,abnd")) .

Furthermore, eb(e, - /¢) converges uniformly to some function b(-) as € tends to zero.

We can then state the main result about tail asymptotics:
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Proposition 4.4. Under Assumption -3, if there exists xo € R™ such that for any § > 0, limsup, g2 log P(|¢—
xo| > ) = —o0, and if the triple (xo,b(:),a(-)) satisfies Assumption 54, then

11&)152 logP(eXs! > 1) = 11&)152 log P(e X[ > 1), foranyteT.

The scaling from Assumption B3 may be odd at first, but reflects the fact that components of stochastic

models may each act on different scales. Consider for example the Ornstein-Uhlenbeck process, solution to

dX; = —3V2dt+YdW,,  Xo=¢,
dYy = (A+BYy)dt +&dB, Yo =10 >0,

where W and B are two correlated Brownian motions. The rescaling (X¢,Y¢) := (¢2X,eY) (corresponding to
by =2 and by = 1) yields
dX;
dyye

—L(YE)2dt + eYFdWs,  X§ = €2,
(eA + BYy)dt +e€dBy, Y5 =eyo >0,

namely (), and the assumptions are satisfied.

The proof of Proposition B4 is postponed to Appendix B-@. The assumption of the random initial condition
Xg = ( being Fp-measurable distribution can be relaxed. Indeed, the filtration F is the filtration generated by
the d-dimensional Brownian motion W. Instead, one could work on a filtration F' := (F{),.. generated by
Fl:=c({W,,u < t}U{C}), for all t € T*. Then the random initial point X$ has a Fj-measurable distribution
and the results above still hold, in particular Theorem B& and Proposition B4, on the new filtered probability
space (2, F', (F'),c7» P). In the context of implied volatility asymptotics, this result has the following meaning:

Corollary 4.5. The wings of the smile are independent of the starting point (¢ or xg).

Proof. Gao and Lee [B4] show that asymptotic behaviour of the implied volatility can be directly inferred from
comparing tail probabilities to those of the Black-Scholes model. It is straightforward to see that the scaling of

Proposition B4 is the same in Black-Scholes, and the corollary follows immediately. O

4.2.2. Small-time asymptotics for the ‘forward’ Stein-Stein model. We are interested in a ‘forward’ process, as
defined by Jacquier and Roome [@5] in the context of forward-start European options:
+
]E<SHT — ek) = E(eX“rT*Xt — e’“)Jr =: E(eXg) — ek)+,
St
with (Xit))7>0 the so-called ‘forward’ process, defined path-wise by Xg) = Xy — X, for some fixed t > 0,

and for all 7 > 0. The ’forward’ process (Xg))r20 then satisfies the following stochastic differential equation:

1 t
X = S (V)7 + YO, x{M=o,

(4.3)
a0 = A+ Y Ndr + €dWar, VD ~ oy

The stochastic differential equation for (Xg), YT(t))TZO is the same as that for (X, Y;):>0, albeit with an initial
random distribution (dg, 0¢), where oy is Gaussian with mean e (oo + %) - % and variance %(ewt —1). We
now apply the results of Section BZZ2 to obtain small-time asymptotics for a version of the Stein-Stein ‘forward’

model with a generalised random starting point.

Proposition 4.6. With the scaling (X2,Y?) := (XSLYE(Q) for e,t > 0, the randomised Stein-Stein rescaled

model (B33) is the same as (BA) with coefficients given in (B1W), with 6(y) =y, and Theorem BL3 applies.
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We can translate this result into forward implied volatility asymptotics directly using [27, Theorem 2.4], and

refer to this very paper for a precise definition of the forward implied volatility ¥, ;:

k2 . - .
Corollary 4.7. The small-time forward smile reads h{% 57 (k) = 5 (121;€ Ia(¢)|¢,1_y) , with 1% in Theo-
T y>

rem B13.

APPENDIX A. PROOFS
A.1. Proof of Theorem B
A.1.1. Proof of Lemma &3. From [62, Definition 2.1], for any smooth function f on 7 with bounded derivatives
such that || f|| := [ (TF . f(t ))2dt < oo, define, for t € T, fo w)dWH = fo Uy o f(w)dZ,, with

d
T3 f(s) = — ;H ©/ e (u— )" f(u)du,  for all s € (0,1].

Applying this to f(s) := £€e?(*=%) one obtains the following:

(1) for H < 3, using integration by part and Leibniz’s integration rule,

L = ™
— [ v (u—s u)du
ds
_ d g(t_S)H+tH_ d H_ ! (U_S) ,B(t w) ﬁ H+ H_ ,B(t u)
= ds{ A + 1 _§H+/s THC du—i—f / du
—£(t —s) 7tH‘+§H / Pt gy — fﬁ/ u—sH Ho oB(t=u)qq,,
Hence,
. . ke d H_(  H-
T () =~ S [l ()" f(u)au
t t_ NH-
= iﬁ% ((t—s)H—tH‘ +ﬂ/ (u—s)H’uH‘eﬁ(t*“)du—H_/ meﬁ(t“)du>.
(2) for H > %, using Leibniz’s integration rule,
t
di ’U,H’(ufs H, / f—u U—S)H PU=w) qy = —¢H_ / 7leﬁ(t7u)du’
S S
and hence
. ky d [t - ExpH_ [1 _ ,u
Uy f(s) = - ds ), u=(u— )7 f(u)du = | ul (u — s)-"1eft=Wqy

A.1.2. Proof of Proposition @3. In order to prove that H pu is the RKHS of the Gaussian process & [, Pl=s)awH,
one needs to show that the operator Kpx is a bijection from LQ(T) to Hpr and that Hpwr is dense in C.

The operator Kpu acting on L?(T) defined by (Kpu f)(t fo FH(t,s)f(s)ds satisfies KpuL?(T) =: Hpn
and is surjective. It is also injective on Hpw: let f € L? ('T) a non-zero function such that (Kpz f) =0 on T*.
Similar to [29], there is an interval [t1,t2] C 7 where f has constant sign. Using previous notations, F¥ is
defined, for t € 7* and s € (0,t], as FH(t,s) := €05, eA(t=%)_ The function g(s) := ¢ [, u! s)H-eBlt=u)qy
is increasing, hence F' (¢, -) is a positive function on [0 t] and ftz FH(t,s)f(s )ds > 0, leading to a contradiction.
Thus Kpr is injective on Hpw, hence bijective from L2(7) to Hpu. Since Kpu is a linear operator, one can

then define (Kpu f1, Kpu f2>,HFH = (f1, f2>L2(T) as an inner product.
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The second part of the proof consists in showing that Hpr = KpuL?*(T) is dense in C. We claim that
FH(t,)~1 € L2(T). Indeed, as shown in the proof of [62, Theorem 3.1], the following hold for all 0 < s < ¢:

e if0<H< 3, FA(t,s) > ErpstHrH-(t — )7~ > 0, leading

2H _
/t ds < 1 /t s e 1 /t SH g (2—2H -
o FH(t,s)? = Er3t2H- Jo \t—s = Er% M- o 2HE? K, ’

o if L <H <1, FA(t,s) > Erpe P8 (t — 5)H- so that

¢ ds 1 b e2Psdg 1 ¢ 1—e 26t
/ H 7 = 222t/ SH- S 72,2 2pioH /emsdsz 3,2 pH. <~ O
o FH(t,s) E2r%3,e20t Jo (t —s)2H- = 253, e2Pt2H- | 2882 k3,421~

Given a > 0, take for s € [0,t], fu(s) := ﬁis) € L2(T). Then, fg FH(t, 5)fu(s)ds = t:;i Hence, Hpn

contains all polynomials null at the origin, and by the Stone-Weierstrass Theorem, is dense in C.

A.1.3. Proof of Theorem B(i). Let Y~ denote the solution to the second SDE (B), starting from zero. The

product rule for (fractional) Brownian motion [63, Theorem 3.1.4] yields, for any ¢ > 0,

t
(A1) Vo A; (1— ) 4 g / B0y H
0

Since 5[6 ePC=WdWH is Gaussian, Lemma B2 combined with [23, Theorem 3.4.5] yields a large deviations
principle on C for the sequence (§5b fo eﬁ(‘_s)de)s>O, with speed £2° and good rate function Ap# as in (Z3).
Since the two sequences (Y )_. and (& [; e?C—)dwH ).~ only differ by some deterministic quantity, they

are clearly exponentially equivalent: for any 6 > 0 and ¢t € T*,

\ b
limsups%logP<H B(_g)dWHH >6> zlimsupEleogP(Hg(eﬁ' —1)” >6) = —00,
el0 00 el0 ﬂ 00

since 8 < 0, so that Y ~LDP (52b, A FH). Finally, the LDP for Y¢ follows again by exponentially equivalence:

—e , 0
B(|ye-77||_>0) =P(lr0c”|, >0) <P (|@| > 6,)) :
for t,e,d > 0, and the theorem follows from Assumption .Ab@.

A.1.4. Proof of Theorem [ZA(1i). We first prove large deviations for the Gaussian drivers of the process, which

we then, by means of iterated Contraction Principles, translate to large deviations for the whole scaled process.

(1) When H # 3, Lemma B.1 in [29] implies that (pB, WH) is Gaussian, so that e°(pB, WH) satisfies a
large deviations principle on C(7,R?), with speed £2° and good rate function
1 / 9 —
5 f(S) dsv (8071/)) € HH?
Lp,Y) =4 2J1 o
(503 7/}) ¢ HH?

(A.2)

where Hy is the RKHS for (pB, W) defined as
Hu :{(cp,z/J)GCQ: *p/ f(s)ds and ¥(-) /KH s)ds, forsomefGLz(T)}.

By independence of B+ with respect to B and W and using the Contraction Principle, ®(pB+ +
pB, WH) satisfies a large deviations principle on C(7, R?), with speed £2* and good rate function

I, ) i= it {(u,) + Bo(w)} = inf {Lu,9) + B(e —w)},
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where, with H; as in (23),

_ 1
P 2
= ds, € H,
L(w) := 2/0 fls)ds, w e Hy
w ¢ Hp.
(2) For H = 1, using the proof of Theorem B®, £*(pB* + pB, B)' satisfies a large deviations principle on

C(T,R?), when e tends to zero with speed £2° and good rate function A? defined in (B8).
We now introduce the process X< satisfying the following SDE dX¢ = — 302 (Yy)dt +£b5 (V) (pd By + pd Bf),

and translate this large deviations into one for the sequence X¢. Since the proof for the H # 3 L case is
the same as the one for H = , albeit with a different rate function, we concentrate on the former case.
Since Y7 = ebeftO — /\Tab(l - eﬁt) + gb¢ fo eBt=AWH  one can define a continuous map G((0,1) x C —
C), such that (e®(pB + pBt),Y*) = (°(pB + pBt),G(e,!WH)(t)). Moreover, using AP, G(e,e®WH) is
exponentially equivalent to G(e?WH), with G(¢)(t) := & fot eP(t=%)dyp,. The Contraction Principle thus yields
(e*(pB + pB1),Y?) ~ LDP(2, 1), with Iy : (p,%) +— inf{I3(p,v) | ¥ € C: ¢ = G(v)}.

Under A}, one can apply the extended Contraction Principle proved in [#9, Proposition 2. 3] so that (e*(pB+
p)B*+,5(Y?)) ~ LDP(e?, I5) with I5(p,v) := inf {I4(¢,v) | » =& (v)} = inf {I3(¢,v) | ¥ = 5(G(v))}. Finally,
setting b > 3, the sequence of semi-martingales (¢°W) is uniformly exponentially tight (UET) in the sense
of [85, Definition 1.1], and the sequence (¢(Y®)) is cadlag (Assumption Ap), and adapted to the filtration F.
Denoting X - Y := f XdY the stochastic integral with respect to a semi-martingale, Theorem 1.2 in [85] yields
a large deviations principle on C(T,R?) for (e?(pBs + pBy), (V)& [, 5(VE)(pd Bs + pd By )), with speed 2
and good rate function Is defined as Ig(¢) := I5(p,¢) if ¢ = ¢ -9 and 1 € BV (the space of functions of finite
variation), and infinity otherwise. Applying another Contraction Principle, since, for ¢t € T*,

)ths _ _%A E(Y;E)2d8 +/0 Eba(Y;&)dWs —- [(5(}/8),5(}/5) Y (sz + ﬁB;‘) )(E,t).

Hence X¢ ~ LDP (2, A) with

(A.3) A(¢) = inf{Is(x) | ¢ = (¢, %), x = (p,9),¥ € BV}.

The last step is proving that the processes X and X°¢ are exponentially equivalent. Indeed, for t € T*,

/0' 22052 (?:) —a(Yy) /0' by (};{) )

Using the linear growth assumption as well as Assumption 4;, we have for s € [0, ],

HXE _Xe ds|| +¢ d(pBs + pBL)

1
< =
.<3]

oo oo

€

YE ve?
e?g? <€,)> —5(Y)| < 2e%¢? (1 + ‘&_b > +20? (1+[YEP?) <2C7 (14 +2|YEP),
hence
. ve ‘ .
’/ 202 (@) o) as| <[ 20t (14 Ay as| <2021+ +ac?| [ veas
0 00 0 [eS) 0 oo

Since Y£ = cPef*0 + Eb%(eﬁs —1)+¢&% [WSH + 8 fos er_ﬁudu], we obtain for s € T, recalling that 8 < 0,

A
[YE| < ebe?s|O] + sbg (ef* —1) + ¢t Wi,
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, AN, o
(A4) Yep <2 (ﬁ@ r2(5) @+ 1)+ gwwa) ,

2
so that [ [Y£]2ds < 2 <€2bt@2 + 521’(%) (Qt - %) 22 [ |WSH|2ds>.
Introducing J = || f; |YS‘5|2dsH007 we obtain for any 6 > 0 and ag > 0,
. b }/SE 5(YE d(oB —BJ_
0 €0 ET 70—(8) (p stp s)
. b Yf I 1avea Rl
0 €0 ET 70—(1/8) d(pBG +sz )
. b YSE ~/yE —pl
[ (20 (%) -a0m)) aon. + o)

/o. <€ba (55) - 5(}/86)) d(pBs + pBY) de

— ag

>0

IP’(HXE _Xe 22T + &

oo

>5.)

> 55‘ 2027 < ao) (1—p)

oo

)=*(
§P<2CZJ+€b
(

o0

> 6. 2C0%T > a0> Pt

o

with 9 :=P (2C%2J > ag) and 6. := 0 — C*(1+¢*). Using (E4) and introducing J; :

QOzj < (10) +;B,

o0

= [7|WH2ds, we obtain

<P

b A\ 1 b b)
P(J >9) <IP’<2@2 (6) <2—6>+§252J1>2>
2
]P>< 2b@2+€2b<;> ﬁ‘ 52 2bj > 52 2bj'1 <a> XIP(§2€2bj1 <a)
2
+P< 2b@2+€2b<2) ﬂ 52 2bj > 52 2bj1 >a> XP(€2€2bj1 ZCL)
)
2

2
02 > ( 521’(;)

2—‘—@)
< 2
@mw G0

for any 0 > 0 and @ > 0. One can then use Markov’s inequality:

52 2bj <a>+]}n(£2 2bj >a)

2—‘—@) 227 <a +]I”(§252bj >a),

a

2.2b 2.2b 1
P (€20 > a) < S -5 E(/ lWSHFdS)'
0

Since V(WH) g

= 2H+1 Hence there exist n € [0,1) and & > 0 such
that for all e < g, P(§262b(71 < a)>1—mn. Assumption .Ab@ then implies that there exist M, > 0 such that

1 |(5 ? 1
P |@|>€bJ (g_&-zb(g> 2—5‘—(1) <exp(—;\i>7 for all e < €.

s2H one obtains P (fzszbjl > a) <
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Thus, for all £ < min{é, £}, Bayes’ Theorem yields
1 |(s A\
P ® _ — 220
6] > b (2 € <5)
P(1e1> & /(§-=(3) ]2~ 3| -a)
( V : _ o (- %)

- P(£2e2 7 < a) - 1-n

Finally, for all € < min{¢, £},

2 — ’ —a> §262bj1 <a

< 1| (o AN
P(J>0) <P|O]>5 <2€2b(6> 2‘(1) P <a| +P(E2*F > a),
(A.5)
—M/e? 2_2b
<& n &e 1 ’
- 1-—n a 2H,
£2b b

so that for all ¢ < min{&, &}, P (2C27 > ag) < © M:ﬂ EZEQbi.

Hence, there exists 77 € [0,1) and & < min{&,£} such that for all e < & P(2C%J < ag) > 1 — 1. Moreover,
using the uniform convergence assumed in Ay, for all y € R there exists N > 0 and g9 > 0 such that, for
) —o(Ys)

particular [66][Proposition A.1]), and obtain,

< N. Hence one can then apply the Borell-TIS inequality (in

all € < gp, we have that ‘5 O’(
)

(6 — C*(1+ %) — ap)

1
> 517(6_02(14_62b)_a0)> SQGXP{— 2N2E2b

e[ (20 (%) -509) awop.+ o)

Thus, for all ¢ < min{&, ep}, Bayes’ Theorem yields

oo

. ve N )
P (’ /0 (Eba <€b) - o(Yf)) d(pBs +pBL)|| > 5 (6 — C2(1+¢?) — ag) | 2C%T < ao)
P (i (2o (%) - 50m) doB, +pBY)|| > & (6 - 21 +*) ~ o))
- P(chj < ao) ’
§—C? 14+ 2by_ 2
2 exp {_ ( ;NQEE%) ao) }
< -
L=
Finally, for all € < min{&,eo},
exp { (6-C?(142*")—a0)’ }
~ o 2N2e2b e—M/s2b £2€2b 1
P HX _ X 5) < :
( oo ~ ) - 1—7 + 1—n a 2H,

so that X© and X< are exponentially equivalent and X¢ ~ LDP(g2, K)

Remark A.1. For computational purposes, such infinite-dimensional optimisation problems are discretised
over a set of basis functions, such as orthonormal polynomials. If we then consider ¢ continuously dif-

ferentiable and I; finite, we can simplify I1(p) = (¢, ¢) = fT t)]2dt. Further, if v € C!, then
N2
() = bintuencer { Iy (%) a5+ 3 [l - iPds b and 1) = (o)

A.2. Proof of Theorem B.

|
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A.2.1. Proof of Theorem [B_1(i). Let us introduce the process Y defined, for ¢t € T*, as the unique solution of
A = (e22) + B2V )dr + e2H+bedWH | with Y = 0, i.e.

b ¢
Y = _)‘% (1 _ 6,85215) _’_£E2H+b/ o2 ) quy T
0

From Lemma B2, Proposition B8 and Theorem 3.4.5 in [23], the sequence (e27+ [ G{f(-,5)dZ,)__ satisfies

a large deviations principle on C, with speed ¢*#72% and good rate function Acgz as in (EZ3H). Moreover,

(1) When H # 1, (2A+0 fg GI(t,5)dZ;)__, and (€271 fot G (t,5)dZs)__, are exponentially equivalent:
indeed the asymptotic expansion of the Gaussian density [3, Formula (26.2.12)] yields, for any § > 0,
20+ [ Gl (. s)dz, — 210 | Gl (., s)dZ,

P( g 0 OO>5)
:P(H/O (GH(.,s)—GH(. 5))dZ, > 522%) =P(IN(0,1)I > HV|:~€2H+”>

2 | Vel g2H+b 5 4H
— 2 Ne0 ™ " 1 (1+0 +2b
\/; 1) oxXp 94H+2b H‘/EHio ( +0(e )) ’

with V2 := fot (GE(t,s) — Gl (¢, s))zds and note that lim. o V2 = 0. Now, for e > 0 and 0 < s < ¢,
(i) if H < 3,

2

t _ t 2
[GE(t,s) - G{}’(t,s)}2 < 25’;’52 {HE </ %(eﬂf(tfu) — 1)du> + B2t </ (u— s)HuH6652<tU>du> }

([ du>2 o ([ - s>>Hdu)2

Using [62, Lemma A.3], we further obtain, fore > 0and 0 < s < ¢, V2 < 2x%£2 [CHt2H + 326461{1&21{"‘2},

with Cp, Cy > 0 two constants depending on H. Hence,

0< 541L1+217V€2 < %%{52 (CH€4H+2bt2H + 5264H+2b+45Ht2H+2) :

(i) if H > 1,

2

t _
(G (15) — Gl (1)) = B 2 ( / (“f;_H(eﬁamu) _ 1)du)

2 ¢2 t H_ 2 2 ¢92 t 9 S
K5 o uw~du K35E% o om 0o R%E -
= s2H- H- (/g (u— 5)1H) < G2H_ HZt . (u—s) du | = G2 [t(t — )] )

Hence, for H # %, as b > 0, lim, o e*#+2b V22, = 0 as well as lim, o 2740 |V||__ = 0.

(2) When H = £, (¢ fot eﬁez(t_s)st)DO and (£e17PBy)_. , are exponentially equivalent: the asymptotic

expansion of the Gaussian density near infinity [8, Formula (26.2.12)] yields, for any § > 0,

’ 2 ' (5 ' 2 (5
Be=(-—s) _ _ Be=(-—s) _
P(Hg/o o dB, 5/0 aB| > €1+b> _]P’Q/O é(e 1)dB,|| > €1+b>
P 1 9
('MO’ 1> e

ANAl 51+b5 62 242
— —_ el > - 1
\/; 5 o Ty ) 0 TOET)

o0
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2 2 _ &2 =
with V2 i= [y [(€7°079) = )] ds = ¢+ €571 + 205570 Hence 0 < s2H20V2 < 2420 4 202 o
and, as b > 0, lim.joe?+? HVEHiQ = 0. Besides, note that lim. o V2 = 0. The required exponential
equivalence then follows, and hence for all H € (0,1), (2 [( G (-, 5)dZ,)__  ~ LDP(e*+2% Agn).

The final step is exponential equivalence between Y~ and (e2H+b fo GH(., S)dZS)s>o' For any d,t > 0,

)

— ' 2 —g
P (HY - s””b/ GH(.,s)dZ|| > 5> = <H 2H+b Pl )dWSH‘ > 5)
0 o0 b 0 o0
e
—(1 - e’ >0
H Fa-e)
Hence lim sup, |, e* 20 log P(H?€ e2HHb 1 G ( > §) = —o0, yielding exponential equiva-

lence and Y~ ~ LDP (g4 +2b, Agn). Finally, since for any (5 > 0,
P([ye-77 _>0)<p(l0l>9),
oo
as 8 < 0, and Y" and Y€ are exponentially equivalent, and Y& ~ LDP (e*H+2b, AG{;{) by Assumption A?.

A.2.2. Proof of Theorem 1 (ii). The idea of the proof is the same as the proof of Theorem BI(ii).
(1) H # 1: we already established that e2#°(pBL + pB, WH) satisfies a large deviations principle on

C(T,R?), with speed 7120 and good rate function I3 defined earlier.
(2) H = %: using the proof of Theorem B, T!(pB+ + pB, B)' satisfies a large deviations principle on
C(T,R?), with speed £272 and good rate function A? defined in (BM).

Similar to above, we only prove the case H # 3 L the other one being analogous. We introduce the process
X¢ satisfying the following SDE dX¢ = — SSiAR 2 (YE)dt + e2HH05(YE) (pd B, + pdBj-), and translate this large
deviations into one for the sequence Xce.

Using that for ¢ > 0 and ¢t € 7%, YF = ebef<"tO — %Eb(l Pty 4 g2H+bg ft e (t—w)qWH  one can define
a continuous map G((0, 1) xC — C), such that (220 (pB+pBL),Y*) = (2H+b(pB+pBL), G(e, 2HT0WH) (1)),
Using AP and the asymptotic expansion of the Gaussian density near infinity [8, Formula (26.2.12)], G(e, 2oy H)
is exponentially equivalent to éo(szH“’WH), defined by éo(go)(t) = ffg dey,.

Hence, the Contraction Principle yields an LDP on C(7,R?) for (e2#+°(pB + pB*),Y*), with speed e4H+2b
and good rate function I : (p,1) — inf{Iz3(p,v) | €C: ¢ = @o(v)}. Under Aj, the extended Contraction
Principle [49, Proposition 2.3] yields an LDP on C(T,R?) for (2#+°(pB+pB~t),5(Y*)), with speed e*7+2° and
good rate function I : (¢, ) — inf {I4(<p7v) | ¥ = a(v)} = inf {Ig(cp,v) | ¥ = 5(@0@))}. Finally, setting b >
1—2H, the sequence of semi-martingales (2 t*1) is UET and the sequence (¢(Y?)) is cadlag (Assumption Ay),

and adapted to the filtration F. Theorem 1.2 in [35] thus gives an LDP on C for the sequence of stochastic
integrals 2770 [ 5 (YF)(pdBs + pdBy-), with speed e*7720 and good rate function

(A.6) 1(x) = inf {T5(p, %) s o = X, ¥ € BV}.

We now prove that X° and e2+? [ 5(Y?)(pdB; + pdBy) are exponentially equivalent.

P (H)? - 52H+b/0' AW, > 5) _p (H—; /0 (HE5(YE)) ds > 5) - 1@(

' J
SP(‘ IYSIQdSH >C'2€2H+1_1>’

[ e > 7).

0
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using the growth condition assumption |5 ()] < C(1 + |#|) for € R. Since Y = ebef<*@ + Eb%(eﬁszs -1+
g2H+b¢ [WSH + Be? fos er_'gezudu} and 8 < 0, we obtain for s € T,

A
N (7% = 1) + 20w,
so that

2
|YSE|2 <2 (5217625525@2 +2€2b(g> (625525 I 1) +£254H+2b|W;{|2> 7

2
and hence fot |YE|2ds < 52bt®2+€2b(%) (2t — T;) +E2AHF fot |WH|2ds. Using a similar argument to (A3),

used in the proof of Theorem B, we have, for all € < min{¢, £},
N 5 ~ _ e—M/e‘*H“b N €2€4H+2b 1
C22H1 =

P 'Y”d
</o'5'500 17 o 2H.

so that X° and €27+ [ 5(VE)(pd B, + pdBL) are exponentially equivalent.
Finally, one can use the same arguments that in Appendix A3, replace 3 by Be? and the speed £2° by

et+2b and prove that X¢ and X¢ are exponentially equivalent. Hence X¢ ~ LDP (4542 1)

A.3. Proof of Theorem BT3. The proof is similar to that of [66, Theorem 2.9], with some minor modifications.
One key ingredient in the proof of the theorem is an exponential equivalence between (X=*).5o and its limit

system (as € tends to zero). In this proof, we denote X¢ by X=* to stress the dependence on the starting point.

Lemma A.2. Under Assumption BI3, for each R,§, > 0, there exists v, p,eq > 0 such that
e?1log P (||IX=* — So(p, u)l| > 6, [eW — ¢f| <7) < —R
holds when € < gq for all u € supp(Xo) and all ¢ € H satisfying A?(p) < B, x € B,((0,0)).

Proof. First, introduce the Radon-Nikodym derivative D*(¢) := exp {% J7psdW, — 555 [ ||L,b5||2d8}. Follow-
ing [66], consider the family (?8)E>0 of (unique strong ) solutions of dY,; = ¢(e,t,Y,,Xo)dt + ca(Y;, Xo)dBE,
for ¢ > 0, with initial condition ?g = (0,0) € R2. We denote c(e, t,x,y) := b(e,x,y) + a(x, y)ft, for x,y € R?,
t €7 and € > 0, and B§ := W, — %ft, for t € T. Peithmann’s assumptions are here updated as:
(i) c:(0,00) x T x R x R? — R? converges to cp : T x R? x R? — R? in the sense that
lim [ sup |e(e, t,x,y) — co(t, x,y)||dt =0, for all y € R%.
el0 )7 «er2
In particular, note that co(t,x,y) = a(x, y)ft;
(ii) there exists o € L2(T) such that for all x,y € R?, ||c(e,t,x,y)|| + |[co(t, %, ¥)|| < o(t), for t € T;
(iii) there exists k € L'(7) such that for all y,x1,%x2 € R?, ||co(t,x1,y) — co(t,x2,¥)|| < k(¢)||x1 — x2]| on T.
(i) for any § > 0, 7111%210 limsup, oe?log P(|Y" — Y || > §) = —oo uniformly with respect to yo € R?;
(i) given M :=¢ [ a(Y,, Xo)dW, and M;™" :=¢ [ a(Y.",Xo)dW, for all § > 0,

limlimsupe? logP (||[M¢ — M=™|| > 6,]|[YS = Yo" < B) = —o0,
BlO <10
uniformly with respect to n € N, g € R?;
(iii) for all § > 0, lim, o limsup, o e* log P([| M= > 4, [[eW]] < ) = —o0;
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(iv) let ¢ denote the solution of the ordinary differential equation C't = ¢o(t, (¢, Y2) starting from (y = y. For
all R >0, § > 0, there exists v, p,e9 > 0 such that P({|[Y,¢[| > 6} N{[[eW| < ~}) < exp (—R/e?), for all
vo € R?, y € B,(yo) and € < &.

The theorem follows from Girsanov’s theorem with Radon-Nikodym derivative D(f). O

We start with the lower bound. For any open subset G' of C(7,R?), let n > 0 and choose ¥ € G such that
I*(¢) < infypeq I*(¥) + 1. Then, let u € supp(Xo) and ¢ € H such that Sp(p,u) = ¢ and A?(p) = I*(¢p). Let
d > 0 such that Bs(¢)) C G. Then, for each v > 0, x € R,
G) =

PX=* P(IX>* =4[] < 6) 2 P(leW — of| <) = P([X5* =4[ > 6, [EW — ¢ < ).

Schilder’s Theorem [22, Theorem 5.2.3], then yields the lower bound

lim inf 2P — ol <) > =AP(p) = —I%() > — inf I —n.
im infe (leW =l <v) = =A”(p) (¥) > nf, (¥) —n

Then, we bound the second probability from above using Lemma B fix 5 > A?(p) and R > infyeq I¢(¢) +1,
and find v, p,e9 > 0 such that, for x € B,((0,0)’), € < o, the bound e? log P(||X* —¢|| > 6, [|EW — ¢[|y) < —R
holds. These two bounds then imply the required lower bound:

lim inf % 1 inf ~ P(X* >min § —R, — inf I*(¢) —n = — inf I*(¢h) — 0.
1108,y PO €6) 2 min R g 1°6) —f = = WL 1°0)

We now prove the upper bound. For any closed set F of C(T,RR?), take 8 € (0,infypeq I*(¥)) and R > .
Let u € supp(Xo) and ¢ € H with I*(¢p) < 8. We find 6 > 0 such that Bs(¢)) N F =0 and ¢ € {A? < 3} such
that So(¢,u) = 1. Using Lemma B3, there exists 7, p,eo > 0 such that for x € B,((0,0)’), € < eo,

e?log P(| X" — 4[| > 4,[|eW — ] <7) < —R.

The set {B,(y) : ¢ € H,I*(¢)) < B} forms a cover of the compact set {A”(¢) < B}, so that we can extract a
finite sub-cover {B,,(¢:)},_, , and set A:=UF_ B, (f;) and ¢; := Sp(ip;, 7). For any i = 1,...,k, there exist

,,,,,

di, pi,€i > 0 such that, for any x € B,,((0,0)") and ¢ < ¢,
e?log P(| X — 4| > 6, [eW — il <) < —R.

Set €9 := min{eq,...,ex}, po :=min{py,...,pr}, take € < g¢ and x € B,,((0,0)"). Since F N Bs,(¢;) = O for

every ¢ = 1,...,k, we obtain

P(X** e F) <P(X** € F,eW € A) + P(eW € A°)

k
) c R 5
< SORIX — il > 6, oW = il <2 + BeW € 4% < ko (-5 ) +oxp (-5 ).
=1

since 1%(v);) < 8 by definition of 8. Finally, since R > 3, the theorem follows from the upper bound

limsupe?log sup P(X5* e F) < — inf I%(¢
&40 plo x€B,(X5) ( ) YEF ).

A.4. Proof of Corollary E. This is a straightforward application of [34, Corollary 7.1]. Taking e~2" to be k
we have, from Theorem B, that £2°X; ~ LDP(e2%, A) as ¢ goes to zero. Then,

1 e
hTIo% z logP(X; > k) = — ;gflA(¢)‘¢t:y

Y2 (k 1
Similarly, in Black-Scholes, hm 36(2 ) logP(X; > k) = ~op and the proof follows from [84, Corollary 7.1].
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A.5. Proof of Corollary B2. This is a straightforward application of [34, Corollary 7.1]. Taking &2 to be ¢
and by := H + b — 1/2, from Theorem B, t*# X ~ LDP(t?+% 1), as ¢ goes to zero,

: 2H+b b .
lm £ 0g B (17X > K) =~ inf 1(6)] o,y

Similarly, in the Black-Scholes model, we obtain

tY2(¢bu g
lim y
tlo  t—2bm

]4?2

22 —bH
logP (" X > k) = lim 27 K) R

tl0  t—2bm logP (X > t_ka’) ==

and the result follows from [84, Corollary 7.1].

A.6. Proof of Proposition E4. For any ¢ > 0, the pathwise rescaled process X=:¢ satisfies (22). The proof
of the proposition relies on the (more general) theorem proved by Millet, Nualart and Sanz [62], recalled
in Section BT, and whose validity is guaranteed by Assumption Bd. Note first that, from standard large
deviations considerations (and in particular contraction mappings), the process X satisfies a large deviations
principle with good rate function I given in Theorem BAH. Recall that by construction b(e, -) : R? — R? satisfies
lim, ;o eb(e, x/e) = b(x) uniformly as e tends to zero. Therefore Theorem B yields a large deviations principle
for the sequence (X‘E’C)p0 as ¢ tends to zero, with good rate function I and speed 2. In particular, for
A= {y € C(T,R"),Vx € R",%(1,x) > 1}, we have

—inf I(y) < hrnﬁ)nfEQlog]P’(Xi’Czl) < limsupe?logP(XEC >1) < — inf I(¢),
£

YeA €l0 peA
—inf I(¢)) < liminfe?logP(X;* >1) < limsupe®logP(X;™ > 1) < — inf I(3).
peA €0 €0 PpEA

Since A is continuous on H, it is upper semi-continuous on A, and so is the good rate function I by [, Lemma
2.41]. As a good rate function, it is also lower semi-continuous, and hence continuous, on A. Translating the

two sets of inequalities above in terms of ng and X370, and using the continuity of I proves the proposition.
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